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JENS HOYRUP 

Algebra and Naive Geometry. 
An Investigation of Some Basic Aspects 
of. Old Babylonian Mathematical Thought I 

Til Sara og Janne 

Abstract 

Through a broad structural analysis and a close reading of Old Babylonian ma
thematical "procedure texts" dealing mainly with problems of the second degree 
it is shown that Old Babylonian "algebra" was neither a "rhetorical algebra" 
dealing with numbers and arithmetical relations between numbers nor built on 
a set of fixed algorithmic procedures. Instead, the texts must be read as "naive" 
prescriptions for geometric analysis—naive in the sense that the results are seen 
by immediate intuition to be correct, but the question of correctness never 
raised—dealing with measured or measurable but unknown line segments, and 
making use of a set of operations and techniques different in structure from that 
of arithmetical algebra. 

The investigation involves a thorough discussion and re-interpretation of the 
technical terminology of Old Babylonian mathematics, elucidates many terms 
and procedures which have up to now been enigmatic, and makes many features 
stand out which had not been noticed before. 

The second-last chapter discusses the metamathematical problem, whether 
and to which extent we are then entitled to speak of an Old Babylonian algebra ; 
it also takes up the over-all implications of the investigation for the understand
ing of Old Babylonian patterns of thought. It is argued that these are not mytho-
poeic in the sense of H. and H. A. Frankfort, nor savage or cold in a Lévi-Straus-
sian sense, nor however as abstract and modern as current interpretations of 
the mathematical texts would have them to be. 

The last chapter investigates briefly the further development of Babylonian 
"algebra" through the Seleucid era, demonstrating a clear arithmetization of 
the patterns of mathematical thought, the possible role of Babylonian geometri
cal analysis as inspiration for early Greek geometry, and the legacy of Babylo
nian "algebraic" thought to Medieval Islamic algebra. 

Introduction 

The following contains an account of a broad investigation of the terminology, 
methods, and patterns of thought of Old Babylonian so-called algebra. I have 
been engaged in this investigation for some years, and circulated a preliminary 
and fairly unreadable account in 1984, of which the item (Heyrup 1985) in the 
bibliography of the present article is a slightly corrected reprint. I have also 
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presented the progress of the project in the four Workshops on Concept Develop
ment in Babylonian Mathematics held at the Seminar für Vorderasiatische 
Altertumskunde der Freien Universität Berlin in 1983, 1984, 1985 and 1988, and 
included summaries of some of my results—without the detailed arguments—in 
various contexts where they were relevant. 

This article is then meant to cover my results coherently and to give the de
tails of the argument, without renouncing completely on readability. Admittedly, 
the article contains many discussions of philological details which will hardly 
be understandable to historians of mathematics without special assyriological 
training, but which were necessary if philological specialists should be able to 
evaluate my results ; I hope the non-specialist will not be too disturbed by these 
stumbling—stones. On the other hand many points which are trivial to the as-
syriologist are included in order to make it clear to the non—specialist why current 
interpretations and translations are only reliable up to a certain point, and why 
the complex discussions of terminological structure and philological details are 
at all necessary. I apologize to whoever will find them boring and superfluous. 

It is a most pleasant duty to express my gratitude to all those who have as
sisted me over the years,—especially Dr. Bendt Alster, Dr. Aage Westenholz and 
Dr. Mogens Trolle Larsen of Copenhagen University, and to Professor, Dr. Hans 
Nissen, Professor, Dr. Johannes Renger, Dr. Robert Englund, and Dr. Kilian 
Butz of Freie Universität Berlin, together with all participants in the Berlin 
Workshops, not least the indefatigable Professor Jöran Friberg of Göteborg 
University, Professor Marvin Powell of Northern Illinois University and Pro
fessor, Dr. Wolfgang Lefèvre. Special thanks are due to Professor, Dr. von 
Soden for giving always in the briefest possible delay kind but yet precise 
criticism of every preliminary and unreadable paper I sent him, and for adding 
always his gentle advice and encouragement. 

Everybody who followed the Berlin Workshop will know that Dr. Peter Dame-
row of the Max-Planck-Institut für Bildungsforschung, Berlin, deserves the 
greatest gratitude of all, to which I can add my personal experience as made 
over the last six years. 

The intelligent reader will easily guess who remains responsible for all errors. 

I dedicate the work to my daughters Sara and Janne, for reasons which have 
nothing to do with mathematics, Babylonia or Assyriology, but much with 
our common history over the years. 

April 21, 1989 

Abbreviations 

Detailed bibliographic information will be found in the bibliography. 

ABZ Assyrisch-babylonische Zeichenliste ( =Borger 1978) 
A H w Akkadisches Handwörterbuch ( =von Soden 1965) 
BiOr Bibliotheca Orientalis 
CAD Chicago Assyrian Dictionary 
GAG Grundriss der akkadischen Grammatik ( =von Soden 1952) 
GEL A Greek-English Lexicon ( = Liddell — Scott 1968) 
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HAHw 
JCS 
JNES 
MCT 
MEA 
M K T 
R A 

Hebräisches und Aramäisches Handwörterbuch ( =Gesenius 1915) 
Journal of Cuneiform Studies 
Journal of Near Eastern Studies 
Mathematical Cuneiform Texts ( =Neugebauer — Sachs 1945) 
Manuel d'épigraphie akkadienne ( =Labat 1963) 
Mathematische Keilschrift-Texte, I—III ( = Neugebauer 1935) 
Revue d'Assyriologie et d'Archéologie Orientale 
Sumerisches Lexikon, I—III ( =Deimel 1925) 
The Sumerian Language ( =Thomsen 1984) 
Textes mathématiques Babyloniens ( =Thureau-Dangin 1938) 
Textes mathématiques de Suse ( = Bruins — Rutten 1961) 
Die Welt des Orients 
Zeitschrift für Assyriologie und vorderasiatische Archäologie 
Zeitschrift der Deutschen Morgenländischen Gesellschaft 

ÖL 
SLa 
TMB 
TMS 
W O 
ZA 
ZDMG 

Bibliography 

AJlotte de la Fuye 1915: F. M. Allotte de la Fuye, Mesures agraires et formules d'arpent
age à l'époque présargonique, in: R A 12 [1915], 117—146. 

Baqir 1950: T. Baqir. An Important Mathematical Problem Text from Tell Harmal, in: 
Sumer 6 [1950], 39-54. 

Baqir 1950a: T. Baqir, Another Important Mathematical Text from Tell Harmal, in: 
Sumer 6 [1950], 130-148. 

Baqir 1951: T. Baqir, Some More Mathematical Texts from Tell Harmal, in: Sumer 7 
[1951], 28-45. 

Baqir 1962: T. Baqir, Tell Dhiba'i: New Mathematical Texts, in: Sumer 18 [1962], 11-14, 
pi. 1-3. 

Bauer 1967: J. Bauer, Altsumerische Wirtschaftstexte aus Lagasch. Inauguraldisserta
tion, Philosophische Fakultät der Julius-Maximilian-TJniversität, Würzburg 1967. 

Beck 1978: B. E. F. Beck, The Metaphor as a Mediator Between Semantic and Analogic 
Modes of Thought, in: Current Anthropology 19 [1978], 83-97, 20 [1979], 189-191 
(incl. discussion). 

Borger 1978: R. Borger, Assyrisch-babylonische Zeichenliste, Kevelaer — Neukirchen-
Vluyn 1978 (Alter Orient und Altes Testament, 33). 

Brentjes — Müller 1982: S. Brentjes — M. Müller, Eine neue Interpretation der ersten Auf
gabe des altbabylonischen Textes AO 6770, in: NTM. Schriftenreihe für Geschichte 
der Naturwissenschaften, Technik und Medizin 19, H. 2 [1982], 21-26. 

Bruins 1953: E. M. Bruins, Revisions of the Mathematical Texts from Tell Harmal, in: 
Sumer 9 [1953], 241-253. 

Bruins — Rutten 1961: E. M. Bruins — M. Rutten, Textes mathématiques de Suse, Paris 
1961 (Mémoires de la Mission Archéologique en Iran, X X X I V ) . 

Bruins 1966: E. M. Bruins, Fermât Problems in Babylonian Mathematics, in: Janus 53 
[1966], 194-211. 

Bruins 1971: E. M. Bruins, Computation in the Old Babylonian Period, in: Janus 58 
[1971], 222-267. . 

Bruins 1983: E. M. Bruins, On Mathematical Terminology, in: Janus 70 [1983], 97—108. 
Bubnov 1899: N. Bubnov (ed.), Gerberti postea Silvestri II papae Opera Mathematica 

(972-1003), Berlin 1899. 
Busard 1968: H. L. L. Busard, L'algèbre au moyen âge: Le Liber mensurationum d'Abû 

Bekr, in: Journal des Savants, Avril—Juin 1968, 65—125. 
Chicago Assyrian Dictionary (CAD): The Assyrian Dictionary of the Oriental Institute 

of the University of Chicago, Chicago — Glückstadt 1956ff. 
Deimel 1923: A. Deimel, Die Inschriften von Fara, II. Schultexte aus Fara, in Umschrift 

herausgegeben und bearbeitet, Leipzig 1923 (Wissenschaftliche Veröffentlichungen 
der Deutschen Orient-Gesellschaft, 43). * 



30 Jens Hoyrup 

Deimel 1925: A. Deimel, Sumerisches Lexikon, I - I I I , Rome 1925-1937 (Scripti Ponti-
ficii Instituti Biblici). 

Dijksterhuis 1956: E. J. Dijksterhuis, Archimedes, Copenhagen 1956 (Acta Historica 
Scientiarum Naturalium et Medicinalium, vol. 12). 

Diophanti Alexandrini Opera omnia edidit et latine interpretatus est Paulus Tannery, 
I - I I , Leipzig 1893-1895. Cf. Ver Eecke 1926, Sesiano 1982, and Rashed 1984. 

Edzard 1969: D. O. Edzard, Eine altsumerische Rechentafel (OIP 14,70), in: Röllig 1969: 
101-104. 

Euclidis Data . . . edidit H. Menge (Euclidis Opera omnia VI) , Leipzig 1896. 
Euclidis Elementa . . . edidit I. L. Heiberg (Euclidis Opera omnia I—V), Leipzig 1883— 

1888. 
Falkenstein 1959: A. Falkenstein, Das Sumerische, Leiden 1959 (Handbuch der Orienta

listik, 1. Abt., 2. Bd., 1. u. 2. Abschnitt, Lfg. 1). 
Förtsch, 1916: W. Förtsch, Altbabylonische Wirtschaftstexte aus der Zeit Lugalanda's 

und Urukagina's, Leipzig 1916 (Vorderasiatische Schriftdenkmäler der Königlichen 
Museen zu Berlin, Heft X I V , 1. Hälfte). 

Foster 1982: B.R.Foster, Archives and Record-keeping in Sargonic Mesopotamia, in: 
ZA 72 [1982], 1-27. 

Frankfort — Frankfort — Wilson — Jacobsen — Irwin 1946: H. Frankfort — H. A. Frank
fort — J. A. Wilson — Th. Jacobsen — W. A. Irwin, The Intellectual Adventure of An
cient Man. An Essay on Speculative Thought in the Ancient Near East, Chicago 1946. 

Friberg (forthcoming), Mathematik (to appear in: Reallexikon der Assyriologie). 
Gadd 1922: C. J. Gadd, Forms and Colours, in: RA 19 [1922], 149-159. 
Gandz 1939: S. Gandz, Studies in Babylonian Mathematics, II. Conflicting Interpreta

tions of Babylonian Mathematics, in: Isis 31 [1939], 405—425. 
Gandz 1948: S. Gandz, Studies in Babylonian Mathematics, I. Indeterminate Analysis 

in Babylonian Mathematics, in: Osiris 8 [1948], 12—40. 
Gesenius 1915: Gesenius, W. , Hebräisches und Aramäisches Handwörterbuch über das 

Alte Testament. Bearbeitet von F*. Buhl, 16. Aufl., Leipzig 1915. 
Goetze 1946: A. Goetze, Number Idioms in Old Babylonian, in: JNES 5 [1946], 185-202. 
Goetze 1951: A. Goetze, A Mathematical Compendium from Tell Harmal, in: Sumer 7 

[1951], 126-155. 
Gundlach — von Soden 1963: K.-B. Gundlach — W . von Soden, Einige altbabylonische 

Texte zur Lösung „quadratischer Gleichungen", in: Abhandlungen aus dem mathema
tischen Seminar der Universität Hamburg 26 [1963], 248-263. 

Heronis Alexandrini Opera quae supersunt omnia, Vol. IV. Heronis Deiinitiones, Hero-
nis quae feruntur Geometrica, edidit J. L. Heiberg, Leipzig 1912. 

Hofmann 1970: J. E. Hofmann (ed.), François Viète, Opera mathematica recognita à 
Francisci von Schooten, Hildesheim — New York 1970. 

Hoyrup 1980: J. Hoyrup, Influences of Institutionalized Mathematics Teaching on the 
Development and Organization of Mathematical Thought in the Pre-Modern Period, 
in: Materialien und Studien. Institut für Didaktik der Mathematik der Universität 
Bielefeld 20 [1980], 7-137. 

Hoyrup 1982: J. Hoyrup, Investigations of an Early Sumerian Division Problem, c. 
2500 B.C., in: Historia Mathematica 9 [1982], 19-36. 

Hoyrup 1983: J. Hoyrup, Review of Unguru — Rowe 1981, in: Zentralblatt für Mathe
matik 504 [1983], 11 f. 

Hoyrup 1984: J. Hoyrup, Review of Brentjes — Müller 1982, in: Zentralblatt für Mathe
matik 517 [1984], 7. 

Hoyrup 1985: J. Hoyrup, Babylonian Algebra from the View-Point of Geometrical Heu
ristics. An Investigation of Terminology, Methods, and Patterns of Thought, Roskilde 
^1985. 

Hoyrup 1985 a: J. Hoyrup, Varieties of Mathematical Discourse in Pre-Modern Socio-
Cultural Contexts: Mesopotamia, Greece, and the Latin Middle Ages, in: Science and 
Society 49 [1985], 4 -41 . 

Hoyrup 1986: J. Hoyrup, Al-Khwârizmî, Ibn Turk, and the Liber Mensurationum : On 
the Origins of Islamic Algebra, in: Erdem 2 (Ankara 1986) 445—484. 



Algebra and Naive Geometry 31 

Hoyrup 1988: J. Hoyrup, Dynamic and mithartum. On Analogous Concepts in Greek 
and Old Babylonian Mathematics, Roskilde" 1988 (Filosofi og Videnskabsteori pâ Ros-
kilde Universitetscenter, 3. Raskke: Preprints og Reprints, 1988, nr. 1. 

Hoyrup 1989: J. Hoyrup, Zur Frühgeschichte algebraischer Denkweisen. Ein Beitrag 
zur Geschichte der Algebra, in: Mathematische Semesterberichte 36 [1989], 1—46. 

Hoyrup, 1989a: J. Hoyrup, Sub-Scientific Mathematics. Observations on a Pre-Modern 
Phenomenon, Roskilde 1989 (Filosofi og Videnskabsteori pâ Roskilde Universitets
center, 3. Rsekke: Preprints og Reprints, 1989, nr. 1. 

Hunger 1968: H. Hunger, Babylonische und assyrische Kolophone, Kevelaer — Neukir
chen-Vluyn 1968 (Alter Orient und Altes Testament, 2). 

Jacobsen 1976: Th. Jacobsen, The Treasures of Darkness. A History of Mesopotamian 
Religion, New Haven — London 1976. 

Krasnova 1966: S. A. Krasnova (ed.), Abu-l-Vafa al Buzdzani, Kniga o torn, èto ne-
obchodimo remeslenniku iz geometriceskich postroenij, in: A. T. Grigor'jan — A. P. Jus-
kevic (eds.), Fiziko-matematiceskie nauki v stranach vostoka. Sbornik statej i publi-
kacij. Vypusk I (IV), Moscow 1966, 42-140. 

Labat 1963: R. Labat, Manuel d'épigraphie akkadienne (signes, syllabaire, idéogrammes), 
Paris ''1963. 

Lambert 1953: M. Lambert, Textes commerciaux de Lagash, in: RA 47 [1953], 57—69, 
105-120. 

Larsen 1983: M. T. Larsen, The Mesopotamian Lukewarm Mind. Reflections on Science, 
Divination and Literacy, in: F. Rochberg-Halton (ed.), Language, Literature, and 
History: Philological and Historical Studies Presented to Erica Reiner, New Haven 
1983 (American Oriental Series, Vol. 67), 203-225. 

Levey 1966: M. Levey, The ALGEBRA of Abu Kâmil, Kitâb fï al-jabr wa'l-muqâbala, 
in a Commentary by Mordecai Finzi. Hebrew Text, Translation, and Commentary, 
Madison — Milwaukee — London 1966. 

Lévi-Strauss 1972: C. Lévi-Strauss, The Savage Mind, London 1972 (French 1st ed. 1962). 
Liddell — Scott 1968: H. G. Liddell - R. Scott, A Greek-English Lexicon. Ninth Edition 

(1940), with a Supplement, Oxford 1968. 
Limet 1973: H. Limet, Étude de document de la période d'Agadé appartenant à l'Uni

versité de Liège, Paris 1973 (Bibliothèque de la Faculté de Philosophie et Lettres de 
l'Université de Liège, fasc. CCVI). 

Luckey 1941: P. Luckey, Täbit b. Qurra über den geometrischen Richtigkeitsnachweis 
der Auflösung der quadratischen Gleichungen, in: Berichte der Mathematisch-Physi
kalischen Klasse der Sächsischen Akademie der Wissenschaften zu Leipzig 93 [1941], 
93-114. 

Mahoney 1971: M. S. Mahoney, Babylonian Algebra : Form vs. Content, in: Studies in 
History and Philosophy of Science 1 [1971/1972], 369-380 (Essay review of Neuge
bauer 1934, on occasion of the reprint edition 1969). 

Marcus 1980: S. Marcus, The Paradoxical Structure of the Mathematical Language, in: 
Revue Roumaine de Linguistique 25 [1980], 359—366. 

Nesselmann 1842: G. H. F. Nesselmann, Versuch einer kritischen Geschichte der Alge
bra, 1. Theil. Die Algebra der Griechen, Berlin 1842. 

Neugebauer 1932: O. Neugebauer, Zur Transkription mathematischer und astronomischer 
Keilschrifttexte, in: AfO 8 [1932/1933], 221-223. 

Neugebauer 1932a: O. Neugebauer, Studien zur Geschichte der antiken Algebra I, in: 
% Quellen und Studien zur Geschichte der Mathematik, Astronomie und Physik, Abtei
lung B: Studien 2 [1932/1933], 1-27. 

Neugebauer 1934: O. Neugebauer, Vorlesungen über Geschichte der antiken mathemati
schen Wissenschaften, I. Vorgriechische Mathematik, Berlin 1934 (Die Grundlehren 
der mathematischen Wissenschaften in Einzeldarstellungen, 43). 

Neugebauer 1935: O. Neugebauer, Mathematische Keilschrift-Texte, I—III, Berlin 1935— 
1937 (Quellen und Studien zur Geschichte der Mathematik, Astronomie und Physik, 
Abteilung A: Quellen, 3: 1-3). 

Neugebauer — Sachs 1945: O. Neugebauer — A. Sachs, Mathematical Cuneiform Texts, 
New Haven 1945 (American Oriental Series, 29). 



32 Jens Hoyrup 

Pauly-Wissowa : Paulys Realencyclopädie der Classischen Altertumswissenschaften. 
Neue Bearbeitung begonnen von Georg Wissowa, Stuttgart 1893ff. 

Peet 1923: T. E. Peet, The Rhind Mathematical Papyrus, British Museum 10057 and 
10058. Introduction, Transcription, Translation and Commentary, London 1923. 

Powell 1972: M. A. Powell, Sumerian Area Measures and the Alleged Decimal Substra
tum, in: ZA 62 [1972/1973], 165-221. 

Powell 1976: M. A. Powell, The Antecedents of Old Babylonian Place Notation and the 
Early History of Babylonian Mathematics, in: Historia Mathematica 3 [1976], 417— 
439. 

Procli Diadochi in Primum Euclidis Elementorum Librum Commentarii ex recognitione 
Godofredi Friedlein, Leipzig 1873. 

Rashed 1984: R. Rashed (ed.), Diophante, Les Arithmétiques, Tome III (Livre IV), Tome 
IV (Livres V, VI , VII) . Texte établi et traduit, Paris 1984. 

al-Rawi — Roaf 1984: F. N. H. al-Rawi - M. Roaf, Ten Old Babylonian Mathematical 
Problems from Tell Haddad, Hamrin, in: Sumer 43 [1984, published 1987], 175—218. 

Renger 1976: J. Renger, Hammurapis Stele „König der Gerechtigkeit". Zur Frage von 
Recht und Gesetz in der altbabylonischen Zeit, in: W O 8 [1975/1976], 228—235. 

Röllig 1969: W . Röllig (ed.), Lisän mithurti. Festschrift Wolfram Freiherr von Soden zum 
19. VI . 1968 gewidmet von Schülern und Mitarbeitern, Kevelaer — Neukirchen-Vluyn 
1969 (Alter Orient und Altes Testament, 1). 

Rosen 1831: F.Rosen (ed.), The Algebra of Muhammed ben Musa, Edited and Trans
lated, London 1831. 

Rudhardt 1978: J. Rudhardt, Trois problèmes de géométrie, conservés par un papyrus 
genevois, in: Museum Helveticum 35 [1978], 233—240. 

Sachs 1952: A. Sachs, Babylonian Mathematical Texts II—III, in: JCS 6 [1952], 151— 
156. 

Saggs 1960: H . W . F. Saggs, A Babylonian Geometrical Text, in: R A 54 [1960], 131-146. 
Sayili, 1958: A. Sayih, Sâbit ibn Kurra'nin Pitagor Teoremini Tamimi, in: Belleten 22 

[1958], 527-549. 
Sayih 1960: A. Sayili, Thâbit ibn Qurra's Generalization of the Pythagorean Theorem, 

in: Isis 51 [1960], 35-37. 
Sayih 1962: A. Sayih, Abdülhamid ibn Türk'ün katasik deklemlerde mantikî zaruretler 

adh yazisi ve zamanm cebri (Logical Necessities in Mixed Equations by 'Abd al Hamid 
ibn Turk and the Algebra of his time), Ankara 1962 (Türk Tarih Kurumu Yayinlann-
dan, VII . seri, no. 41). 

Scheil 1915: V. Scheil, Les tables igi x gal-bi, etc., in: R A 12 [1915], 195-198. 
Sesiano 1982: J. Sesiano, Books IV to V I I of Diophantus* Arithmetica in the Arabic 

Translation Attributed to Qusta ibn Lûqâ, New York — Heidelberg — Berlin 1982 
(Sources in the History of Mathematics and Physical Sciences, 3). 

Sesiano 1986: J. Sesiano, Sur un papyrus mathématique grec conservé à la Bibliothèque 
de Genève, in: Museum Helveticum 43 [1986], 74—79. 

Steinkeller 1979: P. Steinkeller, Alleged GUR.DA =ugula-gés -da and the Reading 
of the Sumerian Numeral 60, in: ZA 69 [1979], 176-187. 

Suter 1922: H. Suter, Beiträge zur Geschichte der Mathematik bei den Griechen und 
Arabern, Erlangen 1922 (Abhandlungen zur Geschichte der Naturwissenschaften und 
der Medizin, Heft 4). 

Szabô 1969: Â. Szabö, Anfänge der griechischen Mathematik, München — Wien — Buda
pest 1969. 

Tanret 1982: M. Tanret, Les tablettes "scolaires" découvertes à Tell ed-Dêr, in: Akka-
dica 27 [1982], 46-49. 

Thomsen 1984: M.-L. Thomsen, The Sumerian Language. An Introduction to its History 
and Grammatical Structure, Copenhagen 1984 (Mesopotamia, 10). 

Thureau-Dangin 1897: F. Thureau-Dangin, Un cadastre chaldéen, in: RA 4 [1897], 
13-27. 

Thureau-Dangin, 1934: F. Thureau-Dangin, Notes assyriologiques. lxxvii — Nombres 
ordinaux et fractions en Accadien. lxxviii — Carré et racine carré, in: R A 31 [1934], 
49-52. 

8 



Algebra and Naive Geometry 33 

Thureau-Dangin 1936: F. Thureau-Dangin, Review of Neugebauer 1935 (MKT I - I I ) 
in: RA 33 [1936], 55-61. 

Thureau-Dangin 1936a: F. Thureau-Dangin, L'équation du deuxième degré dans la ma
thématique babylonienne d'après une tablette inédite du British Museum, in: R A 33 
[1936], 27-48. 

Thureau-Dangin 1938: F. Thureau-Dangin, Textes mathématiques babyloniens, Leiden 
1938 (Ex Oriente Lux, Deel 1). 

Thureau-Dangin 1940: F. Thureau-Dangin, L'origine de l'algèbre, in: Académie des Bel
les-Lettres, Comptes rendus 1940, 292—319. 

Thureau-Dangin 1940a: F. Thureau-Dangin, Notes sur la mathématique babylonienne, 
in: R A 37 [1940], 1-10. 

Tropfke — Vogel 1980: J. Tropfke, Geschichte der Elementarmathematik, Bd. 1: Arith
metik und Algebra. Vollständig neu bearbeitet von K. Vogel, K. Reich, H. Gericke, 
Berlin — New York 41980. 

TJnguru — Rowe 1981: S. TJnguru — D. E. Rowe, Does the Quadratic Equation Have 
Greek Roots? A Study of „Geometrie Algebra", „Application of Areas", and Related 
Problems, in: Libertas Mathematica 1 [1981], 1-49, 2 [1982], 1-62. 

Vajman 1961: A. A. Vajman, Sumero-vavilonskaja matematika. III—I tysjaceletija do 
n. é., Moscow 1961. 

van der Waerden 1961: B. L. van der Waerden, Science Awakening, Groningen 21961. 
Ver Eecke 1926: P. Ver Eecke (ed.), Diophante d'Alexandrie, Les six livres arithméti

ques et Le livre des nombres polygones. Œuvres traduites pour la première fois du 
Grec en Français avec une introduction et des notes, Bruges 1926. 

Vitruvius, On Architecture, Edited and Translated by F. Granger, I—II, London — Cam
bridge, MA 1970 (Loeb Classical Library, 251, 280). 

Vogel 1933: K. Vogel, Zur Berechnung der quadratischen Gleichungen bei den Babylo-
niern, in: Unterrichtsblätter für Mathematik und Physik 39 [1933], 76—81. 

Vogel 1936: K.Vogel, Bemerkungen zu den quadratischen Gleichungen der babyloni
schen Mathematik, in: Osiris 1 [1936], 703-717. 

Vogel 1959: K.Vogel, Vorgriechische Mathematik, II. Die Mathematik der Babylonier, 
Hannover — Paderborn 1959 (Mathematische Studienhefte, 2). 

Vogel 1960: K. Vogel, Der „falsche Ansatz" in der babylonischen Mathematik, in: Mathe
matisch-Physikalische Semesterberichte 7 [1960], 89—95. 

Vogel 1968: K. Vogel, Chiu chang suan shu. Neun Bücher arithmetischer Technik. Ein 
chinesisches Rechenbuch für den praktischen Gebrauch aus der frühen Hanzeit (202 
v. Chr. bis 9 n. Chr.), Braunschweig 1968 (Ostwalds Klassiker der exakten Wissenschaf
ten, N. F. Bd. 4). 

von Soden 1939: W . von Soden, Review of Thureau-Dangin 1938 (TMB), in: ZDMG 93 
[1939], 143-152. 

von Soden 1952: W . von Soden, Grundriss der akkadischen Grammatik, Rome 1952 
(Analecta Orientalia, 33). 

von Soden 1952 a: W. von Soden, Zu den mathematischen Aufgabentexten vom Teil 
Harmal, in: Sumer 8 [1952], 49-56. 

von Soden 1964: W . von Soden, Review of Bruins - Rutten 1961 (TMS), in: BiOr 21 
[1965], 44-50. 

von Soden 1965: W . von Soden, Akkadisches Handwörterbuch, Wiesbaden 1965—1981. 
Witmer 1983: T. R. Witmer (ed.), François Viète, The Analytic Art. Nine Studies in Al

gebra, Geometry and Trigonometry from the Opus Restituae Mathematicae Analy
seos, seu Algebra Nova, translated, Kent, Ohio 1983. 

Woepcke 1855: F. Woepcke, Analyse et extraits d'un recueil de constructions géométri
ques par Aboûl Wafâ, in: Journal Asiatique, 5ième série 5 [1855], 218—256, 309—359. 

3 Altorient. Forsch. 17 (1990) 1 



34 Jens Hoyrup 

10 

7. The starting point: Numbers or lines—in method and in conceptualization 

For almost 60 years it has been known that the Babylonians of the Old Baby
lonian period1 (and later) knew and solved equations of the second degree2—like 
thiss 

Obv. II , 1. Length and width added is 14 and 48 the x + y = 14 
surface. x • y = 48 

2. The magnitudes are not known. 14 times 14 • 14 = 196 
14 (is) 3'16°.4 48 times 4 (is) 3'12°. 48 • 4 = 192 

3. 3'12° from 3'16° you substract, and 4 196 - 1 9 2 = 4 
remain. What times what 

4. shall I take in order to (get) 4? 2 times Ç2 = 4—Ç = 2 
2 (is) 4. 2 from 14 you subtract, and 12 1 4 - 2 = 12 
remain. 

5. 12 times 30' (is) 6. 6 is the width. To 2 you 12 • i/ 2 = 6 = y 
shall add 6, 8 is it. 8 is the length. 2 + 6 = 8 = x 

1 The Old Babylonian period spans the time from c. 2000 B.C. to 1600 B.C. (middle 
chronology). The mathematical texts dealt with in this paper belong (with the excep
tion of the Seleucid text presented first) to the time from c. 1800 B.C. to c. 1600 B.C. 

2 Anachronisms are lurking everywhere when one speaks of Babylonian mathematics 
in modern terms. The Babylonians did not classify their problems according to degree. 
They have related classifications, but the delimitations deviate somewhat from ours, 
and they have another basis. "Equations", on the other hand, is a fully adequate de
scription even of the Old Babylonian pattern of thought, if only we remember that 
what is equated is not pure number but the entity and its measuring number: Combina
tions of unknown quantities equal given numbers or, in certain cases, other combi
nations of unknown quantities. 

3 BM 34568 No 9 (BM 34568 refers to the museum signature, No. 9 to the number of the 
problem inside the tablet as numbered in the edition of the text). The text was pub
lished, transliterated, translated and discussed by O. Neugebauer in MKT III 15ff. 
The numbers in the margin refer to the position of the text on the tablet: Obserse/ 
reverse, column No, line No. The text is Seleucid, i.e. from around the 3rd century 
B.C. The translation is a literal retranslation of O. Neugebauer's German translation 
as given in MKT III . So, it renders the way in which Babylonian algebra is known to 
broader circles of historians of mathematics.—All translations given below will be my 
own direct translations from the original language. 

4 For the transcription of the sexagesimal place value numbers found in the text I fol
low F. Thureau-Dangin's system, which in my opinion is better suited than O. Neuge
bauer's for the purpose of the present investigation: 3° is the same as 3, 3' the same as 
3 • 60" 1, 3" means 3 • 60~ 2, etc. 3' means 3 • 60 1, 3" equals 3 • 60 2, etc. The notation 
is an extension of our current degree-minute-second-notation, which anyhow descends 
directly from the Babylonian place value system.—I use the notation as a compromise 
between two requirements: For the convenience of the reader, the translations must 
indicate absolute place; this is not done in the original cuneiform, but so few errors are 
made during additive operations that the Babylonians must have possessed some means 
to keep track of orders of magnitude. On the other hand, the zeroes necessary in the 
conventional transcription introduced by O. Neugebauer (1932) (3,0;5 instead of 
F. Thureau-Dangin's 3^5' and the Babylonian 3 5) are best avoided in an investigation 
of Babylonian patterns of thought, where such zeroes had no existence. Admittedly, 
the situation is quite different in an investigation of mathematical techniques, espe
cially the techniques of mathematical astronomy, with special regard to which O. Neuge
bauer introduced his notation. 
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This short text will serve to locate the central question of the present paper. Apart 
from the statements of the problem and of the result, the text contains nothing 
but the description of a series of numerical computations — it can be characterized 
as an exemplification of an algorithm. Even problems 18 and 19 of the same 
tablet (MKT III, 16f.), which describe a procedure abstractly, do so on the 
purely algorithmic level : "Take length, width and diagonal times length, width and 
diagonal. Take the surface times 2. Subtract the product from the (square on 
length, width and) diagonal. Take the remainder times one half. . .". There 
are no explanations of the way the solution is found, no justification of the 
steps which are made and, so it seems, no indication whatever of the pattern of 
thought behind the method. 

Now it is an old observation that traditional algebraic problems can be solved 
by basically different (though often homomorphic) methods. So, if we look at a 
problem of the type x + y = a,x-y = b,we would of course solve it by manipulation 
of symbols. Most Latin and Arabic algebras of the Middle Ages, from al-Khwä-
rizmî onwards, would formulate it that "I have divided 10 into two parts, and 
multiplying one of these by the other, the result was 2 1 " 5 ; in order to obtain 
the solution, they would call one of the numbers "a thing" and the other "10 mi
nus a thing'', and by verbal argument ("rhetorical algebra") they would trans
form it into the standard problem "10 things are equal to 10 dirhems and a 
square", the solution of which was known from a standard algorithm. Diophantos 
would speak more abstractly of "finding two numbers so that their sum and 
product make given numbers"6; he would exemplify the method in a concrete 
case, "their sum makes 20 units, while their product makes 96 units", and he 
would proceed until the complete solution by purely rhetorical methods, formu
lated however by means of a set of standardized abbreviations ("syncopated 
algebra"7). 

In the so-called "geometric algebra" of the Greeks, geometrical problems of 

the same structure are solved.8 So, in Euclid's Data, prop. 85 it is demonstrated 

by stringent geometrical construction that "if two lines contain a given surface 

in a given angle, and their sum is also given, then they must both be given".9 

Quite different geometry is used by al-Khwârizmï to justify the standard 

algorithms by means of which he solves the basic mixed second-degree equa

tions. To avoid any confusion with the much-discussed "geometrical algebra" 

I will propose the term "naive geometry". 1 0 Since this concept will be fundamen

tal for the following, I shall present it more fully. 

5 Al-Khwârizmï, Algebra, tr. Rosen 1831: 41. 
6 Arithmetica I, xxvii. 
7 The term is due to Nesselmann (1842: 302ff.), who also introduced the more current 

"rhetorical algebra". 
8 Irrespective of the question whether "geometric algebra'' was or was intended to be an 

"algebra". 
9 Cf. also Elements I I 5. An analogue of the corresponding algebraic problem in one un

known is found in Data, prop. 58, and in Elements V I 28. 
1 0 In a preliminary discussion paper (Hoyrup 1985) I spoke of "geometrical heuristics". 

I have also pondered "visual" or "intuitive geometry". After much reflection, however, 
I have come to prefer "naive geometry" as relatively unloaded with psychological 
and philosophical connotations. 
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In order to justify his solution to the equation "square and roots equal to 

number", al-Khwârizmï explains the case "a Square and ten Boots are equal 

to thirty-nineDirhems".1 1 The number 39 is represented by a composite figure: 

A square of side equal to the unknown "Root" and two rectangles of length 5 

( = 10 -f- 5) and width equal to the Root, positioned as shown in Eig. 1 (full-

drawn line). The gnomonic figure is completed by addition of a square equal to 

5 2 = 25 (dotted line), the whole being then a square of area 39 + 25 = 64. Its side 

being ]/64 = 8, the unknown Root will be 8 — 5 = 3. 

y 5 

x2 5x 

5x 25 

8 

1 1 Fig. 1 

W e may feel comfortably sure that the argument behind our Babylonian algo

rithm was not of the Euclidean brand—Babylonian geometric texts show no 

trace at all of Euclidean argumentation. We can also safely exclude the hypo

thesis that the Babylonians made use of symbolic algebra.1 2 Finally, we can 

1 1 See his Algebra, tr. Rosen 1831: 13-16. 
1 2 The immediate argument for this is that symbolic algebra requires a level of abstrac

tion which appears to be totally alien to Babylonian thought. If this seems too much 
of an argument ex silentio, it can be added that symbolic algebra is grosso modo akin in 
structure to arithmetico-thetorical algebra. So, even if we upkeep the possibility of 
symbolic algebra as a silent hypothesis, the arguments which will be given later against 
an arithmetico-rhetorical interpretation will also exclude symbolic translations of the 
latter.—On the same account, an "abacus" representation of Babylonian algebra with 
counters representing the coefficients of the products and powers of the unknowns can 
be discarded. In itself, the "abacus interpretation" might have a certain plausibility, 
since material calculi had been used for common reckoning and/or computation in 
earlier epochs in Mesopotamia. Nothing, however, but the writing material, pebbles 
instead of ink, distinguishes such a representation from the syncopated algebra of 
Diophantos or the further development and schematization of the same principle found 
in Medieval Indian algebra. Arguments against an arithmetico-rhetorical interpreta
tion of Babylonian algebra will hence also be arguments against an arithmetical "abacus 
algebra".—I shall return below to the possibility of a geometric "abacus algebra" 
related to the Greek "figurate numbers". 

12 
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also be confident that some kind of argument lays behind the text. Random 
play with numbers might of course lead to the discovery of a correct algorithm 
for a single type of equation, and such an algorithm could then be transmitted 
mechanically. Still, the equation-types of Babylonian mathematics are so numer
ous, and the methods used to solve them so freely varied that random discovery 
cannot explain them. Some mental (and perhaps also physical) representation 
must have been at hand which could give a meaning to the many intermediate 
numbers of our algorithm (196, 4, 192, 4, 2, 12, */ ) and to the operations to 
which they are submitted. 

W e cannot, however, read out of the text whether this representation was of 
rhetorico-arithmetical character or should be described as naive geometry. Truly, 
the "length", "width" and "surface" might seem to suggest the latter possibil
ity. But even Diophantos used a geometrical vocabulary ("square", "appli
cation") which was only meant to suggest the arithmetical relations involved. 
Similarly, the Arabic and Latin algebras of the Middle Ages would speak indif
ferently of a second power as "square" or "property" and of a first power as 
"thing" or "root", intending nothing but suggestive words which might fill the 
adequate places in the sentences. So, no conclusion is possible on that level. 

The procedure leaves us in no better situation. It is easy to devise a rhetorical 
method which yields the numbers of the text as intermediate results, viz. a ver
bal translation of this : 

£-h2/=14; xy = 4S. . 
(a;-f i / )2=196; 4 # 2 / = 1 9 2 

\x-yy±=(x + y)'2-±xy= 1 9 6 - 1 9 2 = 4 

ce — Î/ = / 4 = 2 (the length is normally supposed to exceed the 
width; hence, no double solution will arise) 

2y=(x + y)-(x-y) = U-2 = 12 
y=ilï 12 = 6 
x=(x-y) + y = 2 + Q = 8 

It is, however, just as easy to devise a geometrical figure on which the correct
ness of the solution and of the single steps can be argued naively (see Fig. 2). 
Here, a geometrical counterpart of every single number occurring in the calcu
lation can be found. So, the algorithm leaves us in a dead end: It fits equally 
well to a rhetorical argument by arithmetical relations and to an argument by 
naive geometry. 

Concerning another aspect of the question arithmetic/naive geometry we 
are no better off than in the case of the method, namely regarding the concept
ualization of the problem itself: Was it seen as a problem of unknown numbers, 
represented perhaps by the dimensions of a geometric figure, or shall it be taken 
at its words, as a problem really concerned with unknown dimensions of such a 
figure? 

That this latter question must be separated from that of the character of the 
method can be seen from comparison with other algebraic traditions. It is clear 
that Modern mathematics thinks of a set of equations like x + y = 1 4 ; x • y = 48 
as concerned with numbers, and that we understand the operations used to 
solve it as purely arithmetical operations. So, the basis of Modern algebra is 

13 
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arithmetical in conceptualization as well as method. 1 3 It is equally clear that we 
meet with lots of concrete problems, e.g. concerned with spatial extensions, 
which we translate into algebra and then solve by algebraic methods. In such 
cases, our conceptualization is concrete, e.g. geometrical, but our method is 
arithmetical—concrete entities are represented by abstract numbers. 

On the whole, the same description would fit the Medieval algebraic tradition, 
with one important exception: The al-Khwârizmîan justification of the solution 
to the mixed second-degree equations (cf. above). There, the conceptualization 
of the problems is as arithmetical as everywhere else in al-Khwarizmfs algebra, 
but the method is naive geometry, where lines and surfaces represent the ab
stract numbers. Basic conceptualization and method need not coincide. 

To anybody reading Babylonian "algebraic" sources it will be obvious that 
the conceptualizations of the problems are as varied as those of Modern algebra. 
Some are quite concrete geometrical problems : Partitions of triangular or quad
rangular fields, calculations of the volumes of siege ramps, etc. ; some are formu
lated as pure number problems, concerned e.g. with a pair of numbers belong
ing together in a table of reciprocals. The main body of texts, finally, deal with 
"lengths", "widths" and "surfaces" which cannot a priori be interpreted at 
face value, nor however as arithmetical dummies. Anyhow, there can be no rea
sonable doubt that these latter problems represent the basic conceptualization 
of Babylonian algebra, and that their "lengths" etc. are the entities which re
present real lengths as well as numbers when such magnitudes occur in other 
problems. 

1 3 By "Modern" I mean "post-Renaissance", in the case of algebra specifically "post-
Vieta". I disregard what mathematicians would call "modern" (abstract, "post-Noe-
ther") algebra as irrelevant to the present discussion: It is, at least in classical senses 
of these words, neither arithmetical nor geometric, be it in basic conceptualization or 
in method, although it is, primarily, an abstract extrapolation from arithmetical con
ceptualization and method. 

14 
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There are, then, two main aspects of the problem investigated below: F i r s t l y , 
whether the method used in Old B a b y l o n i a n algebra was ari th
met ica l (rhetorical or related) or na ive -geometr i ca l . Secondly , 
whether its basic conceptual izat ion was ar i thmet ica l or geome
tr ical . 1 / 1 Around these basic questions a web of other related and derived dis
cussions will be spun, in order to give an allround picture of the discipline. 

II. The obstacles 

Neither the terminology nor the procedure of the problem translated above, 
would permit us to decide this question, or just to approach it. In this respect 
it is similar to a great many other Babylonian texts. For half a century, in has 
therefore been the prevailing opinion among historians of mathematics that 
at least the surviving and published texts will not permit us to solve the dilem
ma arithmetic/geometry. At the same time, most historians have implicitly or 
explicitly tended to favour the fully arithmetical hypothesis15—with the partial 
exception of K . Vogel, A. A. Vajman and B. L. van der Waerden. 1 6 

Until the Summer 1982, I shared these common opinions and prejudices, as 
I would now call them. At that time, however, I was inspired, by an interpreta
tion of a puzzling text 1 7 and by a critical question from P. Damerow for my 
reasons, to look for traces of geometrical thought in other texts. Since then my 
knowledge of the language has improved so much that I have come to regard 
my original textual inspiration as totally wrong. 1 8 But like another Columbus 
I had the good luck to hit land on a course which I had chosen for bad reasons. 
A close reading of the texts, and the use of methods closer to those of contempo
rary human sciences (linguistics and structural semantics as well as literary ana
lysis) than to those traditionally used in the history of Ancient mathematics, 
revealed that the arithmetical hypothesis cannot be upheld. As it is always more 

1 4 It should be emphasized that the investigation deals only with the algebraic texts. 
There is no reason to doubt the purely numerical character of many of the table texts ; 
but the numerical character of texts like Plimpton 322 (MCT 38) does not permit us 
to conclude that algebraic problems, too, were understood and solved arithmetically. 
Similarly, it cannot be doubted that a number of texts deal with real geometric prob
lems,—but even there generalizations are not automatically justified. 

1 5 Among the most explicit, Thureau-Dangin (1940: 302) states that the problems deal
ing with geometrical figures do so because "a plane figure will easily give rise to a se
cond-degree equation", but that the problems are still "purely numerical", just like 
the indeterminate equations of Diophantos' Arithmetica VI , for which right triangles 
function merely as a pretext. 

1 6 So, van der Waerden (1961: 7If.) suggests hypothetically that certain basic algebraic 
identities may have been proved geometrically ({a — 6} {a +b} = a 2 — b2, etc.). The con
jecture is accepted by Vajman (1961: 168f.). At the same time, however, B. L. van der 
Waerden distinguishes the method of proof from the conceptualization, stating that 
the "thought processes of the Babylonians were chiefly algebraic (i.e. arithmetico-
algebraic—J. H.). It is true that they illustrated unknown numbers by means of lines and 
areas, but they always remained numbers". 

1 7 IM 52301, the inscription on the edge as interpreted by Bruins (1953: 242f., 252). 
1 8 Cf. the revised transliteration and the new discussion of IM 52301 in Gundlach —von 

Soden 1963: 253, 259f. 

15 
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difficult to verify than to falsify, I cannot claim that the investigation has prov
ed a specific geometrical interpretation to be correct. Still, the geometrical read
ing gets very strong support, and I think it can be taken for sure that the Old 
Babylonian algebra must at least have been structurally isomorphic to a repre
sentation by naive geometry, while the arithmetical representation is only a 
homomorphism. 

It will be clear from the following that my results could not have been found 
without methodological innovations. So, we should not wonder that the evi
dence against arithmetical thought has gone largely unnoticed for 50 years, 
and that the interpretation which 0 . Neugebauer characterized as a "first approx
imation" in 1932 1 9 has stood unchallenged since then. 

This may sound cryptic to readers who are not familiar with the cuneiform 
script and texts, and may require an explanation. The Babylonian texts were 
written in a Semitic language (Akkadian) which has been dead as a literary lan
guage for two millennia (and as a spoken language even longer), with strong, at 
times all-dominating admixtures of loanwords from another language (Sumerian), 
which was probably already dead around c. 1800 B.C. except as a literary 
language used by the restricted circle of scribes, and of which no relative is 
known. Even the interpretation of the Akkadian language is far from complet
ed, and the situation for Sumerian is still worse.2 0 To add to the confusion, the 
script used consists of signs which may stand for one or, normally, several pho
netic values, not necessarily close to one another, and for one or often several 
semantic ("ideographic") values, i.e. values as word signs ("logograms")21 

for Sumerian words and semantically related Akkadian words. The connection 
between the different values is rooted in semantic affinity, in phonetic affinity 
in either of the two languages, or simply in the conflation of originally separate 
signs. 2 2 To all this may come trite problems of legibility, due to careless writing 
or to bad preservation of the tablets. 

1 9 Neugebauer 1932a: 6. 
20 So, no real Sumerian dictionary exists to this day. 
2 1 The prevailing tendency has been to leave the conception of ideograms and to claim 

that the cuneiform signs when not used phonetically would stand for, and be read as, 
specific Akkadian words. The difference between an ideogram and a logogram is as the 
difference between " - j - " and "viz.": The first sign will of course always be read by 
words, depending on the situation as "plus", "added to", "and", or something similar; 
only in the specific additive meaning, however, can it replace the spoken word "and"; 
it is no logogram, it corresponds to an operational concept which is not identical with 
any verbal description. "Viz.", on the other hand, is a real logogram for "namely".—No 
doubt, the logographic interpretation describes the normal non-phonetic use of cunei
form signs adequately. At least in mathematical texts, however, certain signs must be 
understood as ideograms, not as logograms, as I shall exemplify below (cf. notes 57 f. 
and note d to TMS X V I A; cf. also SLa 25f., on similar phenomena in non-mathemati
cal contexts). 

2 2 The sign z=i may be taken as an example. The conventional sign name is KAS, the 
name given to it in ancient sign lists. It may stand for Sumerian kas, "beer" (Sumerian 
words are usually transliterated in spaced types), and for the possessive suffix -bi ; the 
latter reading is used in Sumerian as an approximate syllabic writing for the compound 
b + e > b é , "says it".(or rather "it is said"). These three uses have given rise, respec
tively, to logographic use in Akkadian texts for the corresponding words sikarum, 
•sul-sa and qabûm,, together with the derived sü/süatu, "this", a function in which Su-

16 
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Happily, the system was also ambiguous for the Babylonian scribes themselves, 
and they developed certain aids for avoiding the ambiguities (phonetic comple
ments to logograms; semantic determinatives). Furthermore, inside texts be
longing to a specific type and period, the range of possible values of a given sign 
is strongly restricted. The restrictions, however, have to be discovered; hence, 
extensive knowledge of a whole text-type is required before the single text can 
be safely transliterated into syllabic Latin writing. 

On this background, the immensity of the task solved in the 1930es by 0 . Neu
gebauer and F. Thureau-Dangin will be seen : To decipher the phrasing of the 
mathematical texts, and to discover the mathematical meaning of the terms. 
First when this is done in a way which can be relied upon can the question of 
conceptualization be raised in earnest. 

Raised . . . but hardly solved by direct methods. Just because the language 
of the single text-type is specific, we must regard the terminology as technical 
or semi-technical. W e know from modern languages that the semantic contents 
of a technical term are not necessarily unravelled by etymological studies. The 
etymology of "perpendicular'' would lead us to the pending plumb-line and 
thus to the vertical direction. A posteriori we can understand the way from here 
to the right angle—but we cannot predict a priori that "vertical" will change 
into "right angle", nor can we even be sure that a modern geometer thinks of 
verticality when he uses the standard-phrase and raises a perpendicular.23 

The situation is not very different in Akkadian, or in Semitic languages in 
general. An example from the Hebrew on which I shall draw below will show 
this, 'bq has, as a verb, the meaning "to fly away". Hence we have nominal 
derivations "(light) dust" and "pollen" (HAHw, 7 a ) ; from "light dust" prob
ably the tablet covered with light dust or sand, the "dust abacus", and from 
here apparently the "abacus" in general.2/4 Who would imagine that the heavy-
table on which stone calculi are moved was, etymologically, "something flying 
away"? 

Truly, the character of Semitic languages is such that the basic semantic im
plications of the root from which a word derives are rarely or never lost quite 
of sight—they are conserved at least as connotations. Such conservations are 
forced upon the users of the language by its very structure.2 5 But a requirement 

merian bi can also be used. In the Old Babylonian period it will also be found with the 
phonetic values bi, be, pi, and pé (accents and subscript numbers are used to distinguish 
different writings of the same syllable). In later periods, it can also be used phonetic
ally as gas, has and has.—To this comes the role in a number of composite sign groups 
used logographically: different specified sorts of beer; innkeeper; song(?); etc. Finally, 
the sign may represent twice the surface unit èse, written >—<. (After MEA and ABZ 
No 214, and a commentary from B. Alster). 

2 3 To know whether he thinks concretely through the standard-term we would have to 
investigate whether he avoids using it when constructing the orthogonal to a non-
horizontal line; i.e., we would have to investigate the structure of his total termi
nology and its use in various situations. 

2 / 4 See Pauly-Wissowa I(i), 5. HAHw quotes the Semitic root in Hebrew, Arabic and 
Aramaic. It appears to be absent in Akkadian. 

-° The Semitic languages combine—with special clarity and richness in the system of 
verbs and their derivations—fixed, mainly consonantal roots carrying the semantic 
basis, with a huge variety of prefixes, infixes (among which the vowels, which are sub-

17 
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that there should be a semantic umbilical chord between the general and the 
technical meaning of a term can at most be used as a control with hindsight, 
when the technical meaning has already been interpreted tentatively. It can 
tell nothing in advance. 

In principle, technical terms should therefore be interpreted from technical 
texts. Here, more than anywhere else, the Wittgensteinian dictum should be 
remembered: "Don't ask for the meaning—ask for the use". Then, however, we 
are led into a vicious circle : Our sole access to the use of the technical terms is 
the body of texts, which only tell us about the use if we understand their terms. 
As long as two conflicting interpretations of the terminology both permit co
herent understanding of use and meaning, neither can be rejected. And indeed, 
if we believe in an arithmetical interpretation of Babylonian algebra, we are 
led to an arithmetical interpretation of the unknown terms denoting its opera
tions, and thus to a confirmation of our initial beliefs; initial belief in a geo
metrical interpretation is, however, equally self confirming. 

Let us take an example, the phrase 
10 itti 10 sutâkil-ma\ 1'40°. 2 G 

itti can be translated "together with", and the enclitic particle -ma by "and 
then" or "and thus", or it can simply be represented (as I shall do in the follow
ing) by " :". So, the phrase can be partially translated as 

10 sutäkil together with 10: 1'40°, 
and so we know that sutäkil represents an operation which from 10 and 10 cre
ates 1'40° ( = 100), either an arithmetical multiplication of pure numbers, or a 
geometrical operation creating a rectangle with sides 10 and 10 and a correspond
ing surface of 100. The form can also be recognized as the imperative of a reci-
procative causative stem derived from akâlum, "to eat", or from kullum "to 
hold" (in which case the transcription ought to be sutakll).1' Hence we have the 
interpretation 

"Make 10 and 10 eat/hold each other: 100," 
or, if we do not see what "eating" or "holding" has to do with the matter, and if 

mitted to change) and suffixes determining not only grammatical category but also 
many semantic displacements which in Indo-European languages are not subject to 
morphological regularity. The actual functioning of such a system requires that its 
speakers apprehend subconsciously all the derivations of a root as belonging to one 
scheme, in the way an English four-year old child apprehends "whistled" as a temporal 
displacement of the semantic basis "whistle" according to a general scheme, as re
vealed by her construction of forms like "goed" instead of "went". 

2 6 VAT 8390 rev. 21 (MKT I 337). 
2 7 The former interpretation is suggested by the use of the Sumerian kü, "to eat", as a 

logogram for the term (cf. below section IV.2). For this reason it is normally accepted 
today, cf. von Soden 1964: 50, and AHw, kullu(m) and akâlu(m).—The latter interpre
tation was proposed by F. Thureau-Dangin (e.g. TMB 219), who explained the logo-
graphic use of kü as a pun-like transfer, inspired by coincident St-forms for kullum 
and akâlum (cf. TMB 232f.). Such transfers are in fact not uncommon in cuneiform 
writing (cf. above, note 22), and hence a derivation from "holding" cannot be outruled. 
—As it will appear below, a relation to another term (taklltum) appears to rule out the 
derivation from "eating", while a connection to "holding" makes perfect sense (cf. be
low, section IV.3). On the other hand, A. Westenholz expects that kullum would 
give rise to the form sutkll and not to sutakil—which I cannot make agree, however, 
with a number of derivations from hiaqum. Most safely, the question is left open. 
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we want to keep the question explicitly open, we may represent the semantic 
basis through a dummy X X : 

"Make 10 and 10 X X each other: 100." 
In both ways, we get something like idiomatic English as translation of the 

phrase. Still, concerning the question arithmetical versus geometrical inter
pretation we are no more wise. 

Truly, most standard terms of Babylonian algebra look less opaque than "mu
tual eating/holding". "To append" x to y, "to pile up" x and y; "to tear out" 
or "to cut off" x from y or to see "how much y goes beyond x" ; "to break x to 
two"; all of these can, as descriptions of additive and substractive procedures 
and of halving, respectively, be interpreted concretely, and all seem to suggest 
an imagination oriented toward something manifest, e.g. the procedures of 
naive geometry, rather than an abstract arithmetical understanding. But so do 
the Latin etymologies of "addition" and "subtraction"; like these, several of 
the Akkadian terms were established as standard expressions, and some may 
have been fixed translations of age-old terms. There may have been as little 
concrete substance left in them as there remains of lead in a right angle. 

On the level of single terms and their applications the texts are thus not fit 
to elucidate the conceptual aspects of Babylonian algebra and mathematics. 

The structural and discursive levels 

Originally, I started my search for traces of naive-geometrical thought pre
cisely at the level of single-term applications and literal meanings, and I was soon 
able to draw the negative conclusions just presented. At the same time, however, 
the close reading of the texts had led me to some real clues. One of these was the 
structure of the total mathematical terminology used in the Babylonian alge
braic texts. 2 8 The other has to do with what could be called the "discursive 
aspect" of the texts (as opposed to technical and terminological aspects): The 
way things are spoken of and explained, thé organization of explanations and 
directives, and metaphorical and other non-technical use of seemingly technical 
terms. 2 9 

2 8 A simple instance of such structural analysis was suggested in note 23 as a means to 
investigate whether a modern user of geometrical terminology associates the "raising" 
of a perpendicular with the literal meaning of this term. 

2 9 This paradoxical phrase should perhaps be clarified. An important characteristic of 
a technical term is fixed semantic contents and relative absence of connotations and 
analogic meanings. Technical terms when applied as such are not open-ended. Even 
in modern mathematics, however, technical terms are also used metaphorically and in 
other ways departing from their technical semantics. This happens during theoretical 
innovation, when the technical terminology has to adapt to new conceptual structures. 
It also occurs in informal discussion and didactical explanation when truth is not 
to be stated but to be discovered or conveyed. These are processes which always re
quire compromise with pre-existent understanding, and therefore such non-technical 
displacements of meaning reveal something about this understanding. (Cf. for certain 
aspects of this discussion Beck 1978 and Marcus 1980). 

The Babylonian mathematical texts abound in examples of such derived meanings 
and applications of terms to an extent which suggests that we are not confronted with 
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The clues implied by the discursive aspect of the texts can only be demonstrat
ed on specific examples, and I shall postpone their presentation. Part of the evi
dence provided by the structural analysis can, on the other hand, be explained 
in abstract form. Instead of retelling my Odyssey through the texts completely 
and from the beginning,30 I shall therefore present some basic results abstractly 
before going on to a selection of texts in order to penetrate further. Exemplifi
cations and supplementary arguments will be given on the basis of these texts. 

In current English, the expressions "a times b" and "a multiplied by 6" de
scribe the same process—they are synonyms. Which one to choose in a given 
situation is a matter of style—as will be demonstrated by the fact that person A 
may choose the one in a situation where person B would choose the other, or that 
the choice depends on audience (school children versus mathematicians) or 
medium (oral or written, popular or scholarly). W e have two different expres
sions at our disposal, but we have only one mathematical concept. 

The Babylonians had many multiplicative expressions: sutäkulum (whence 
sutäkil)', nasûm; i l ; ni m; esêpum; t a b ; a-râ; U L . U L ; UR.UR. The matter 
has, to my knowledge, never been discussed explicitly, but it has been taken for 
granted and self evident that all 3 1 described the same concept.3 2 

As long as an arithmetical conceptualization was itself taken for granted, 
and taken for granted to such an extent that the mere possibility of alternative 
conceptualizations was not recognized, this automatic conflation of all multi
plicative concepts was unavoidable: In an arithmetical conceptualization there 
is only one operation to be described, there can be only one concept.3 3 

Still, selfevident as it has appeared to be, the conflation is not true to Baby
lonian mathematical thought. The terms are not synonyms, the choice among 
them is restricted by other criteria than those of style, taste and dialect. 

Truly, some sets of terms are synonyms, il is the Sumerian equivalent of 
nasûm, "to raise", and it is used logographically in exactly the same functions 
(which makes it debatable whether we are entitled to speak of a different term— 
nasûm and il are rather full and shorthand writings of the same Akkadian term), 
n im, Sumerian equivalent of elum, "to be high" and used even for its factivitive 
stem "to elevate", is used instead in a few texts (here, then, another term for 

a real technical terminology after all, that few terms possess a basic, really fixed tech
nical meaning. Instead, most terms should probably be regarded as open-ended ex
pressions which in certain standardized situations are used in a standardized way. This 
will be amply exemplified below. 

3 0 This is, grosso modo, the way I go through the subject in my preliminary presentation 
(Hoyrup 1985) of the problem and of my results. The outcome is rather opaque. 

3 1 With the partial exception of esêpum and its logographic equivalent tab, the original 
meaning of which is "to duplicate", and which in phrases "duplicate x to n" means 
"multiply x by (the positive integer) n" if interpreted arithmetically. 

3 2 It should, however, be emphasized that both O. Neugebauer and F. Thureau-Dangin 
show great intuitive sensitivity to the shades of the vocabulary in MKT and TMB. I 
remember no single restitution of a broken text in either of the two collections which 
does not fit the results of my structural investigation. 

3 3 Disregarding the possibility to distinguish between multiplications involving only in
tegers, multiplications where one factor at least is an integer, and multiplications of 
wider classes of numbers. In fact, all Babylonian terms except esêpum (and tab) can be 
applied for the "multiplication" of any number by any other number. 
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the same concept is in play—the equivalence is semantic but no longer logo-
graphic). Similarly, sutakulum (with the logographic writing ku) is replaced by 
UL.UL in certain texts and by U R . U R in others. But while the choice of a term 
inside a group is free, the choice of the group from which a term shall be taken 
is subject to clear rules—rules which in a geometrical interpretation of the proce
dures are easily stated. 

IV. Basic vocabulary and translational principles 

Most other classes of arithmetical operations are also subdivided in Old Baby
lonian mathematical thought, if we are to judge from the Old Babylonian vocab
ulary. 3 4 As a preparation for the presentation of the texts, I shall summarize 
in schematic form the basic vocabulary and its subdivisions, indicating in rough 
outline the use of each subclass. I shall also give the "standard translations" of 
the terms which I am going to use in my translations of texts in the following 
chapters, together with the translations of the terms given in A H w . 3 5 

IV. 1. Additive operations 

Two different "additions" are distinguished. The first is described by the term 
wasäbum (AHw "hinzufügen"), and it is used when something is added to an 
entity the identity of which is conserved through the process (the nominal deriva
tive sibtum designates inter alia the interest, which does not change the iden
tity of the capital to which it is added). The Sumerian dah is used as a logogram. 
In order to avoid associations to the modern abstract concept of addition, I use 
the standard translation "to append" for both terms. 

The other addition is designated by kamärum (AHw "schichten, häufen"). It 
is used when several entities are accumulated into one "heap" (cf. the etymology 
of "accumulation" from "cumulus"), which is identical with neither of them, 
gar-gar and U L . G A R are both used ideographically in the same function3 6, 
apparently as pure logograms. For standard translations of all three terms I use 
"to accumulate". 

While no separate name for the sum of an "identity-conserving" addition is 
found (for good reasons, of course), the "accumulation" can be designated by 
various derivations of kamärum: kimrätum, a feminine plural 3 7 (whence my 

3 4 The vocabulary of the later (Seleucid) mathematical texts is very different, and can 
indeed be taken as an indication that the mathematical conceptualizations had changed 
through and through during the centuries which separate the two periods. Cf. below, 
section X . 2 . 

3 5 In order to emphasize the purely Old Babylonian character of the summary I write 
all Akkadian verbs and nouns with "mimation", i.e. with the final -m which was lost 
in later centuries. 

3 6 Literally, the Sumerian gar-gar means something like "to lay down (gar) repeatedly"; 
possibly, the UL of UL.GAR is due to a sound shift from TJR =ur , inter alia "to col
lect" (ÖL II No 575.9), which would lead to an interpretation of UL.GAR as a compos
ite verb "to lay down collectedly" (maybe an artificial "pseudo-Sumerogram"). 

3 7 Cf. section VIII.2, the notes to AO 8862, for reasons why the single sum has to be un
derstood as a plural. 
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standard-translation "things accumulated"), nakmartum (standard translation 
"accumulated") and kumurrum ("accumulation"), gar-gar and UL.GAR can 
both serve logographically in the same functions. 

IV. 2. Subtractive operations 

Subtractions too may and may not conserve identity. The "non-conserving" 
subtraction compares two different entities, by means of the expression mala x 
éli y itter, "as much as x over y goes beyond" (from watärum, "übergroß, über
schüssig sein/werden", with the logograms SI and dirig). The most common 
term for the "identity-conserving" subtraction is nasähum, "ausreißen", with 
logographic equivalent zi. I shall use the standard translation "tear out". An
other term with the same function (but apparently a slightly different shade) 
is haräsum, "abschneiden" (etc.), st. transi, "cut off". In specific situations, a 
variety of other terms may occur. 

IV. 3. Multiplicative operations 

The standard expression of the multiplication tables is 11 x a-râ y" where x and 
y are pure numbers. It is also found in a few of the problem texts (normally in 
double constructions, cf. below). The semantic base is râ, "to go" (cf. Danish 
gauge, "times", from gà, "to go", and the analogous Swedish terms). After hav
ing used initially the modernizing standard translation "x times y" for "x a-râ y" 
I have opted for 11 x steps of y", mainly because even Seleucid texts remember 
this sense of the term, as revealed by their use of a genitive for the second factor 
(cf. below, section X . 2 , BM 34568 No 9; cf. also note 38). 

The term esêpum (AHw "verdoppeln") and its equivalent tab "to duplicate", 
i.e. "to take once more", whence even the extension "to repeat several times", 
was already mentioned. It is used for multiplications of any concrete entity by a 
positive and not too large integer, and apparently meant as a concrete repeti
tion of that entity. When used to "make multiple", it occurs in phrases like 
"X ana n esêpum", "to repeat x until n", or "x a-râ n tab", "to repeat x n steps" 
(the deviating use of a-râ will be noticed3 8). In all cases, I use the standard trans
lation "to repeat". 

The third group is made up of nasum ("(hoch)heben, tragen"), its Sumerian 
equivalent il (the normal logogram for nasum), and the Sumerian nim, appar
ently also used logographically in certain texts. As mentioned above, the latter 
term means originally "be high", equivalent of Akkadian elum. In mathemati
cal contexts it is in all probability used as a pseudo-Sumerogram for the (facti
tive) D-stem ullum of this word. 3 9 These terms are used for the normal calcula-

3 8 A similar use of Akkadian alakum, "to go", as a substitute for esêpum is found in several 
Susa texts (among which TMS I X , translated below in section VIII.3). In one of them 
(viz. TMS VII) the "step" which is gone repeatedly appears to be designated a-râ. 

3 9 Originally, Thureau-Dangin suggested the conjecture that nim might be used for the 
factitive or causative S-stem sulûm (TMB 239). However, the headline of the Susa list 
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tion of concrete quantities by multiplication : When multiplying by the tabulat

ed constant (igi-gub) factors; when multiplying by a reciprocal as a substitute 

for division (cf. below); in all situations involving a factor of proportionality; 

and when the areas of trapeziums, triangles and trapezoids are found. 4 0 As stand

ard translations I use "to raise" for nasûm and il (the alternative "to carry" 

cannot be brought into semantic harmony with nim). For nim I use "to lift". 

The connection between "raising" and multiplication is not obvious to the modern mind. 
Several clues exist in the texts, however, which connect the usage to Babylonian techni
cal practice. 

C D 

Fig. 3 

One clue derives from the way volumes are calculated. If the base is quadratic, rec
tangular or circular, it is normally "spanned" by length and width (or found as Vi2 of the 
area spanned by the circular circumference with itself). The multiplication with the ver
tical dimension, however, is a "raising" or "lifting". In itself, this already speaks to the 
imagination—raising is vertical movement. Furthermore, ullum (and hence nim, cf. above) 
is precisely the term used when a wall is elevated n brick layers (AHW 208 b 1 1 - 1 4 ) . 

Another clue is provided by the use of the expression "f 1*«»» of 1 cubit (height)" (il with 
phonetic complement -turn, indicating a derivation from nasûm with ending -turn, e.g. 
nasitum, a substantivized participle meaning "that which raises") as a measure for the 

of constant (igi-gub-) factors claims to contain "igi-gub, that of making anything 
high" (TMS III 1), using the infinitive ullûm of the constantly factitive D-stem. Since 
the S-stem is furthermore used (in AO 17264, M K T I 126f., and in Haddad 104,111,7, 
al-Rawi — Roaf 1984) in the sense of making a square-root "come up" as a result, nim 
nullum is probably to replace F. Thureau-Dangin's conjecture. 

4 0 As we shall see below, the area of a rectangle is presumably also found by "raising", 
although the operation is normally not made explicit. 
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inverse gradient of a slope, i. e., the length one has to progress horizontally in order to 
attain an elevation of 1 cubit. 4 1 

Fig. 3A shows the situation, demonstrating the role of the (77) both as a factor of 
proportionality and as "that which raises the slope 1 cubit". Fig. 3B shows the same in a 
less sophisticated manner (for which reason it is used occasionally in modern elementary 
teaching), closer to the Babylonian term than the Greek-type Figure 3A. 

Comparison of Fig. 3B and Fig. 3C shows that the "raising of a slope" and the "rais
ing of a wall" can easily be imagined as the same process. Figure 3D, finally, dem on-
strates how the conception of a rectangular area as consisting of unit strips which is testi
fied by the terminology (cf. below, section VII.2) can make one assimilate even area cal
culation to the same scheme. 

Sargonic and earlier mathematical texts contain many area computations but never 
any term for multiplication. Brickwork and slope calculations seem to have arisen later— 
the oldest mathematical brick text known is from Ur I I I . 4 1 a We may imagine that ex
plicit multiplicatory terminology was introduced together with these "new multiplica
tions", and that it was then also used metaphorically for other similar calculations, be it 
area computations or arguments of proportionality. In this connection one should re
member that not only the use of igi-gub-factors but also the computation of a/b by 
means of a table of reciprocals (cf. section IV.6) builds on proportionality. 

The last group of multiplicatory operations is made up by sutäkulum, "to 
make eat/hold each other", and its various semantic cognates: i -kû-kû and 
i-ku (its logograms), UL.UL and UR.UR. Some further cognates turn up below 
under the heading "squaring". In the algebra-texts, these terms are only used 
when an entity which may be considered a "length" is multiplied by another 
which is a "width", or by itself. That is, in a geometric interpretation of the 
texts it is used when a rectangle or a square is considered, in fact, as we shall see 
below, when it is produced. To a modern mind it might be tempting to interpret 
this as an indication that the term is used for the calculation of an area, since this 
involves the multiplication of two quantities of dimension length. The falseness 
of such an interpretation is, however, obvious from the way the areas of trian
gles, trapeziums and trapezoids are found : As soon as calculated average lengths 
are multiplied, the term used is nasûm, il or nim. 

The interpretation of sutäkulum understood as "mutual eating" is less than 
self-evident. Truly, an idea which was advanced by S. Gandz 4 2 in order to ex
plain the use of ukullûm, "ration of food", as a term for the inverse gradient of 
a slope, could be extended as a last resort : In Hebrew, a field covered by vines 
is said to be "eaten" by the vines. 4 3 Similarly, a "mutual eating" inherent in 
sutäkulum could be read as "mutual covering". To "make length and. width 
cover each other" should then mean "to make them define/confine" a surface-
viz, a rectangular surface, since it is fully described by length and width. The 
case where "length and length" are made eat/hold/cover each other, 4 4 on the 
other hand, turns out to describe the construction of an irregular quadrangle. 

4 1 BM 85196 rev. II 11 (MKT II 46). 
4 1 a N.C. 304, see Vajman 1961: 246f., cf. for the dating Friberg (forthcoming) § 4.5. 
4 2 Gandz 1939: 417f. 
4 3 The same idea of covering a piece of land is indeed seen in the Old Babylonian measure

ment of a slope by the "ukullûm eaten in 1 cubit", i.e. covered per cubit height (VAT 
6598 rev. I 18, in MKT I 279, cf. TMB 129). 

4 4 YBC 4675 obv. 1 (MCT 44) has the expression summa a. sa us us i-ku", "when a 
length and a length eat/hold a surface", referring to a surface stretched by two (dif-
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It would, however, seem much more obvious to conceptualize the situation as 
a length and a width (or a length and another length) "holding" together the 
rectangle (or trapezoid) in question. In either case the geometrical contents of 
the metaphor is the same, the two lines confining together a surface. As standard 
translation I shall use the phrase "make A and B span" (which should be neu
tral with regard to the two possible derivations though slanted towards "hold
ing"). Two texts (VAT 8390 and AO 8862, cf. below) make explicit that sur
face construction is meant, telling that "length and width I have made span: 
A surface I have built". 

The ideogram i-kû-kû seems to derive simply from the reciprocity of the 
St-stem (the formi-ku being a mere abbreviation: it is mainly used in the utterly 
compact "series texts"). U R . U R and UL.UL have the same repetitive structure; 
their semantics is probably best explained in connection with the concepts for 
squaring, to which we shall turn next. 

As it will be seen below, the term takiltum (read as sakiltum in M K T I), which 
turns up in specific connections during the solution of second-degree-equations, 
must be related to sutäkulum; I shall use the term untranslated. Detailed discus
sions of its meaning and use must await its occurrence in the texts. At present 
it should only be observed that according to all available evidence it cannot 
derive from akalum, which forms no D-stem. Its close connection to sutäkulum 
implies that the derivation same must hold for the latter term (in which case, 
by the way, the correct transcription will be sutakûl(l)um), cf. note 27). 

IV. 4. Squaring and square-root 

The two fundamental verbs belonging to this area are s i 8 , "to be equal", and 
mahärum, "gegenübertreten (as an adversary, as an equivalent)" etc. From the 
mid-third millennium onwards, s i 8 is used to denote a square as (a quadrangular 
figure with) equal sides. At approximately the same early epoch, it is also seen 
to denote the equality of the lengths alone or the widths alone in quadrangles.45 

In the Old Babylonian texts, it is found with a prefix as ib-s i . 4 6 , literally a ver
bal form, probably meaning "it makes equal". It is used when square-roots are 
extracted, at times inside constructions where it stands clearly as a verb, at 
times seemingly as a noun identifying the square-root itself. In Y B C 6504 (MKT 
III 22 f.) and in the "series texts" it is used for (geometrical or arithmetical) 
squaring (cf. note 63), and in one text 4 7 it denotes an indubitable geometric 
square. 

ferent) lengths, i.e. to an irregular quadrangular surface. Later in the same text (rev. 
15) the term sutäkulum itself stands as a complete parallel to the use (in rev. 6) of 
epësumf "to make", "to produce" (viz. a quadrangular surface). In neither case is any 
multiplication to be found. 

4 5 On the denotation of squares, see Deimel 1923 No 82 (cf. MKT I 91, and Powell 1976: 
430) and Edzard 1969. On the equality of lengths alone or widths alone, see Allotte de 
la Fuye 1915: 137ff. 

4 6 Occasionally ba-sig. This term is, however, more common in connection with cube 
roots. 

4 7 BM 15285, passim (MKT I 137f.). The geometrical character of the squares is certain 

4 Altorient. Forsch. 17 (1990) 1 
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To a modernizing mathematical interpretation this looks like primitive con
fusion : The Babylonians use the same term for a square (number) and its square 
root. Such a reading is, however, anachronistic, due to a pattern of thought 
which would have looked confused to a Babylonian : W e conflate the geometrical 
figure characterized by equal and mutually orthogonal sides with one of its 
attributes, viz. the area which can be ascribed to it (the square "is" 25 m 2 , while 
it "has" a side of 5 m). The Babylonians conflate the figure with another attrib
ute, viz. with its side (the square figure "is" 10 n indan, while it "has" an area 
of 1 iku = 100 nindan 2 ) . Following a proposal by J. Friberg 4 8, I shall use the 
standard translation "equilateral" in cases where the term is used as a noun. 
This should avoid the wrong connotations following from the use of words bound 
up with our own conceptual distinctions and conflations. When the term is used 
as a verb, I shall use "to make equilateral"—the reasons for this will be given 
below on the basis of the texts. 

mahärum itself is mostly used in mathematical texts in the sense of "correspond 
to/confront (as equal)" ("confront" will be my standard translation). The deriva
tion mithartum (a nominal derivation, "thing characterized by correspondence/ 
counterposition") is used to denote a square, i.e., as we shall see in the follow
ing chapter, a geometrical square—once again identified with its side and pos
sessing an area. 4 9 I shall use the standard translation "confrontation", in agree
ment with a conception of the square as a "situation" determined by confront
ing equals. The verbal St-stem sutamhurum ("to make correspond to/make con
front each other") is used for the process of squaring with only one number or 
length as the object. I shall use the standard translation "make confront itself", 
viz. so that a square is formed. 

A final important derivative is mehrum (for which gaba(-ri) appears to be 
used logographically), "that which corresponds to/confronts its equal". Its func
tion is best explained in connection with occurrences in the texts, so I shall post
pone it. As standard translation I use "counterpart". 

A number of other terms and signs belong to the same semantic field. LAGAB (writ
ten K I L in MKT and TMS) is used in one text 5 0 to indicate equality between shares in a 
field partition; in the "Tell Harmal compendium' , 5 1 and in one of the Susa texts 5 2 it de
notes the usual square figure ("being" a length and "possessing" an area. Basing my
self on the Tell Harmal compendium I shall treat it as a logogram for mithartum, giving 
it the same standard translation.53 NIGIN (written K I L . K I L in MKT) is used in one 

both because they are spoken of as positioned and because they are drawn on the tablet. 
Shifts between the two terms show that ib-s i 8 is intended here as a logogram for the 
Akkadian word mithartum (cf. immediately below). In the "algebraic" problem text 
Str. 363 (MKT I 244), where the scribe has done his best to find (and, one may suspect, 
to construct) Sumerian logograms to express his Akkadian thought, the same equiv
alence ib-si % ""mithartum is used. 

4 8 Private communication. 
4 9 See e.g. BM 13901 passim (several problems are translated below), 
so AO 17 264 obv. 2f. (MKT I 126). 
B* Goetze 1951. 
5 2 Texte V, TMS 35ff. All three occurrences are late Old Babylonian, AO 17 264 possibly 

even early Kassite. 
5 3 The sign is indeed a "confrontation" of equal lines: JlJ. It is thus probable that its 

ideographic equivalence with mithartum, rather than being connected to its use as a 
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Susa text 5 4 exactly as LAGAB, for the square figure. In the larger part of the Susa cor
pus it could be replaced by éutamhurum, as also in some genuine Babylonian text s. 5 5 Finally 
it is found in a couple of Susa texts with two factors56, corresponding to the use of sutä
kulum. This practical equivalence with several semantically related yet glossarially dis
tinct terms makes it impossible to consider it a real logogram for any of its equivalences ; 
hence, NIGIN is an example of a non-logographic ideogram.5 7 Since the sign can replace 
lawum, "umgeben", sahärum, "sich wenden", "herumgehen" and its derivative sihirtum, 
„Umkreis",. I shall propose the standard translation "make surround", viz. surround a 
square or rectangular figure, and square or rectangular "surrounding", depending on the 
word class required by context. 

UR.UR is found in certain texts in constructions similar to those with sutäkulum.^ 
UR, itself is found in another late Old Babylonian or early Kassite text 5 9 in the sense of 
"squaring", and in general non-mathematical language it can be used logographically 
(with various complements) for iétênié, "like one", "together" {^istënum "one"), for 
mithäris "correspondingly" (i.e. "equally" or "simultanously", -<mahärum, cf. above), 

logogramm for lawum, "to surround" (in which case its Sumerian reading is nigin), 
is to be considered directly iconic—In any case, the use of the sign in AO 17264 (cf. note 
50) must be considered secondary, derived from the habitual association of the quad
ratic figure with equality. In this connection it is perhaps worthwhile remembering that 
the sign for s i 8 was also originally (and still in Old Babylonian inscriptions on stone) 
a square standing on a corner ( O and respectively). Even this sign would thus have 
directly iconic connotations.—It should be observed that the evidence for logographic 
equivalence from the Tell Harmal compendium is evidence for the way it was read 
aloud but not necessarily for complete identity (nowadays, " + " may be read aloud as 
"and", but the context will show that addition is meant). Precisely this text, indeed, 
contains syllabic writings of terms which in other texts are invariably written with 
Sumerograms (siddum for uè, närum for id). 

5 4 Texte VI , TMS 49ff. 
55 BM 85194 (MKT I 143ff.) and BM 85196 (MKT II 43ff.). 
56 Texte I X 5 and 12, and Texte X X I 4 (TMS 63 and 108). The edition transcribes as 

éutamhurum and translates as sutakulumX 
5 7 Cf. above, note 21. The ideographic role of the sign in connection with squaring and 

"rectangularization" should of course be distinguished from its logographic role inside 
other semantic fields. 

The sign is ££f , a repeated £ ] LAGAB. As in the logogram 1-ku-ku, the repetition 
looks like an intentional graphic repetition of the reciprocity of the St-stems sutäkulum 
and éutamhurum or perhaps a representation of the use of two lines to stretch the square 
or rectangle. Cf. also note 58 on UL.UL and UR.UR. 

58 YBC 4662 and 4663 passim (MCT 69, 71 f.). In YBC 4662, the term occurs in the con
struction x a-râ x UR.UR.a; however, in several other constructions (appending, 
i.e. an additive operation; raising) the tablet writes a-râ instead of ana, due perhaps 
to a dictation or writing error; so, I guess that the original intention was x ana x . . . . 
In YBC 4663, the term when used for squaring gives the factor only once (3°15 / UR. 
UR.ta), but for once sutäkulum is used in the same way in that tablet (rev. 20). On 
the other hand, while the tablet has us sag UR.UR.ta ( t a ~ ina, "from"/"by means 
of"), it writes us u sag sutäkil (u ~ "and"); UR.UR can therefore not be a pure 
logogram for sutäkulum, instead the whole phrase is written as an ideographic syncope. 

A. Goetze (MCT 148) counts the two tablets among the early Southern ones. Both, 
however, state results with the word tammar, "you see", as do the texts belonging to 
his group V I and other Northern texts (cf. below, note 84). 

As in the case o f l - k û - k û a s a logogram for éutakulum, the repetitive structure of 
UR.UR is probably to be read as a (pseudo-) Sumerian rendition of the reciprocity of the 
St-form éutamhurum —or, rather, as a way to render in Sumerian grammar a geomet. 
rical idea which is rendered in Akkadian by the St-stem, and rendered badly so, as the 
verb has only one object. 

5 9 AO 17264 obv., 13f. (MKT I 126, cf. TMB 74). 
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and for nakrum "enemy", probably derived from the association of this concept with 
mahärum (cf. above). 6 0 Because of the ideographic but probably not logographic equiv
alence with mahärum I propose the standard translation "oppose". 

UL.UL is found in 7 tablets6 1, in all of which it is used for squarings, in a way which 
could make it a logogram for sutamhurum. But in one of them 6 2 it is also used in the same 
role as sutäkulum, and in another6 3 it is also used as a substitute for ib - s i 8 in a situation 
where this term could be translated "as a square" or "squared", and where it is kept 
apart from sutäkulum and its relatives. So, we have to do with yet another ideogram to 
which no well-defined logographic value can be ascribed. 

Once more, the term appears to point to the idea of confrontation of equal forces. Orig
inally the sign represents a lowered bull's head, corresponding to the reading ru 5 (used 
logographically for nakäpum, "to butt"). UL.UL should then be read r u 5 - r u 5 , viz. as 
a logogram for itkupum 'to butt each other", "to join battle" 6 4, and figuratively thus "to 
confront". Since this latter term is already used, I shall propose a distinct bnt semanti-
cally analogous standard translation, "to make encounter". 

IV. 5. Halving 

As it is later seen in Medieval elementary arithmetic, halving is a separate opera
tion in Old Babylonian mathematics, or, rather, it occurs as a specific opera
tion in certain specific connections. Chief among these are the bisection of a 
side or of a sum of opposing sides when areas of triangles or quadrangles are 
calculated, and the halving of the "coefficient of the first-degree term" in the 
treatment of second-degree equations. The term used is the verb hepum, "zer
brechen", in connections like "break into two" or "half of x break" (where I 
have used the standard translation "break"). Certain texts use the Sumerogram 
gaz. 

The half resulting from a "breaking" operation is designated bämtum (occa
sionally abbreviated or Sumerianized BA.A), a term which I shall translate 
"moiety". It is distinguished from the normal half, mislum (~su-r i -a) , which 
designates the number 1/2 = 30' as well as that half of an entity which is obtained 
through multiplication by 30' . 6 5 

6 0 All three values appear to belong originally to UR 5 , but all are also testified for UR—cf. 
the terms in question in AHw, and MEA, No 401 (UR 5 ) and No 575 (UR). 
It may be worth noticing that the original sign for UR5 still used on stone in the Old 
Babylonian period was a square standing on a corner: 

61 Str. 363 passim (MKT I 244f.); Str. 368 rev. 5, 8 (MKT I 311); VAT 7532 obv. 19 
(MKT I 295); VAT 7535 rev. 17 (MKT I 305); VAT 7620 passim (MKT I 315); YBC 
6504 passim (MKT III 22f.). 

6 2 Str. 363 rev. 15f.: . . . 20 w 1 UL.UL-wa 20 / 40 u 5 UL.UL-ma 3'20° Furthermore, 
in obv. 9 of the same tablet a relative clause refers back to UL.UL by a syllabic sutä
kulum. 

6 3 YBC 6504. In the first two problems of the tablet, ib-sig is used in the statement, 
while sutäkulum is used for squarings in the prescription of the procedure, and i b - s i 8 

turns up when towards the end a square-root is taken. In the third and fourth prob
lems, UL.UL is used both in statement and procedure for squarings, while ib - s i 8 is 
still used for the square-root. 

6 4 See CAD nakâpu. I am grateful to A. Westenholz for pointing out this meaning of 
UL.UL to me, whose implications I had overlooked. 

6 5 One place where the distinction between "halving" and "division by 2" (i.e. multi-
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According to parallels from other Semitic languages, bämtum was originally a desig
nation for a rib-side or for the slope of a mountain ridge. Probably because such a side or 
slope can be apprehended as one of two opposing sides or slopes, the term is used in a 
variety of situations where an entity splits naturally or customarily into two parts, or 
where e.g. a building is composed of two wings. In mathematical texts, it is used simi
larly for the semi-sum of opposing sides in a trapezium or the semi-diameter of a circle 
—all being halves of entities falling naturally or by customary procedure into two "wings". 

Below, we shall also see it in an important role in the treatment of second-degree equa
tions (section V.2. on BM 13901 No 1, and passim). 

IV. 6. Division 

As it is well known, Babylonian mathematics possessed no genuine operation of 
division. Division was a problem, no procedure. If the divisor b of a problem a\b 
was regular, i.e. if it could be written in the form 2 a • 3& • 5Y, in which case its 
reciprocal would be written as a finite sexagesimal fraction, and if it was not 
too big, 1 \b would be found in agreement with the standard table of reciprocals66, 
and a\b would be found by "raising" 1/6 to a. If b was irregular 6 7 , or if it was 
complicated to be recognized as regular, a mathematical problem text would 
simply formulate the division as a problem, "what shall I pose to b which gives 
me a ?", and next state the solution—since normal mathematical problems were 
constructed backwards from known solutions, the ratio would always be ex
pressible and mostly known. 

Two concepts are important in connection with the method of reciprocals: 
That of the reciprocal itself, and that of the process through which it is found. 
The reciprocal of n is spoken of as igi n ga l -b i , at times abridged to igi n 
gal or simply igi n. The literal meaning of the expression is unclear, but it is 

plication by 2 _ 1 ) is especially obvious is Str. 367 rev. 3f. (MKT I 260). A clear distinc
tion between bämtum and mislum is found in the tablets AO 8862 (below, section XIII.2) 
and BM 13901 (MKT III 1-5). A single tablet (YBC 6504, MKT III 22f.) uses su-ri-a 
where others have bämtum. 

6 6 The standard table of reciprocals lists the reciprocals of the regular numbers from 1 to 
1'21° ( =81) (cf. MKT I 9ff.). It can be legitimately discussed whether our term "table 
of reciprocals" is anachronistic. Indeed, one table, which appears to antedate 1850 
B. C. (MKT I 10 No 4), seems to express the idea that not 1/n but 60/n is tabulated 
(Scheil 1915: 196). As argued by Steinkeller (1979: 187), another table with phoneti
cally written numbers suggests the same idea (in MKT I 26f.). On the other hand, such 
conceptualizations of early tables have no necessary implications for the understand
ing which Old Babylonian calculators had of the tables used in their own times, and 
two observations combined suggest that they did in fact apprehend their own tables 
as tabulations of the numbers 1/n. Firstly, they used the tables for divisions, i.e. for 
multiplications with these numbers. Secondly, there is textual evidence that they pos
sessed a specific concept for the number 1/n, as distinct from a general "n'th part" of 
something (cf. below, note 69). 

6 7 A few tables containing approximate reciprocals of certain irregular numbers exist : 
YBC 10529 lists reciprocals of regular as well as irregular numbers between 56 and 
1'20° (MCT 16). M 10, John F. Lewis Collection, Free Libr. Philadelphia gives reci
procals of 7, 11, 13, 14 and 17 (Sachs 1952, 152). Apparently, however, such approxi
mations are not used in the Old Babylonian mathematical texts, and since the irregu
lar divisors of these texts always divide the dividends, such use would indeed lead to 
errors which could not go unnoticed. 
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testified as early as c. 2400 B.C. in the sense of "the n'th". 6 8 Some Old Baby
lonian mathematical texts use it both in this general sense as "the n'th of some 
quantity", and in the special sense of regarded as a number, but in a way 
which distinguishes the two. 6 9 There is therefore no doubt that the Old Babylo
nian calculators had a specific concept for the number which I shall desig
nate by the standard quasi-translation "igi of n". The general sense I shall ren
der simply by "the w'th part". 

To "find" a reciprocal is spoken of by the verb patärum "(ab)lösen, auslösen" 
with the logographic sumerogram du 8 . In F. Thureau-Dangin's opinion70, this 
term should be understood in analogy with the modern metaphor "to solve a 
problem". However, in two texts the term is also used subtractively71, in a 

68 VAT 4768 and VAT 4675, published by Förtsch (1916 N o s 65 and 175), transliterated 
and translated by Bauer (1967: 508—511). The texts belong to the fourth year of Lu-
galanda, and speak of 1/4 sekel silver and 1/6 sekel silver, by the phrase igi w ga l -
Similar contemporary evidence (also from Lagas) is found in Lambert 1953:60, 105, 
106, 108, 110 (1/3, 1/4 and 1/6 sekel of silver or lead) and Allotte de la Fuye 1915: 132 
(1/4 sar of land).—All these tablets antedate the first known occurrences of sexagesi
mal reciprocals by some 350 years, and they antedate by c. 200 years a school text 
which suggests that the ideas behind the sexagesimal system were on their way but 
not yet mature nor formulated around 2200 B.C. (Limet 1973 No 36; cf. commen
taries in Powell 1976:426f. and Hoyrup 1982:28). We can therefore confidently infer 
that the general sense of a reciprocal is a secondary derivation. This undermines the 
only plausible yet grammatically somewhat enigmatic explanation of the term given 
to date, one offered by Bruins (e.g. 1971:240): Literally, the phrase igi 6 gal -b i 
10-àm could mean "in the front of 6 is: 10 is it", i.e. "in front of 6 is found what (in 
the table of reciprocals)? 10". This explanation would interchange basic and derived 
meaning, and unless unexpected evidence turns up which moves the tables of recipro
cals back into the mid-third millennium, it cannot be upheld. —Truly, Bruins (1983: 
105, and earlier) points to two Old Babylonian texts which write the Akkadian term 
päni, "in front of", in order to designate the reciprocal. (So does also Haddad 
104, see al-Rawi—Roaf 1984, section 0.4.3). Certain Old Babylonian scribes hence ap
pear to have held the same hypothesis as Bruins concerning the origin of the expres
sion. But Old Babylonian scribes may as easily have constructed a scholarly pseudo-
etymology as they can have guessed correctly a conceptual development which had 
taken place some 800 years before their own time. In any case, current logographic 
use of igi for pänum may easily have led them astray to an erroneous "folk etymology". 

6 9 Str. 367 (MKT I 259L) speaks in obv. 3 of "the third part" of a length in a complete 
phrase igi 3 gâl , while the reciprocals of 4, 1, 3, 2, 3' 20" and 1 4 2 ° are spoken of (pas
sim) simply as igi n. The same distinction is made in VAT 7532 and VAT 7535 (MKT 
I 294f. and 303ff.); here, even the n'th part of the number 1 is spoken of in the com
plete phrase when this number 1 is taken to represent an unknown length, and the 
part hence understood as a fraction of something, not as a reciprocal (a number). In 
BM 85210 rev. I 0 -12 (MKT I 221f.), the ' V t h part of m" is also spoken of by the 
complete expression and the reciprocals simply by igi n; but furthermore, while the 
finding of the latter is spoken of by the usual term d u 8 ( ~patärum, "to detach", cf. 
below), the process producing the former is designated by zi ( ̂ nasähum, "to tear 
out"). BM 85194 (rev. I 28, rev. I l l 2f., and passim; M K T I 143ff.) speaks of both 
"part" and "reciprocal" by means of the abbreviated expression, but distinguishes by 
means of the differentiation between zi and du 8 . 

™ Thureau-Dangin 1936: 56. 
7 1 In Str. 367 (MKT I 259f.) a triangle of area 21 ,36° is "detached "from a trapezium of 

area 36', leaving a rectangle of area 14'25°. The other subtractive occurrence is Str. 
362 obv. 15 (MKT I 240). 
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way which is only explained by the literal sense "detach". To "find the reci-
proca of n" is thus to be understood as "to detach the n'th part (from l)" 7 ?, a 
phrase that shall be my standard translation. 

The division by an irregular number calls for few terminological commen
taries. The term "pose" (my standard translation for sakänum ~ gar, see below) 
is no term for multiplication; at times, the multiplication to be performed is 
implicitly understood in the expression, but more often it is stated explicitly.73 

In the latter cases, the term used belongs invariably to the "raising"-class (na

sûm, i l , nim). 
The same was the case when a dividend was multiplied by the reciprocal of a 

divisor, even when one side of a rectangle is found from the area and the other 
side. 7 4 Apart from the (purely arithmetic) distinction between regular and ir
regular divisors, division is one thing, and it is the inverse of raising. Nothing 
corresponding to the distinction between four different "multiplications" is 
found. This could be interpreted as evidence that the Babylonians understood 
their division as a common, purely arithmetic inversion of all four multiplica
tions, the isomorphism between which they have of course recognized. Still, 
since such an understanding would rather lead to use of the purely arithmetical 
term a-ra, it seems to be a better explanation that the real multiplicative ope
ration was "raising", while the other three classes were in reality something else 
which could not be reversed (as we shall see below, there are good reasons to 
apprehend "repetition" as real repetition of the concrete entity, and "spanning" 
as a constructive procedure; neither of these procedures is of course reversible). 

IV. 7. Variables, derived variables, and units 

Besides the above-mentioned terms for arithmetical operations, a number of 

basic concepts and appurtenant terms can profitably be presented in advance 

and briefly discussed. A first group contains the standard names for unknown 

quantities ("variables"), the way to label new variables, and the units. 

By speaking of standard names for unknown quantities I want to emphasize 

once more that the Babylonians formulated algebraic problems dealing with 

7 2 Cf. also the subtractive conceptualization of the process "to find the n'th part of m" 
in BM 85210 and BM 85194 (see note 69).—Further evidence against F. Thureau-Dan
gin's assumption comes from the way the finding of a square-root is spoken of: You 
are requested to "make the equilateral come up" (êûlûm<elûm) ; you "take" it (laqûm) ; 
or the question is asked, "what the equilateral" (minum ib-sis). Had patärum meant 
simply "to solve" an arithmetical problem, nothing would have prevented the Baby
lonians from using it also for the solution of the problem x * x — A. 

7 3 VAT 8389 obv. II 6-9 (below, section VII .1 ) ;VAT 8391 rev. I 28-30 (below, section 
VII .2) ; VAT 8512 rev. 1-5 (MKT I 341); VAT 8520 obv. 24f., rev. 25f. (MKT I 346f.); 
Str. 363 passim (MKT I 244f.). 

7 4 Str. 367 rev. 11 (MKT I 260); VAT 8512 obv. 10-12 (MKT I 341). A possible ex
ception is AO 6770, N° 1, lines 5—7. Still, since no really satisfactory interpretation of 
this text has been given, it can hardly serve as evidence for anything. Improved trans
literation and bibliography of earlier treatments of this text will be found in Brent j es— 
Müller 1982 (cf. Hoyrup 1984 for reasons why even this latest interpretation is prob
lematic). 
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many types of quantities: Numbers, prices, weights of stones, etc. One set of 

such unknown quantities, however, belongs with the "basic conceptualization'' 

of Old Babylonian algebra, as unknown abstract numbers represented by let

ters belong with our own basic conceptualization (cf. chapter I). 

These basic variables are of course the length and the width. They form a 

fixed pair. "Length" translates us (very rarely written phonetically with the 

Akkadian term siddum, "Seite, Rand; Vorhang"). "Width" translates sag, 

literally "head, front" (the rare corresponding Akkadian term is pûtum).75 Both 

terms appear in surveying texts from Early Dynastic Lagas 7 6 ; surveying is 

thus the distant point of origin of the Old Babylonian second-degree algebra 

which should not necessarily be confused with its Old Babylonian conceptua

lization. 

Problems in only one variable are basically formulated as concerned with a 

square identified with its side: mithartum, LAGAB, or NIGIN (see above, sec

tion III.4, "squaring and square-root"). In two Susa texts, the side of the 

square is occasionally spoken of explicitly as us, "length", of the "square fig

ure". 7 7 

In problems in one as well as two variables, the "second-degree-term" is spo

ken of by the same expression, a-sà, "field". Like "length" and "width", it is 

almost invariably written by the sumerogram, but in a number of places it oc

curs with a phonetic complement indicating a purely logographic use for the 

Akkadian eqlum.78, 7 9 I shall use the standard translation "surface" as I want 

7 5 Strictly speaking, the Akkadian terms are not just rare. Excepting the Tell Harmal 
compendium (which has u s ~ siddum, but on which see note 53) they are never used 
as names for the standard variables but only in a couple of texts dealing with real rec
tangles: Db2—146, obv. 3 (in Baqir 1962: PI. 3; siddum alone) and IM 53965, passim 
(in Baqir 1951 ; both terms). On the use of patum (plural of pûtum) to designate the sides 
of a real square in BM 13901, No 23, cf. below, section V.4. Three final occurrences deal 
with carrying distances for bricks and the width of a canal. 

7 6 See the texts from c. 2400 B.C. published and discussed by Allotte de la Fuye (1915). 
A difference between the Early Dynastic surveying texts and the Old Babylonian 
standard algebra problems should be noted: While the latter tell us that they deal 
with a rectangle simply by speaking of us and sag without any epithet, implying there
by that there is only one length and one width, the former will normally present 
all four sides of a quadrangle, and if a pair of opposing sides are equal they will with 
one exception which seems most hastily written tell explicitly that this is us si 8 , 
"lengths being equal", or sag s i 8 . "widths being equal". 

7 7 Even though the length is spoken of explicitly, the same lines of the text will identify 
the "confrontation" (LAGAB) itself with a number, viz. with the same number as the 
"length". Here as everywhere, square figure and side are conceptually conflated. So 
TMS V, obv. I I . l : "The CONFRONTATION and 1/11 of my length accumulated: 
1", i.e. confrontation = length =55' . 

7 8 On the other hand, the terms us and sag are on the same and other sorts of evidence 
not real logograms for siddum and pûtum (cf. above). 

7 9 Like us and sag, a-sà is used already in Early Dynastic texts (cf. note 72). It seems 
plausible that this rooting in an old tradition should be linked causally with the all-
dominating Sumerographic writing (in fact, full phonetic writing of eqlum is as absent 
as phonetic Akkadian writing of us and sag). In contrast, the unknown "confronta
tion" in problems of one unknown is not written by the traditional Sumerogram s i 8 

(cf. note 45). This appears to indicate that theoretical algebraic problems among which 
the problems of one unknown are important did not arise until the Old Babylonian age, 
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to avoid the connotations associated with the word "area": A number which de
scribes or measures a surface. Such distinction between entity and measuring 
number is apparently not true to Babylonian thought. 

A number of texts use terms like "length", "width" or "surface" for a suc
cession of different numbers (in cases where we would use successively x and x, 
etc.). In such cases the two different "lengths" can be distinguished by an epithet 
appended to one of them: lui corresponding to Akkadian sarrum, which is used 
in TMS X I and X X I V ; standard translation "false") or kïnum ( ~g i -na ; stand
ard translation "true"). The use of these terms is best elucidated in connection 
with their occurrence in specific texts. 

Another term with a related function is kûr, a Sumerogram used logographi-
cally for nakärum, "anders, fremd, feindlich sein, werden", and for its various 
derivatives. It turns up in certain series texts when a "second" or "modified" 
width occurs besides the width first considered. I shall propose the standard 
translation "alternate". 

In contrast to Modern algebra, the seemingly pure numbers reveal them
selves in certain texts as numbers counting a multiple of the basic unit of length, 
the n i n d a n 8 0 (1 nindan equals c. 6 m). In problems concerned with volumes, 
however, the vertical dimension is measured in "cubits" ( a m m a t a ~ k u s = 
! / 1 2 nindan), even when the problem is nothing but "disguised algebra". Areas 
are measured correspondingly in the unit sar = nindan 2 , volumes in (volume-) 
s a r = n i n d a n 2 - kus 8 1 , i.e., a surface of 1 sar covered to the height of 1 kus. 

IV. 8. Recording 

A large number of terms are used when given quantities and intermediate and 
final results are announced and taken note of. Some of them are mutually dis
tinct, some are used inside the mathematical texts as "practical synonyms" 
(although they are not synonymous in their general use). 

Most important is sakänum, "hinstellen, (ein)setzen, anlegen; versehen mit", 
and its Sumerogram gar. It may well have a precise technical meaning in the 
mathematical texts, but since this sense can only be approached by indirect 
means, I shall use a semantically rather neutral standard translation, "to pose". 

The term is often used after the statement of a problem, when the given num
bers are "posed" before calculations begin—they appear to be taken note of in 
some manner as a preparation for operations. Similarly, intermediate results 
are occasionally "posed" (but then mostly "posed to" or "posed by" a length etc., 

or at least that they arose among Akkadian speakers— in which connection it may be of 
interest that a specific Akkadian record-keeping system, distinct from the contem
porary Sumerian system, was in use during the Sargonic era (see Foster 1982: 22—25).^ 
A similar conclusion could be drawn from the greater part of the basic algebraic vocab
ulary, which is written alternatingly in phonetic and ideographic writing, but where 
the latter writing is reconstructed and not traditional Sumerian. 

so Written GAR in MKT and NINDA in TMB. Cf. Powell 1972: 198f. on the translitera
tion nindan. 

8 1 More complete information on the Old Babylonian metrological system will be found in 
TMB (pp. xiii-xvii) and MCT (pp. 4-6) . 
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cf. below). In one case, even final results are recorded by "posing".82 Finally, 
the term is invariably used in divisions by an irregular divisor, cf. above, sec
tion III.6. 

The recording of intermediate results can also be spoken of by the verb lapä
tum, "eingreifen in, anfassen, schreiben" (rarely, it can also be used for the re
cording of a given number ) . g 3 I shall use the standard translation "to inscribe". 

The verb nadum, "werfen, hin- niederlegen", is used in two apparently dif
ferent functions, one of which might look as a "practical synonym" for sakänum 
and lapätum. In some texts, when the "equilateral" (i.e. square-root), of a num
ber has been found, it is "laid down" in two copies, to one of which is added, and 
from the other of which is subtracted.8 4 Two texts use "posing" in the same func
tion, and four employ lapätum in a related way. 8 5 On the other hand, however, 
nadum is never used in the other functions of these terms. 

The other use of nadum is in the tablet BM 15285 8 6 , where the drawing of 
indubitably geometrical squares, circles and triangles is referred to by the term. 

Even outside the domain of mathematical texts, similar uses of the term 
are known: "Bauten usw. anlegen"; "(Fang)netz auslegen"; "(auf Tafel usw.) 
eintragen, einzeichnen"; "Grundriß aufzeichnen".87 I shall use the standard 
translation "to lay down", which shall therefore be read as "to lay down (in 
writing or drawing)". Since the former use is restricted to the laying down of-
entities which in the geometrical interpretation of the texts are the sides of squa
res, it is my guess that the real meaning in all mathematical texts is simply "to 
draw". 

A specific phrase for recording an (invariably intermediate) result is rêska 
likil "may your head retain (it)" (from rêsum, "Kopf, Haupt; Anfang, . . .", 
and kullum "(fest)halten"). Apparently, the term is reserved for the storing of 
intermediate results of linear transformations (cf. below, section VII.2.). 

The appearance of a result can be announced in various ways. It can be said 
that a number "comes up for you" (standard translation of illiakkum, from elum 
"auf-, emporsteigen", Stative "hoch sein"), or that a calculation "gives" a 
certain result (my standard translation of nadänum "geben" ; and of the Sumero
gram sum). Finally, the result can be announced by the term tammar "you see" 
(from amärum "sehen"). The choice appears to depend exclusively on the geo-

8 2 YBC 6504, passim (MKT III 22f.). In the same text, intermediate results too are 
"posed". 

8 3 IM 52301 obv. 19f. (below, section X . l ) ; the text is rather late and contains several 
other deviations from normal usage); IM 54478 obv. 7 (Baqir 1951: 30). In the newly-
discovered text from Tell Haddad (Haddad 104 IV 9, 17, 29; in al-Rawi-Roaf 1984) 
the form lupput (D-stem, stative) is used of numbers which "stand written down" in 
a table of constant factors. 

8 4 VAT 8520 obv. 21, rev. 20 (MKT I 346f.); YBC 6967 obv. 11. Cf. below sections V. 1 
and VIII . 4. A slightly different ph rasing is found in IM 52301 rev. 5 and 10 (cf. note 79) 
and in D b 2 - 1 4 6 , 4 and 13 (Baqir 1962: PI. 3), and another possibly in TMS X V I I 12. 

8 5 "Posing" stands precisely as nadûm in TMS X I I I , 10 (cf. correction to the line in von 
Soden 1964:49) and in IM 53965 rev. 7 (Baqir 1951:39). In AO 8862 II 21f. (MKT I 
110), BM 13901 obv. II 8 (MKT III 2), YBC 4662 obv. 21 and 33 (MCT 71), and in YBC 
4663 rev. 23 (MCT 69), finally, the "equilateral" is "inscribed until twice". 

8 6 Most recent edition with addition of a large fragment in Saggs 1960. 
8 7 AHw, article nadû(m) III, §§ 20, 22, 24. 

34 



Algebra and Naive Geometry 59 

graphical and chronological origin of the text (and in certain texts perhaps on 
personal taste). 8 8 The mathematical functions of all three coincide. 

Very often, a result appears simply as a number, announced by no special 
word or at most by the enclitic particle -ma appended to the foregoing phrase. A 
single text uses the Sumerogram for "posing", gar (cf. above, note 82). 

IV. 9. Structuration 

The terms discussed till here were all concerned with the "arithmetical" level 
of the texts, that of single calculations. Another group of terms belongs to the 
meta-level which makes the texts "algebraic", and which structures the texts. 

All those texts which describe a problem together with its solution start by 
stating the problem, after which the procedure is described. The former is writ
ten in the first person (viz. the teacher), past tense (only the excess of length 
over width will invariably be stated in the present tense). The procedure is for
mulated in the second person (the student), present tense, or the imperative, by 
a person (the instructor) who refers to the teacher in the third person. The state
ment has no special name, but the procedure is designated epësum with Sume-
rographic equivalent ki. The term is the infinitive of a verb („machen, tun; 
bauen") used as a noun; when the description is finished, the derived term né-

pesum is used. For epësum I shall use the standard translation "the making", 
for nêpesum "the having-been-made". 

Inside the description of the procedure, the statement of the problem may 
be quoted in justification of certain steps being made. This is done by the phrase 
"he has said", using the verb qabum, sagen, „befehlen", which functions simply 
as a quotation mark. 

Three terms are traditionally interpreted as indications that we pass from 

8 8 sum and nadänum are found in the texts to which A. Goetze ascribes for linguistic 
reasons an early, southern origin (groups I—IV, see MCT 146—151). tammar is found 
in his group VI ("northern modernizations of southern (Larsa) originals"), in the Susa 
texts of TMS and in a number of the late (and northern) Tell Harmal texts (in Baqir 
1950a and 1951); the early Tell Harmal text IM 55357 (Baqir 1950:41-43) uses igi-
dù, a logogram for tammar, mistaken by homophony for igi-du 8 , which is used in 
the same function in YBC 4669 (rev. I 5 - 7 ; MKT III 27) and YBC 4673 (rev. I l l pas
sim; MKT III 31); these too are probably northern, cf. MKT I 387f. and 123f. illiak-
hum and related derivations from elûm are found in Goetze's group V ("northern char
acteristics", maybe somewhat older than the group VI texts); in the remaining late 
Tell Harmal texts (Baqir 1951); and finally in the early northern texts Db^-146 (Ba
qir 1962: PI. 3) and Haddad 104 (al-Rawi - Roaf 1984). - Only very few exceptions to 

- these clear-cut rules are found. The group I text YBC 7997 (MCT 98) aligns nadänum 
and elûm, the former being used for final results alone; another group I text (YBC 
4675, with the parallel fragment YBC 9852—MCT 44f.) uses elûm exclusively, tammar 
is used alongside with nadänum in YBC 4662, which A. Goetze locates in his group II 
(Larsa?), and it is used alone in MLC 1950 (MCT 48), which shares a specific Sumerian 
standard phrase with a number of texts belonging to group III but is otherwise un-
located. Finally, tammar and elûm are found together in one late Tell Harmal text (IM 
54559; Baqir 1951:41), while igi alone is found in VAT 672 (MKT I 267), a fragment 
with other stylistic peculiarities and containing too little Akkadian to allow for linguis
tic analysis. 
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one section of the statement or the procedure to the next: sahärum ("sich wen
den, herumgehen" etc.), târum ("sich umwenden, umkehren, zurückkehren; 
(wieder) werden zu"), and nigin(-na) (the sign LAGAB) . which on other text-
types is testified as a logogram for both. However, as first pointed out to me by 
A. Westenholz in connection with the use of sahärum in AO 8862 (see section 
VIII.2), the denotation of this term and mostly also of târum appear to be much 
more precise and concrete, viz. real movement around a field. This also fits 
some of the occurrences of nig in but not all of them; it seems that the same 
technicalization which has led to logographic writing and, apparently, to con
flation of the two terms as synonyms covered by the same logogram, has also 
reduced it to a textual delimiter. In order to make these distinctions, visible I 
shall use the standard translations "go around" for sahärum and "turn back" 
for both târum and ni g in. 

The hypothetical-deductive structure of the complex problem -f procedure 
may be expressed by terms like summa ("wenn, falls", standard translation 
"if"—also the recurrent term of the hypothetico-deductive omen texts), inûma 
("als, wenn usw."; standard translation "as") and asëum ("wegen, weil usw."; 
standard translation "since"). Most often, it is left implicit—the statement appears 
as a fact, and after a phrase "You, by your making" comes an equally descrip
tive (occasionally jussive) procedure-part. 

The equality necessary to establish an equation is normally implied the par
ticle -ma followed by a numerical value (the "right-hand side" of the equation) 
(cf. above, chapter II). As stated there, I shall render -ma by the sign ":". If two 
unknown quantities are equated, the term kima ("wie; als, wenn, daß", standard 
translation "as much as") can be found. 

A term for equality which may function as sort of bracket is mala ("entspre
chend (wie), gemäß;" standard translation "so much as"), used in the expres
sion "so much as x over y goes beyond", meaning (x — y). 

The numerical value of a quantity can be asked for in two ways, either by the 
question ((x mïnum" (mînum, "was"; standard translation "what"; Sumero-
graphic equivalent en-nam) or by a question like "hi masi x" (kï, „wie, als, 
daß"; masum, "entsprechen, genügen, ausreichen"; standard translation of the 
combined expression "corresponding to what"). In a few texts, the student is 
asked to "make the equilateral (square-root) of x come up" (x basä-su süli). 

IV. 10. The "conformai translation" 

Obviously, the shades and distinctions just described in IV. 1 to IV. 9 cannot 
be rendered in a translation, in particular not in a translation into a non-Semi
tic language. One cannot achieve at the same time a one-to-one correspondence 
for single terms and an acceptable English sentence, not to speak of the rendi
tion of grammatical categories. It is thus for good reasons that O. Neugebauer 
restricted the role of the translation to that of a general guide, "selbstverständ
lich genau genug, um den Inhalt korrekt erfassen zu können, nicht aber, um die 
Feinheiten der Terminologie und Grammatik daran ablesen zu können". 8 9 

8 y M K T I, viii. MKT III 5 continues "Wer terminologiegeschichtliche Studien an Hand 
einer Übersetzung machen will, dem ist doch nicht zu helfen". 
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Therefore, an investigation of Babylonian mathematics which tries to go 
beyond mathematical contents and penetrate patterns of thought and concep
tualizations must necessarily rely on texts in the original language. On the other 
hand, the presentation of the results at least to the non-assyriologist must by 
the same necessity approach the question through a modern language. 

Since the results of my investigation can only be documented and partly only 
explained with reference to original texts, translations are necessary. Since, on 
the other hand, the translations cannot be allowed to loose those shades and 
distinctions which cannot be translated into idiomatic English, I have chosen 
a compromise somewhere between a code and a real translation: All words ex
cept a few key terms are rendered by English words; a given expression is in 
principle always rendered by the same English expression, and different expres
sions are rendered differently with the only exception that well-established logo-
graphic equivalence is rendered by coinciding translation but distinct typogra
phy, while possibly mere ideographic equivalence is rendered by translational 
differentiation. Terms of different word class derived from the same root are 
rendered (when the result is not too awkward) by derivations from the same 
root. 9 0 These translations are the "standard translations" presented above. 
Furthermore, syntactical structure and grammatical forms are rendered as far 
as possible by corresponding structure and grammatical forms ; the simple style 
of the mathematical texts makes this feasible. Expressed in mathematicians , 

argot, this sort of pseudo-translation could be called a "conformai translation". 
Each line of the translation is followed by a transliteration of the original 

text. Here, as in current usage, phonetic Akkadian is written in italics. Sumerian 
words and Sumerograms (i.e., Sumerian words used logographically or ideo-
graphically for Akkadian speech) are given in spaced writing; and signs which 
can neither be interpreted one way or the other either because they should not 
be, or because our knowledge is insufficient are written in small capitals. In order 
to follow the principle of conformity as far as possible, and in order to facili
tate the comparison of translation and transliteration, the same typographical 
distinctions are used in the translation. So, kamärum is translated "to accumu
late"; gar-gar will be found as "to accumulate" (or another adequate form-
often Sumerograms etc. are found with no phonetic or grammatical comple
ments indicating which grammatical form to choose) ; and UL.GAR is rendered 
"to ACCUMULATE". Ideograms written with an Akkadian phonetic comple
ment are translated in mixed writing. So, a-sà t o m is translated as "sur/ace". 
The result violates all ideals of typographic beauty, but it should make it rela
tively easy for the reader who wants to do so to acquire quickly a rudimentary 
feeling of the original formulation. 

According to analogous considerations, each number is rendered in the trans
lation the way it stands in the original text : Standard sexagesimal numbers are 
written in the extended degree-minute-second-notation described in note 4. In 
the transliteration, the same numbers are given more faithfully, with no indi
cation of absolute place. Number words, including words for ordinal numbers 
and fractions, are rendered by words. Special signs for fractions are written as 

9 0 So, epësum and the logogram kl when used as verbs are rendered "to make", the in
finitives used as nouns by "the making", and nëpesum by "the having-been-made". 

37 



62 Jens Hoyrup 

modern fractional symbols, ij3 etc. Ordinals and fractions written on the 
tablet as a number followed by a phonetic or grammatical complement are writ
ten 1st, 2nd, etc. 

Of course, considerations of intelligibility put some constraints on the prin
ciple of conformity. Prepositions cannot always be rendered in the same way, 
nor can a number of particles which structure the Akkadian sentences (relative 
pronouns etc.). Certain details of the syntactical structure (e.g. the postpositive 
adjective) have to be given up. Furthermore, definite and indefinite articles and 
other English grammatical elements have to be inserted into the translation. 
Such insertions stand as normal writing, without spacing, emphasis and capitals.91 

In the case of ideograms without complements even markings of grammatical 
person etc. are written that way. Other, genuine explanatory insertions are given 
as normal writing in parenthesis. 

In the transliterations, all restitutions of damaged passages are of course in
dicated by square brackets. In order not to make the typographical appearance 
of the translations too disorganized, I have omitted there all indications of such 
restitutions, when they are taken over from the original publications of the texts, 
and when I find them firmly established. Since the restitutions of MKT, TMB 
and MCT were made with great care, mainly from parallel passages of the same 
tablets, this holds for most restitutions. Restitutions for which I am responsible 
myself and restitutions which I consider more or less uncertain are indicated clearly 
even in the translations. 

The English terms used as standard translations of Akkadian terms are nor
mally chosen in a way which respects the use of the latter in non-mathematical 
texts, and which at the same time shows the possible metaphorical use of the 
term in a mathematical context. A possible alternative would have been a trans
lation by modern technical terms (e.g. "plus" for kamärum "added to" for 
wasâbum "multiply/', "multiply2", . . ., "multiply,," for the variety of multi
plicative operations and terms). The point of my choice is not that the Akka
dian terms were necessarily used as metaphors and not technically. It is that 
the technical function of a Babylonian term must be learnt from its own con
text, not by imposition from the outside of inadequate, modernizing categori
zations. Indeed, one need not work for very long with a term like "to append" 
before one forgets most of the concrete connotations and apprehends its single 
occurrences technically. 

The basic vocabulary for arithmetical operations, for the announcement and 
recording of given numbers and results and for the structuration of the texts 
was presented above together with the standard translations of the single terms. 
For the sake of clearness, it is listed again in short form in Table 1, where the 
ordering corresponds to the above discussion. Table 2 lists all terms for which a 
standard translation is used in the translations of sections V—X, ordered alpha
betically according to the standard translations. Table 3 contains the same mate
rial but ordered alphabetically according to the transliterated original language. 

9 1 So, in a genitive construction like i b - s i 8 15', the preposition "of" is given in normal 
writing, "the equilateral of 15'". mièil us will be translated "half of the length", 
because the construct state mièil indicates a genitive construction, although no geni
tive marker is joined to us. 
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Akkadian Sumerian etc. Standard use 
translation 

1. additive operations 

wasabum dah to append "identity-conserving addition" 
kamärum gar-gar to accumulate "identity-cancelling addition" 

/UL.GAR 
kimrätum things accumu sum by kamärum etc. 

lated 
sum by kamärum etc. 

nakmartum accumulated » 
kumurrûm gar-gar accumulatiou 

/UL.GAR 

2. subtractive operations 

eli . . . ugu . . . over . . . go "subtraction" by comparison 
watärum dirig/SI beyond 

nasahum zi to tear out "subtraction" by removal 
haräsum to cut off 

3. multiplicative operations 

a-r â steps of number times number 
esêpum tab to repeat multiplication by positive 

integer (concrete repetition) 
nasûm il to raise calculation by multiplication 

nim to lift » 
sutäkulum i -kû(-kû) to make span "multiplication" of a "length" 

by a "width" ("rectangulari-
zation") 

takiltum takiltum cf. below, sections V. 1—2 

4. squaring and square-root 

ib-si s equilateral/ square-root; geometrical square 
to make identified with the length 
equilateral of the side 

(mahärum) to confront equality of value, shares (etc.) 
sutamhurum to make confront formation of a square sutamhurum 

itself 
formation of a square 

mithartum LAGAB(?) confrontation square identified with the side 
mehrum gaba(-ri ) counterpart "second side of a square" 

NIGIN to make sur like sutamhurum, mithartum and 
round/sur (rarely) sutäkulum 
rounding * 

UR.TJR to oppose like sutamhurum (and sutäkulum) 
UL.UL to make en like sutamhurum, ib-sig (and 

counter sutäkulum) 
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Akkadian Sumerian etc. Standard 
translation 

use 

5. halving 

hepûm gaz to break bisection 
bämtum ba/BA.A moiety "natural half"; result of bisec

tion 

6. division 

( igûm ) igi n (gâl igi of n The fraction 1/n considered as 
(-bi)) . /n'th part a number / 1/n of something 

patärum d u 8 to detach To find the reciprocal (to take 
out 1/n from 1) 

7. variables, derived variables, units 

(siddum) us length one of the two basic "variables" 
(pûtum) sag(-ki) width the other basic "variable" 
mithartum LAGAB confrontation the "variable" in second-degree 

problems of 1 unknown 
NIGIN surrounding » 

(eqlum) a-sà surface product, square, and any quantity 
which in a geometric interpre
tation is a surface 

lui false (optional) epithet to a length, 
width etc. different from the 
one first considered 

kinum gi-na true (optional) epithet which designa
tes a return to the original use 
of a term a 

(nukkurum) kür alternate a second "variable" within a 
category already in use 

nindan nindan unit of horizontal length, c. 6 m 
ammatum kùs cubit 1/12 nindan, unit of height and 

depth, c. 50 cm 
sar sar n i n d a n 2 / nindan 2 -kus 

8. recording etc. 

sakänum 
lapätum 
nadûm 
rëska likîl 

illif-akkum) 

nadänum 
tammar 

gar 

sum 
igi-dug/dù 

to pose 
to inscribe 
to lay down 
may your head 

retain 
comes up (for 

you) 
to give 
you see 

} 
presumably material notation 
and/or drawing, cf. above 

memorization of intermediate re
sults in linear transformations 

announcements of a result 
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Akkadian Sumerian etc. standard 
translation 

use 

9. structuration 

epësum ki to make/making designates the procedure to be 
used to solve a problem 

nëpesum having-been-
made 

designates the procedure when 
performed 

qabûm to say quotation mark 
saharum to go around apparently the pacing off of a field, 

by which its dimensions are found 
târum nigin( -na) to go back designates the passage to another 

part of the procedure — concretly 
or abstractly 

summa if marks a deductive structure 
inûma as 
assum since 

> » 

kima as much as equality 
-ma :/that after verbs: consecution, conse

quence (result, equality); after 
nouns: emphasis 

mala a-na so much as a rhetorical "bracket"; equality 
minum en-nam what asks for a value 
kl masi corresponding 

to what 

a In one geometrical text (YBC 8633, in MCT 53), the term "true length" designates that 
side of a triangle which is closest to being perpendicular to the "width". 

Table 2. The standard translations ordered alphabetically 

The table is intended to be comprehensive with regard to the texts translated below. 
Only pronouns and pronominal suffixes are left out intentionally. 

The table includes a number of terms which were not represented in the below transla
tions, but which would be useful for other texts belonging to the genre. For this open-
ended enterprise, no completeness was of course aimed at. 

It should be emphasized once more that this is a table of standard translations, i.e. a 
key to the translated texts. It is not meant to be a dictionary, and no listing of meanings. 

: -ma (after a verb) bring, to wabälum 
accumulate, to kamärum Ig a r - g a r/ build, to banûm 

UL.GAR bur &wrwm/bùr(8An> 
accumulated, the nakmartum by inal- ta 
accumulation kumurrumfg a r - g a r/ change takkirtum 

UL.GAR collect (taxes, rent) makäsum 
add (Seleucid: tepu/tab) to 
Akkadian akkadûm come up, to elûm 
alternate kûr confront, to mahärum 
and u confrontation mithartum/1A AGAJBf 

append, to wasabum /d ah ib-sig in series texts 
appended, the wusubbum contribution manätum 
as inûma corresponding to ki masi 
as much as kïma/gim (nam) what 

mehrumig a b a(- r i) ask, to solum counterpart mehrumig a b a(- r i) 

bandûm bandûm cubic equilateral ba-sis/-si 
break, to hepûm/g&z cubit ammatum/kus 
break off, to hasäbum cut away, to kasätum 

5 Altorient. Forsch. 17 (1990) 1 
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cut down, to 
cut off, to 
detach, to 
diminish, to 
each 

equilateral 

false 

first . . . second 
(1st . . . 2nd) 
follow, to 
four 
fourth (part) 
from 
front 
gin 
give, to 
go, to 
go around, to 
go away, to 
go beyond, to 
grain 
great, (to be (come 
gur 
half 
hand 
having-been-made 
head 
head retain, may 

your 
here 
if 
igûm 
igibûm 
inscribe, to 
inscription 
inside 
integrity 
itself 
know, to 
lay down, to 
leave, to 
left-over 
length 
lift, to 
lower 
make, to/making 
make confront it

self, to 
make cubic, equi

lateral 
make encounter 
make equilateral 
make follow (addi-

tively), to 
make span, to 

nakäsum/kud 
haräsum 
patärum/dug 
matûm 
ta-àm 
ib - si 8/- si/Ibasûmll 

ba-sig/-si 
sarrum/lul 
istën . . . sanûm 
l (kam) . . . 2(kam) 
redûm (as "to make 

follow", ruddûm) 
erbûm 
rabïtum 
inal- ta 
pûtum 
siqlumlgin 
nadänum /sum 
aläkum/i â 
sahärum 
tebûm 
watärum/d i r i g/ SI 
se'um/se 

)) rabûmlg&l 
gur 
mislum/su-Ti-a, 
qätum 
nëpesum 
rësum/sag 
rëska likil 

annikVam 
summa 
igûm Ii g\ 
igibûm/igi-bi 
lapätum 
nalpattum 
libbum 
sulmum 
ramänisu 
edûmlzu 
nadûm 
ezëbumlt&gt 
sittatum 
(siddum)lu& 
nim 
saplûmlki(-ta) 
epësum Ils. i 
sutamhurum 

(-e) ba-si 8 / -s i 
TJL.UL 
(-e) ib-si 8 / -s i 
ruddûm (D-stem of 

redûm) 
sutäkulumlï - kü ( - k ü ) 

make surround, to 
meadow 
mina 
moiety 
name 
nindan 
no(t) (negating a 

word or part of 
proposition) 

not (negating a pro
position) 

now 
one 
one . . . the other 
oppose, to 
out from 
over 
over-going 
part, n'th 
pose, to 
raise, to 
reed 
remain, to 
remainder 
repeat 
retain, to 
sar 
say, to 
saying 
second/2nd 
see, to 
seventh 
sila 
since 
so 
so much as 
span 
steps of 
surface 
surrounding 
take 
takiltum 
tear out, to 
that 
that of 

things accumulated 
third (part) 
three 
threescore 
to (prep.) 
together with 
trapezium 
true 
turn back, to 
twice 
two 

NIGIN 
tawirtumlg a r i m 
manûm 
bämtumlUA.A 
sûmum (Seleucid MU) 
nindan ( = GAR) 

Za/nu 

ul(a)lnu 

inanna 
istënum v 

istën . . . istën 
UR.UR 
istu 
elilu-gii 
elënu 
igi n (gâl(-bi)) 
sakänum Ig ar 
nasûm Iii 
qanûmlgi 
(Seleucid: riähu) 
sapiltumli b -1 a g 4 

esëpuml'tab 
kullum 
sar 
qabûmldugt 
dug 4 /TUK 
êanûml2(kam) 
amärum, cf. "you see" 
sebitum 
#a/sila 
assum 
kîam 
mala la,-no, 
see "make span" 
a-r â 
eqlumla,-sè> 
NIGIN 
laqûm 
takiltum * 
nasähuml zi 
-ma (after a noun) 
sa ("emphatic geni
tive") 
kimrätum 
salsum 
salasum 
Sussum 
anal-v a 
itti 
sag-ki -gu 4 

kinumlgi-iia, 
târumln igin(-na) 
sinisu 
sina 
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two-third 
until 
upper 
various (things) 
wâsîtum 

sinipâtum 
adi 
elûm /an(-ta/-na) 
hi-a/ha 
wâsîtum 

wasum 
what 
which 
width 
you see 

wasum 
mlnumle n - n a m 
sa 
{pûtum ) /s a g ( - k i ) 
tammar/igi - d ù/- d u 8 

Table 3. Sumerian and Akkadian terms with equivalences and standard translations 

Cf. introductory remarks to Table 2. Only logographic equivalences testified in mathema
tical texts are listed. 

In the translations of the texts, each term is written in the same typography as the 
(transliteration of the) term it translates. 

adi until ezëbum ( ~ tag 4 ) to leave 
A-ENGUR (~ta- meadow ( ? ) g a b a (r i) ( ~ mefy- counterpart 

wirtumt) rum) 
akkadûm Akkadian gal ( ~rabûm) great 
alakum ( ~ r â) to go GAM ( ^suplum) depth 
amärum to see GAM (a - r â) (Seleucid) steps of 
ammatum ( ~kùs) cubit gar ( ~sakänum) to pose 
an(-ta/-na) upper gar-gar ( ^kamä to accumulate/accu

( ^elurn) rum) mulation 
ana ( ~-ra) to gar im ( ̂ tawirtum) meadow 
a-na ( ~maZa) so much as gaz ( hepûm) to break 
anniki'am here gi ( ^qanûm) reed 
a-râ steps of gim (nam) ( ̂ klma) as much as 
a-sà ( ^eqlum) surface gin ( ~siqlum) gin 
assum since gi-na ( ^kxnum) true 
BA(.A) ( ^bämtum) moiety gis gis ( = 1 ' nindan) 
ba-sig/si ( ^basum) (cubic) equilateral gur gur 
bämtum ( ~ BA.A) moiety ha = h i - a , q. v. 
bandum bandûm haräsum to cut off 
banûm to build hasäbum to break off 
basûm ( ~ b a - si) equilateral hepûm ( ~gaz) to break 
b u r g â n ( <^bûrum) bur hi-a 

w 

various (things) 
bûrum ( ^ b ù r 8 à n ) bur ib-sig (make) equilateral 
dah ( ^wasäbum) to append (in statements of 
(ugu . . .) dirig (over . . .) go beyond series texts : 
( ^eli . . . watarum) ~mithartum) 
d u 8 ( ~patärum) to detach ib-tag4 ( ^sapil- remainder 
dug 4 ( ^qabûm, to say/saying tum) 

TUK) igi ( ~igûm) igûm 
edûm (~zu) to know igi n (gal-bi) igi of w/w'th part 
elënu over-going igi-bi ( ~ igibûm) igibûm 
eli ( ~u-gù) over igibûm ( ~igi-bi) igibûm 
elûm (~an) upper igi-du/-du 8 you see 
elûm to come up (as a re ( ^tammar) 

igûm sult) igûm ( ~igi) igûm 
en-nam (~mïnum) what il ( ~nasûm) to raise 
eperum (sahar) earth ina ( ~ -ta) from/by 
epësum ( ~kl) to make/making inanna now 
eqlum ( ^a-sà) surface inûma as 
erbûm four istënum one 
esêpum ( ~ tab) to "repeat" istën . . . istën one . . . the other 

43 



68 Jens Hoyrup 

istën . . . sanûm the first . . . the second nëpesum having-been-made 
istu out from NIGIN to make surround/ 
itti together with surrounding 
-kam (ordinal suffix) nigin, nigin see su-nigin, su-
kamärum to accumulate nigin 

( - g a r - g a r , nigin( -na) to turn back 
—UL.GAR) . ( ~ tar urn) 

kasätum to cut away nim ( ^ullûmï) to lift 
ki ( ~itti) together with nindan nindan 
K I ( ~qaqqarum) ground nu ( ~Za, ~i*Z(a)) not 
ki(ta) ( ^saplûm) lower patärum ( ~ d u 8 ) to detach 
ki ( ^epësum) to make/making pûtum (cf. sag) front 
ki masi corresponding to what qa ( ~si la) sila v 
kiam so qabûm ( — dug 4 ) to say 
kima ( —gim(nam)) as much as qanûm ( ~gi) reed 
kimrätum things accumulated qaqqarum ( ~ K I ) ground 
kinum ( —gi-na) true qätum hand 
kû-kû to make span -ra ( —ana) to 

(kû in series texts) r â ( ~aläkum) to go 
kud ( ~nakäsum) to cut down rabitum fourth (part) 
kullum retain rabûm ( —gal) great 
kumurrûm accumulation ramänisu itself 

( - g a r - g a r ; redûm, see ruddûm 
- U L . G A R ) rëska likil may your head retain 

kür ( ^nukkuruml) alternate rësum ( — sag in head 
kùs ( ~ammatum) cubit certain contexts) 
la ( —nu) not riähu (Seleucid) remain 
LAGAB ( — mithar confrontation ruddûm to make follow (ad-

tum) ditively) 
lapätum to inscribe sag ( ^rësum) head 
laqûm to take sag (-ki) width 
libbum inside sag-ki-gu 4 ( — ab- trapezium 
lui false sammikumt) 
-ma (after a verb) : sahärum to go around 
-ma (after a noun) that sar sar 
mahärum to confront sarrum ( — lui) false 
makäsum to collect (taxes, rent) sebitum seventh (part) 
mala ( —a-na) so much as SI ( —dirig, go beyond 
manätum contribution ~watärum) 
manûm mina sila ( — qa) sila 
matûm ( — lal) to diminish sum ( — nadänum) to give 
mehrum counterpart sehërum ( — tur) to be (come) small(er) 

( —gaba(-ri)) sehrum ( — tur) small 
minum ( —en-nam ) what sa which/that of 
mislum half sakänum ( — gar) to pose 

( —su-ri-a) salasum three 
mithartum confrontation salsum third (part) 

( - L A G A B : in sâlum to ask 
series texts sanûm second 

—ib- sig) sapiltum remainder 
nadänum ( — sum) to give ( —ib-tag 4) 
nadûm to lay down saplûm ( — ki-ta) lower 
nakäsum ( — kud) to cut down s e ( — se3um) grain 
nakmartum accumulated se'um ( — se) grain 
nalpattum inscription siddum (cf. us) length 
nasahum ( ~zi) to tear out sina two 
nasûm ( —il) to raise sinedâtum two-third 
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simsu 
éiqlum ( ~gin) 
ëittatum 
ëû 
ëulmum 
summa 
sümum (Seleucid 

- M U ) 
su-nigin, su-

nigin 
suplum ( ~GAM) 
su-ri-a ( ^mislum) 
sussum 
sutäkulum ( ~ i - k û 

(-kû)) 
éutamhurum 

u 

-ta ( ~ina) 
ta -àm 
tab (Seleucid 

^tepû) 
tab ( ~esêpum) 
tag 4 ( ^ezêbum), 

cf. ib- tag 4 

takïltum 

twice 
gin 
left-over 
that 
integrity 
if 
name 

total 

depth 
half 
sixty 
to make span 

to make confront 
itself 

from/by 
each 
to add 

to "repeat" 
to leave 

takïltum 

takkirtum (cf. kûr) change 
tammar you see 

( ~igi-dt i /du 8 ) 
târum (~n igfn to turn back 

(-na)) 
tawirtum ( ~ gar im) meadow 
tebum to go away 
TUK, see dug 4 

tur ( ^ sehr urn) small 
tepu (Seleucid ~ tab) to add 
u and 
u-gù ( ~eli) 
ul(a) ( ~nu) 
UL.GAR ( ~ kamä

rum) 
UL.UL 
UR.UR 
us 
wabälum 
wasabum ( ~dah) 
wäsitum/wäsum 
watärum ( ~dirig) 
wusubbûm 
zi ( ^nasähum) 
zu ( ~edûm) 

over 
not 
to accumulate/accu

mulation 
to make encounter 
to oppose 
length 
to bring 
to append 
wäsitum/wäsum 
go beyond 
the appended 
to tear out 
to know 
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Algebra and Naive Geometry. An Investigation of Some 
Basic Aspects of Old Babylonian Mathematical Thought II * 

Til Sara og Janne 

V. The discourse: Basic second-degree 'procedures 

As stated in section III, the discursive level of Old Babylonian algebra can only 
be discussed on the basis of actual instances of this discourse. In the present and 
the following chapters, I shall therefore present a number of texts, translated 
according to the principle of "conformity" in order to map the original discourse 
as precisely as possible if the material is not to be presented in the original lan
guage. Direct linguistic and philological commentaries are given as notes im
mediately below the translation of the single texts. 

I do not aim at complete coverage of Old Babylonian mathematics. Most 
practical applications fall outside the scope of the article, and so do the table 
texts. The application of the specific methods of Old Babylonian algebra to 
genuine geometric problems are left aside for later treatment, as are most of 
the "complex'' algebraic applications of the basic techniques.92 Finally, with a 
single exception only procedure texts are taken into account : Texts which give 
nothing but the statement of a problem or a series of such statements give little 
information as long as our understanding of concepts and terminology remains 
at the present level. 

On the other hand, in relation to the class of simple "length-width"-procedure 
texts the coverage can be regarded as fairly representative. Truly, each text 
taken into account brings some new information ; still, what is left out appears 
to me to belong to the category of details and shades, which may await sub
sequent investigation. The basic features of Old Babylonian elementary "length-
width-algebra" can, I hope (and think), be presented adequately on the basis of 
the present selection of texts. 

V . l . YBC 6967 (MCT, 129) 

The problem deals with a pair of numbers belonging together in the table of 
reciprocals, the igûm and the igibûm. The Sumerian forms igi and igi-bi mean 
„the igi" and "its igi"; they are used most of the way through the text, but a 

* For the first part see p. 27—69 of this volume. 
5 ) 2 I discuss the problems of two-dimensional geometrical conceptualizations and methods 

and a number of complex algebra problems in my preliminary (1985: 41—63, 105.1 to 
10 5.42). 

46 



Algebra and Naive Geometry 263 

syllabic i-gu-um in rev. 5 indicates that the terms are to be read as Akkadianized 
loanwords though mostly written logographically.93 Their product (the "surface" 
of oby. 9) is supposed to be V ( = 60), or at least an odd power of 60, not 1°. In 
conformai translation and transliteration, the text runs as follows (to facilitate 
mathematical understanding, the left margin gives a totally anachronistic com
mentary in symbolic algebra — igibûm = x, igûm = y) : 

Obverse 

[x • y = 60,] x — y = l 1. The igibûm over the igûm 7 goes beyond 
[igi-b]i eli igi 7 i-ter 

xl y\ 2. igûm and igibûm whatl 
[igi] ù igi-bi mi-nu-um 

3. You, 7 which the igibûm 
a[t-t]a 7 ëa igi-bi 

4. over the igûm goes beyond 
ugu igi i-te-ru 

x-y 5. to two break: 3° 30'. 
f_ — Q 1/ 

2 1 2 a-na si-na hi-pi-ma 3,30 
6. 3° 30' together with 3° 30' 

3,30 it-ti 3,30 
7. make span: 12° 15' 

su-ta-ki-il-ma 12,15 
rx — y\i 8. To 12° 15' which comes up for you 

—) + x ' y = 

12V, 

a-na 12, 15 Sa i-li(-a)-kum 

9. T the sur face append: V 12° 15'. 
[1 a-sh-l]a-am si-ïb-ma 1, 12, 15 

x + y 10. The equilateral of V 12° 15' whatl 8° 30'. 
_ _ = y72i/ 4 = 8 V 2 [ ib-si 8 1], 12, 15 mi-nu-um 8, 30 

11. 8° 30' and 8° 30' its counterpart lay down: 
[8, 30 ù] 8, 30 me-he-er-su i-di-ma 

Reverse 

1. 3° 30' the takïltum 
3, 30 ta-ki-il-tam 

x + y x — y 2. from the one tear out 
ö 2~~ = ^ V2 ~ 3^2 is-te-en u-su-uh 

93 Another text dealing with igûm and igibûm is VAT 8520 (MKT I 346f.). There, the 
names of the two unknowns are written syllabically throughout the tablet, while "part" 
and "reciprocal" are referred to by the usual ideogram igi. This leaves little doubt 
that the two ideas were, and thus have to be, kept apart, if not in spoken language then 
at least as concepts. 
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x+y , x - y _ 
2 + 2 

8i/ 2 + 3 1 / 2 = 12 
8 i / 2 - 3 i / 2 = 5 
x= 12, y = 5 

= 8V 2 + 3 V 2 

3. to the other append 
a-na is-te-en si-ib 

4. The first is 12, the second is 5. 
is-te-en 12 sa-nu-um 5 

5. 12 is the igibûm, 5 is the igûm, 
12 igi-bi 5 i-gu-um 

If "going beyond'' is interpreted as arithmetical difference, "breaking" as 
arithmetical halving, "making span" as arithmetical multiplication, "surface" 
as arithmetical product, "equilateral" as arithmetical square root, and takiltum 
as a factor (in agreement with the interpretation "that which is ma<de span"), 
most of this text could agree with an arithmetical interpretation of Old Babylonian 
algebra. A few points remain, however, which always have been seen as peculiar. 
W h y is the "counterpart" of the square-root introduced? And why are these two 
copies of the number 8° 30' kept so strictly apart as a "first" and a "second" 
in rev. 2—4? 

If a naive-geometric interpretation of the procedure is made, these two questions 
are immediately solved (cf. Fig. 4) : Since the product of igûm (y) and igibûm (x) 
is spoken of as a surface, they are to be regarded as width and length of a rectangle. 
That amount by which the length "goes beyond" the width is bisected together 
with the adjacent part of the rectangle, and the outer half is moved to a position 
where it "spans" a rectangle (actually a square) together with the inner half. 
The area of the resulting gnomon is still V. When it is appended to the square 
spanned by the two halves (of area (3° 30') 2=12° 15'), we get a greater square 
of area 1* 12° 15'. The side producing this square, or, rather, as we shall see below, 
the side produced by the area when the latter is understood as a square figure 
and thus identified with its side, is |/r 12° 15' = 8° 30'. It is "laid down" (possibly 
"drawn", cf. section IV.8) together with its "counterpart" (heavy lines). When 
"that which was made span" the small square (the takiltum) is "torn out" from 
the vertical heavy line (its secondary position) we get the width (the igûm). 
When it is appended to the horizontal heavy line (its original position) we get the 
length (the igibûm). 

It will be noticed that not a single word of the description is superfluous or 
enigmatic when this interpretation is applied. It can also be noticed that an 
alternative formulation, the "first" and "second" 3° 30' appended to and born 
out from the same 8° 30' (e.g. the horizontal heavy line) would be less meaningful, 
producing two lines equal to but not identical with length and width. As it 
actually stands, the text tells us first to tear out the quantity 3° 30' in one place 
and next to append this same quantity, now at our disposal, in another place. 9 3 a 

This sense-making use of "first" and "second" holds throughout the many 
texts where they are used. That can scarcely be a random phenomenon. So, an 

93a This (invariable) jn'ecedence of the tearing process was observed by Vajman (1961: 
100), who also pointed out the implication that the same concrete quantity must be 
involved in tearing and appending. 

In one text translated below the addition comes first, viz. IM 53201 N ° 2 rev. 12 f. 
(section X . l ) . But precisely in this case the objects of the two operations are the 
two different "moieties" of an excess. In truth an exception which confirms the rule. 
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Figure 4. The geometrical interpretation of YBC 6967. 
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interpretation of the duplication 8° 30' as nothing but a preparation for two 
different arithmetical calculations can hardly hold good—in that case, we could 
expect instances of "first 3° 30' appended to first 8° 30', second 3° 30' born out 
from second 8° 30'", and other variations of the same sort. In fact, they are 
never found. 

In other respects too, our text is representative of a whole group of procedure 
texts. As already observed above (section IV.8), the term "to lay down" is always 
reserved to that process which corresponds to the "drawing of the heavy lines"; 
if only a number was taken note of for use in an arithmetical calculation, how are 
we to explain that e.g. the numbers submitted to the operations "appending" 
and "tearing out" are never "laid down"? Similarly, it is a general feature that 
3° 30' is appended to 8° 30'—that quantity which is moved is appended to that 
which stays in place. The difference is not one of relative magnitude—as we see 
in obv. 8f., a greater quantity may well be appended to a smaller quantity; 
neither is it just a question of fixed habits — when gnomon and square are joined 
(a situation where both entities are already in place), either can be appended 0 / ;; 
only where the geometrical interpretation requires that one addend remains in 
place and one is moved is it apparently impossible to exchange the roles of the 
two addends. Finally, the concept of a "counterpart" is reserved to roles similar 
to that which it plays in obv. 11 of the present text; in the case of bisections 
("breakings") preparing a purely linear operation it is not used. 9 5 

As we see, all three features are easily explained inside a geometric interpreta
tion. It is, on the other hand, very difficult to find reasons explaining them if an 
arithmetical interpretation is taken for granted ; and it is extremely improbable 
that the random selection of surviving sources has created a fixed pattern which 
did not exist originally—our material is not that small. 

It will be observed that the text appears to describe a constructive procedure, 
not argumentation on a ready-made figure like Fig. 2. It will also be seen that 
the procedure coincides grosso modo with that described by al-Khwârizmï (cf. Fig. 
1, AoF 17 [1990], 36). 

V.2. BM 13901, N° 1 (MKT 111,1: cf. TMB, 1) 

BM 13901 contains a series of problems dealing with one or more squares. The 
first of these is a precise analogon to the one quoted in Chapter I from al-Khwâ
rizmï. It runs as follows : 

Obverse I 

a;2 -}- a; = 3 / 4 = 45 ' 1. The s u if ace and my confrontation I have 

accumulated: 45'. 1 the wäsitum* 
a-sà*[ a m] ù mi-it-har-ti ak-m[ur-m]a 45-e 1 wa-si-tam 

94 I n 

various problems from BM 13901 (below), the supplementary square is appended 
to the gnomon; in V A T 8520, as in the present text, the gnomon is appended. 

9 5 The sole exception from this general rule is IM 52301 (obv. 12, rev. 10). This is only one 
of several reasons to regard this late tablet as a symptom of changing conceptualizations 
(cf. below, note 113, section X . l , and note 176). 

50 



Algebra and Naive Geometry 267 

2. you pose. The moiety* of 1 you break, 30' and 
30' you make span, 
ta-sa-ka-an ba-ma-at 1 te-hi-pi 30 ù 30 tu-us-ta-kal 

3. 15' to 45' i/ott append: 1 makes 1 equi
lateral 0 . 30' which you have made span 
15 a-na 45 tu-sa-ab-ma l-[e] 1 ib-s i 8 30 tu-uë-ta-ki-
lu 

4. in the inside ofd 1 yow tear o^: 30' the 
confrontation. 
lîb-ba 1 ta-na-sà-ah-ma 30 mi-it-har-tum 

a wäsltum is a nominal derivation from wasum, "herausgehen, fortgehen . . . 
herauswachsen . . . hervortreten, herausragen". The term itself means something 
going out, including something projecting from a building. Since the mathematical 
application of the term has never been explained before, I have left it untranslated. 

b The use of a term for a "wing", a "natural" instead of a mere arithmetical half 
is noteworthy. 

c "1 makes 1 equilateral" translates "1-e 1 ib-si 8". The use of the "agentive 
suffix" -e (which occurs commonly in this connexion) appears to indicate not only 
that the verbal character of the term ib-s i 8 is still present to the Old Babylonian 
calculator, but also that the first "1" is considered the agent of a transitive 
verb, while the second "1" must be seen as the object. Cf. Thureau-Dangin 1936a: 
31 note 3, which also quotes an instance of the phrase mi-nam ib-s i 8 where a 
square-root is asked for; here, too, the square-root must be the object of an act 
since it is asked for in the accusative. (So also the Susa and most Tell réarmai 
texts). 

A number of other texts, however, ask for the square-root by the phrase 
ib-s i 8 x mi-nu-um (e.g. YBC 6967, obv. 10) or ib-s i 8 x en-nam (e.g. VAT 8390, 
passim, and VAT 8520, obv. 20, rev. 19). mi-nu-um is an indubitable nominative; 
in the latter texts, the other occurrences of en-nam are indubitable nominatives, 
while corresponding accusatives are written phonetically as mi-nam. In such 
cases (and when the term is used in the generalized sense of "solution" to an 
equation), ib-s i 8 must apparently be read as a noun, and I shall translate "the 
equilateral of x how much". 

In a few late OB and in one early northern text, the alternative term ba-si 8 , 
originally a verb too, has been adopted into Akkadian as a loanword basûm, 
which is regarded completely as a boun — cf. IM 52301, No 2, note d (below, 
section X . l ) . 

d Thureau-Dangin (1936a: 31 note 4) explains the form lib-ba (SÀ.BA) as libba, 
the construct state of a locativic accusative. Another possible interpretation 
reads SÀ = sag4~Ziôôwm, BA = b a < b i - a , compound possessive + locativic suffix 
(cf. SLa § 182). 

i / 2 • 1 = 30', 
(30' )2=15' 

x'* + 2 • 30' • « + ( 3 0 / ) 2 = 
15' + 45' = 1 

z + 30' = y ï = l 

z = l - 3 0 ' = 30' 
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W e observe that the "confrontation" is in fact identical with the side of the 
square, while the area of that figure is spoken of by a separate concept, "the 
surface". 

When this usage is accepted, the procedure is grosso modo mapped by the 
arithmetico-symbolic interpretation in the left margin. However, it remains 
fully unclear why the number 1 should be spoken of as something "projecting" 
or "going away". Another puzzle is the choice of the term bämtum, "moiety", 
when the normal term mislum, "half", is used everywhere in the tablet when one 
entity is the half of another entity. 

If we try a geometric interpretation, the intention of both terms can be made 

clear (see Fig. 5). 

As in al-Khwârizmï, a geometric summation of a square and a number a of 

sides requires that the number a is understood as having the dimension of a 

length. This is shown in the first step of the figure, where the "confrontation" is 

represented by the area of a rectangle of length 1 and width x. The figure makes 

it immediately obvious that the number 1 is something which projects. The only 

question which is left open is whether it projects from the square or from the 

width a;96 (as we shall see below, the latter possibility must be preferred). 

From here, the procedure is exactly parallel to that of Y B C 6967 and Figure 4. 

Comparing the two texts we can even see why the need for the term wäsitum 

arises: while the problem of two unknowns could speak of that by which ((x goes 

beyond y", the corresponding geometrical quantity 1 ("that by which x + 1 goes 

beyond x>f) has no obvious designation in the problem of one unknown — if not, 

precisely, wäsitum. This is then posed and next "broken" (i.e. bisected), and the 

outer half is moved so that a square is spanned. This square is appended to the 

gnomon resulting from the preceding manipulations of the figure, in order to 

produce another square. The side of this great square is found (literally: the 

result 1 of the appension produces 1 as "equilateral"). Finally, the quantity which 

spanned the complementary square 9 7 is removed ("torn out"), and the unknown 

side of the original square (the original "confrontation") is left. 

Concerning the "moiety", the situation in the figure is evidently related to the 

origin of the term. By the very nature of the problem, the appended rectangle 

consists of two "wings", of which one is to be broken off and moved. 

According to both F. Thureau-Dangin and O. Neugebauer, the tablet belongs 

In its own way, this confirms O. Neugebauer's old intuition. F. Thureau-Dangin sug
gested very tentatively (1936a: 31 n.l) that wäsitum might designate absolute unity 
as distinct from 1', 1* etc.). Against this, O. Neugebauer (MKT I I I 11) raised the ob
jection that only absolute unities belonging with problems of one unknown were de
signated wäsitum. Instead, he suggested that the term might designate a certain class 
of coefficients of value 1. Irrespective of the precise interpretation, indeed, the "pro
jection" is a coefficient 1 of dimension (length), multiplication by which transforms a 
linear quantity into a quantity of dimension [length 2]. 
In YBC 6967, this quantity was spoken of by the noun takiltum, here however by the 
relative clause "which you have made span", êa tuätakkilü. This parallel (which is re
peated copiously) confirms the close relation between "making span" (Sutäkulum) and 
takiltum. 
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Figure 6. The geometrical interpretation of BM 
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together with AO 8862 to the oldest stratum of Old Babylonian mathematics.9 8 

A. Goetze's linguistic analysis ascribes to both a southern origin, probably Larsa. 9 9 

V.3. BM 13901, N° 2 (MKT III , 1; cf. TMB, 1) 

The second, problem of the tablet subtracts a side instead of adding it. The 
text runs as follows : 

Obverse I 

x2 — x = 14' 30° 5. My confrontation inside of the surface v 

I have torn out: 14' 30°. 1 the wdsitum 
mi-it-frar-ti lib-bi a-sà [a]s-sû-uh-ma 14, 30 1 wa-
si-tam 

i/ 2 • 1 = 30' 6. you pose. The moiety of 1 you break, 30' 
(30') 2 = 15' and 30' you make span; 

ta-éa-ka-an ba-ma-at 1 te-hi-pi 30 ù 30 tu-us-ta-kal 
x2-2 • 30' • z + ( 3 0 , ) 2 = 7. 15' to 14' 30° you append: 14' 30° 15' makes 

14* 30° 15' 29° 30' equilateral. 

z - 3 0 ' = ]/Ï4' 30° 15 '= lo'a-tna 14, 30 tu-sa-]ab-ma 14, 30, 15-e 29, 30 ib-s i 8 

29° 30' 8. 30' which you have made span to 29' 30° 
x=29° 30' + 30' = 30° you append; 30 the confrontation. 

30 $a tu-uS-ta-ki-lu a-na 29, 30 tu-sa-ab-ma 30 
mi-it-har-tum 

Once again, the text is grosso modo mapped by the arithmetico-symbolic inter
pretation. Only the problem of the "1 which projects" is left open, together with 
the question why only the "coefficient" of the first-degree term is "posed", and 
the choice of the term "moiety". 

If the imagery inherent in the terminology ("appending", "tearing out", 
"breaking", "making span") is taken at face value, we are led to a geometric 
procedure which solves even these problems (see Fig. 6). From the square, a 
rectangle of length x and width 1 is removed. The area of the remaining rectangle 
is 14' 30°. Since the length of this rectangle exceeds the width by 1, a strip of 
this width is bisected, and its outer wing is moved so as to transform the known 
area into a gnomon. The small square spanned by the two halves of the strip 
is appended, and so we get a square of known area. Its side is found, and the 
half-strip which was moved in order to span the small square is appended again. 
This gives us the original length of the rectangle, and thus the side x of the square. 

The geometrical procedure is of course the same as that of Fig. 4 and Fig. 5 : 
The area of a rectangle is given, together with the difference between its length 
and its width. The excess of length over width is bisected, and the rectangle is 
transformed into a gnomon, for which the area and the side of the lacking square 
are known. The area of the lacking square is then found and added to the gnomon, 

9 8 Thureau-Dangin 1936a: 27; MKT III 10. The criteria are language and writing. 
In MCT 148, 151. 
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transforming it into a square of known area. The side of this square is calculated, 
and the original length (Fig. 6), width (Fig. 5) or both (Fig. 4) can finally be 
found. Indeed, the only difference between the cases (as seen from the geometrical 
interpretation) concerns the entity asked for. 

It is still not to be seen whether the wäsitum should be understood as that 
width 1 which must project from the length in order to transform it into an area 
which can be torn out, or perhaps as the excess of rectangular length over rect
angular width. In any case, it has a definite role to play in the procedure (and as 
stated above, the former possibility will turn out to be correct). In the geometric 
interpretation the question thus disappears why only the coefficient 1 to the 
linear term is posed—the wäsitum is no numerical coefficient. 

Once again, then, the aritmetic-algebraic interpretation allows us to under
stand the main mathematical progress of the calculation but not the details of 
the formulation; the approach through naive geometry, on the other hand, 
allows us to understand both the mathematical progress and the discursive orga
nization of the texts. 

V.4. BM 13901, N° 23 (MKT III, 4f.; cf. TMB, 17f.) 

The three previous problems presented the standard way to solve the basic 
mixed second-degree equations. The present one exemplifies that the Babylonians 
would sometimes leave the standard methods. 

The problem adds the four sides of a square to the surface — not 4 times the 
side, but explicitly the four sides : 

Reverse II 

ic2 + 4 • # = 41' 40" 11. In a surface, the four fronts and the surface* 
I have accumulated: 41' 40' ' 
a-sà* a m p[a]-a[-at er-bé-et-tam ù a-s] klam 

ak-mur-ma 41, 40 
12. 4, the four fronts, you inscribe. The igi 

of 4 is 1 5 ' . 
4 pa-a-at er[-bé-e]t-tam t[a-la-p]a-at igi 4 gal-bi 15 

1/,lx
2 + x = 10' 25" 13. 15' to 41' 40" you raise: 10' 25" you inscribe. 

15 a-na 41, 40 [ta-n]a-si-ma 10, 25 ta-la-pa-at 
+ 1 ) 2 = 10' 25" + 1 14. 1 the wäsitum you append: 1° 10' 25" makes 

= 1° 10' 25" 1° 5' equilateral 

i / 2 x+ l = j/ l°10'25" = 1°5' 1 wa-si-tam tu-sa-ab-ma 1, 10, 25-e 1, 5 ib-s i 8 

i / 2 # = l ° 5 ' —1 = 5' 15. 1 the wäsitum which you have appended 
you tear out: 5' to two 
1 wa-si-tam sa tu-is-bu ta-na-sa-ah-ma 5 a-na ëi-na 

# = 2 • 5 ' = 10' 16. you repeat: 10' nindan confronts itself10 

te-si-ip-ma 10 nindan im-ta-ha-ar 

19* 

55 



272 Jens Hoyrup 

a This passage is very unusual, indeed without parallel in mathematical texts, 
and thus of special interest. First there is the initial statement that we are dealing 
with a surface. In itself, the use of an accusative form here is not impossible ; most 
plausibly it is to be interpreted as an locativic accusative (cf. GAG § 146). However, 
in other cases where the subject of a problem is stated this is always done by 
Sumerograms without any complement (us sag e.g. in AO 8862, tül-sag in 
BM 85200 + V A T 6599). In the present case, it seems to be important to stress 
either the use of an accusative form or the specific Akkadian pronunciation—even 
though the whole tablet is dominated by syllabic writing, complements are atta
ched to a-sà only when they are needed to impede misunderstanding. The use 
of pure Sumerograms in parallel texts indicate that there was no general need 
to display an accusative case explicitly; most probably, then, the complements are 
meant to indicate the use of an Akkadian archaism. 

The "fronts" translate pät, plural (construct state) of pütum. This word is 
often considered an equivalent of sag, my standard translation of which is 
"width". Only extremely few texts, however, use the Akkadian word instead 
of the Sumerogram, and none of them belong to the category of standard "length 
and width "-problems (see above, note 75). Even occurrences of the Sumerogram 
with an Akkadian phonetic complement are strictly absent. The use of the term 
pütum in our text must thus intend something explicitly different from the 
technical concept "width"—perhaps another archaism. Hence my use of the 
literal translation "front". 

The numeral "four" is in status rectus and postponed. This literary stylistic 
figure appears to belong to situations where the number is an invariable epithet, 
i.e. where n items belong invariably together ("the seven mountains", cf. GAG 
§ 139i), whence "the four" instead of "the four", 
b The term is imtahhar (or possibly imtahar, the preterite form), Gt-stem of 
mahärum, "to confront". 

This time, the arithmetico-algebraic interpretations lead into real trouble. 
Indeed, if a "square" is only a second power, there is no reason to speak of the 
four fronts (or widths) ; neither is there any reason to leave the normal concept 
of the "confrontation" for that of "front", nor to specify in this case alone that 
we are dealing with a "surface". 

Of course, an arithmetical interpretation can map the mathematical procedure. 
But it offers no explanation why normal terminology and procedure are given 
up in this specific case; in fact, the deviation is so astonishing that 0 . Neuge
bauer suspected it to have arisen by a combination of mistakes which happen to 
make sense. 1 0 0 Finally, the place of the problem on the tablet (among the com
plicated variations and not among the simple cases of one variable) is an enigma ; 
so is also the "repetition to two" in a place where an arithmetic interpretation 
would expect a "raising" (cf. the problem discussed immediately below.) 

The geometric interpretation, especially as it is made clear bylihe term wäsitum, 
solves many of these problems (cf. Fig. 7). First of all it is clear that a geometric 

loo MKT I I I 14. 
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square possesses four sides, which can be regarded as "fronts". Moreover, if we 
take the text at its words and add four rectangles of length 1 and width x instead 
of one rectangle of length 4 and width x, or two of dimensions 2 times x, as we 
would normally expect), we get a geometrical configuration which differs from 
the normal square-plus-sides dealt with in the beginning of the tablet—and thus 
a reason that the problem is listed among the complicated variations. 

The occurrences of the wäsitum confirm that the cross-form configuration is 
indeed thought of: If we follow the text, we can imagine the multiplication by */ 4 

in lines 12f. as a quartering, as shown in the second step on the figure. At 
first, this is of course only a possibility. In line 14, however, the wäsitum is ap
pended, i.e., not any number 1 but a square P identified with the wäsitum; such 
a square is shown in the third step 1 0 1 , where it completes the quartered cross as 
a square. No other configuration than the cross would allow so literal a reading 
of the text, — and since the occurrence of the wäsitum in line 14 does not refer to 
any earlier occurrence, it must refer to the entity itself, not to anything ob
tained from or equal to the "projection". 

In the next step of line 14, the side of the completed square is found, and in 
line 15 the same wäsitum is torn out. This rules out F. Thureau-Dangin's con
jecture, viz. that the term may simply fix the order of magnitude to 1° (one need 
not fix the order of magnitude of a number which is identical with a number 
previously used), and it confirms that the square which was appended in line 14 
is identified with its side : if a squaring of 1 had been left out by error in line 14, 
the invariable epithet would have been "which you have made span" instead 
of "which you have appended" (cf. problems N° 1 and 2 from the tablet as 
quoted above). 

The tearing-out of the wäsitum leaves half the side of the square (in the right 
position). It is "repeated to two", and indeed repeated quite concretely1 0 2, in 
agreement with the situation of the figure, giving us one of the fronts. It is, 
however, not spoken of as a "front", nor designated by the normal term "con
frontation" (mithartum). Instead, it is stated that 10' is that which "confronts 
itself" — presumably because no "confrontation" was 3poken of explicitly in the 
statement of the problem; instead four "fronts" have been supposed to "con
front each other as equals". 

Curiously enough, al-Khwârizmï uses the same figure as an alternative argu
ment for the solution of the problem "square and roots equal to number" (cf. 
above, section 1). Here, instead of distributing the rectangle 10 • x as shown 

1 0 1 We notice that the current identification of a square with its side can explain that 
the wäsitum itself is appended, and not a "1" spanned by the wäsitum together with 
itself. At the same time we observe that the entity which is "appended" must be the 
concrete geometric piece of surface, not a number measuring its magnitude: Such a 
number would, even to the Babylonians, have to be found via one of the ' multiplica-
tory" processes "making span" or "raising", as are all "surfaces". Due to the confi
guration, however, there is no need to "make the wäsitum span", i.e. to make it form 
a rectangle (in fact a square) : The square is already there, spanned by the corner of 
the cross—there is no need to prescribe its construction. 

1 0 2 The specification "to two" shows that the original sense of esêpum (to duplicate, i.e. 
to repeat once) has been absorbed into the generalization "to repeat N times". Genuine 
duplication has been left behind. 
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Fig. 8. The geometrical interpretation of 
BM 13901 N° 3. 

[ Figure 7. The geometrical interpretation 
• of BM 13901 N° 23. 

in Fig. 1, he distributes it as four rectangles 2ij2 • x along the four edges of the 
square. 1 0 3 

1 0 3 See Rosen 1831: 13—15. It cannot be decided on the basis of the al-Khwârizmï-text 
and the present Old Babylonian text alone whether the recurrence of two Old Baby
lonian methods in al-Khwârizmï's Algebra is due to coincidence or to continuous tra-
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The text brings us somewhat closer to the precise meaning of the wäsitum. 
It cannot be the excess of rectangular length over rectangular width. Possibly, 
it could be the length of any of the four projections from the central square; 
that would, however, agree poorly with the use in problem 2 of the tablet (see 
above). So, we are led towards the interpretation of the wäsitum as that pro
jecting width 1 which transforms a length into a rectangle of equal area. 

One problem in the text is not elucidated by the naive-geometric interpretation 
in itself, viz. the initial "in a surface" or "concerning a surface".103* If nothing 
but the area of an ordinary square is meant, this indication is superfluous, and 
not to be expected after 22 problems which all deal with square areas without 
mentioning them explicitly beforehand. Together with other evidence which will 
be presented in section X . 4 , however, the apparent archaisms of the language 
may offer an explanation: eqlum is not only a (semi-)technical term for a mathe
matical area but also the everyday term for a field. All evidence combined 
suggests that the problem is a surveyors' recreational problem, maybe from a 
tradition which was older than—perhaps even a source for—Old Babylonian 
scribal school "algebra". The initial eqlam can be understood as an indication 
that we are dealing with a field-surveying problem (albeit an artificial one), and 
the apparent archaism perhaps as a reference to age and tradition or perhaps to 
oral or dialect usage (locativic and similar accusatives are more common and 
long-lived in Assyrian than in Babylonian). 

V.5. BM 13901, N° 3 (MKT III, 1; cf. TMB, If.) 

The above problems can all be classified as "normalized mixed second-degree 
equations". The present problem shows the habitual Old Babylonian way to 
deal with a non-normalized equation. The text runs as follows : 

Obverse I 

(1 — iU)x-+ il3x = 20' 9. The third of the surface / have torn out: the third 
of the confrontation to the inside 
ëa-lu-uë-ti a-sà as-sû{-uh-ma) ëa-lu-us-ti mi-it-har-
tim a-na lïb-bi 

10. of the surface I have appended: 20'. 1 the wäsitum 
you pose 

a - sà / î m û-si-ib-ma 20-e 1 wa-si-tam ta-ëa-ka-an 

1 - . i / 3 = l ° - 2 0 ' = 40' 11. The third of 1 the wäsitum, 20' you tear out: 40' to 

dition. As I shall show in section X . 4 , however, another algebraic text roughly con
temporary with al-Khwârizmî's shows continuity with the Old Babylonian tradition 
even down to the choice of grammatical forms, while displaying the same interest as 
the present problem in the four sides of squares and rectangles. This leaves little doubt 
that al-Khwârizmï too was inspired by the same old tradition. 

103a Initially I believed so, reading the text as "The surface of the four fronts and the 
surface I have accumulated . . .", interpreting the "surface of the four fronts" as the 
total surface of the "arms" of the cross. I am grateful to A. Westenholz for pointing 
out the grammatical objections to this reading. 
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a Both for mathematical reasons and because of the many parallel passages of 
the tablet, this "have torn out" must be a writing error for "you have appended", 
tu-is-bu. 

The problem is of the type y.x2+ßx = y. In Medieval (Arabic and Latin) algebra, 
such an equation would be normalized as x2+(ß/<x)x = (yl<x.). The method here is 
different, a fact which has often been regarded as astonishing, although the same 
procedure is used by Diophantos and H e r o m : Instead of x, OLX is taken as the 
quantity looked for, and the equation is transformed into (<xx)2 + ß • (aa;) = ay. In 
the end, x is found from OLX through multiplication by the reciprocal of a. 

The application of the arithmetical interpretation raises a problem : The multi
plications by a and a" 1 are expressed by means of the term "to raise", while that 
of (ßj2) by (ßj2) (of 10' by 10') is expressed by "making span". Another problem 
is presented through the way the equation is transformed : As most of us would 
immediately feel, and as it is confirmed by the Medieval algebras, in a rhetorico-
arithmetic representation it is easier to keep track of a reduction to normalized 
form that of the actual "change of variable". Finally, of course, the wdsitum 
remains a stranger to any arithmetical interpretation, as does the distinction 
of a "moiety" from a "half". 

As usual, we shall try to apply a representation by naive geometry—see Fig. 8. 
If we look at lines 12—14 of the text, it is clear that they follow the normal 
"square-plus-sides"-procedure (cf. section V . l and Fig. 5). So, we must interpret 
the text geometrically in such a way that this situations comes about. 

1 0 4 Diophantos, Arithmetica VI , vi. Hero, Geometrica 21, 9f. The Diophantine and Hero-
nian parallels have been pointed out by K. Vogel (1936: 714; 1959: 49). 
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(40'z) 2 + 40' • 20'x 20' you raise; 
= 13' 20" sa-lu-us-ti 1 wa-si[-tim 20 ta-na-sà-ah-ma] 40 a-na 

20 ta-na-si 
(40'x) 2 + 2 • 10' • (40'«) 12. 13' 20" i/cw inscribe. The raoiety o/ 20', the third 

+ ( 10 ' ) 2 = which you have torn out3, 

13 '20"+1 '40" = 15' 13, 20 ta-la-pa-at [ba-ma-at 20 sa-l]u-us-tim sa 
ta-sû-hu 

13. you break: 10' and 10' you make span, 1' 40" to 13' 
(40'z + 10') 2 = 15' 20" you append 

te-hi-pi 10 [ù 10 tu-us-ta-kal 1, 40] a-na 13, 20 
^-sa-aô 

40'ar + 10'=]/Ï5 7 = 30' 14. 15' makes 30' equilateral. 10' whicJi you have 
made span in the inside of 30' you tear out: 

40'x = 30' - 1 0 ' = 20' 20'. 
15-e 30 [ib-si 8 10 sa tu-us-ta-ki-lu lib-ba 30] 
ta-na-sà-ah-ma 20 

( 4 0 ) ~ 1 = 1° 30' 15. The igi of 40', 1° 30' to 20' you raise: 30' the con-
x=l° 30' • 20' = 30' frontation. 

igi 40 gal-b[i 1, 30 a-na 20 ta-na-si-ma 30] mi-it-
har-tum 
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Line 9f. states the problem. In line 10, furthermore, the wäsitum is "posed", 
and since no "projection" from the square is 1, we can now be sure that the term 
designates that projection from a line which creates the rectangle of equal area, 
as suggested above. An area of one third of the side is then a rectangle of width 
"the third of 1 the wäsitum", i.e. 20', and length x. This corresponds to line 11 
where, however, an ellipsis turns up, as the third of the wäsitum is identified 
with that third (of the surface) which is to be "torn out"; that such a confusion 
is really there is confirmed in line 12. So, the "coefficient to x2" (a) is found to 
be l ° - 2 0 ' = 40'. 

In the last part of line 11, this factor is applied to the total non-shaded area 
( 2 / 3 # 2 + 1/3a; = 20'). This can be apprehended geometrically as the first transfor
mation of the figure, where the scale factor 40' ( = 2 / 3 ) is applied in the vertical 
direction. This operation transforms the rectangle x • -\zx into a square 2 / 3 z • z/3x. 
In the same process, the appended rectangle i/3- x is transformed into a rectangle 
V.3 * 2hx- That is, we have obtained the required situation "square-plus-sides", 
and the number of "sides" is unchanged. The rest of the procedure is by now 
well-known : The appended rectangle is bisected and its outer wing moved so as 
to "span" a square of area 1' 40". This area is appended to the gnomon, the area 
of which is 40' • 20' = 13' 20". The area of the resulting square is 15', and its side 
therefore 30'. From this, the side 10' of the square which was "spanned" is "torn . 
out", leaving 20' as the side of the square (<xx)2. Hence, <xx is 20' and x itself is 
found through division by the scale factor 40', i.e. through multiplication by 
its inverse 1° 30', to be 30'. 

This solves all the problems raised by the arithmetical interpretation. First 
of all, it is clear that the multiplication by a scaling factor or its inverse is dif
ferent from the geometrical process "to span a square". If the conceptualization 
and method of Old Babylonian algebra are geometric, a terminological distinc
tion between the two is next to obligatory. 

Next, the geometrical interpretation leads us to prefer the "Diophantine" to 
the "Medieval" reduction: If the non-shaded part were to be transformed into 
a "square-plus-sides" through Medieval reduction, the change of scale would 
have to be in the horizontal direction. This would affect the width of the appended 
rectangle, which goes into the further calculations; on the other hand, the "Dio
phantine" transformations affects only its length which is anyhow irrelevant.1 0 5 

105 -phis simplification of the geometrical prodecure is not in general accompanied by 
calculatory simplification: The multiplication ß • a"1 is dispensed with, it is true; but 
the final inverse scaling would be dispensed with in the "Medieval" reduction. Only 
cases where a is an irregular which does not divide ß and y would be harder—indeed 
impossible—to deal with "Medievally". 

Of course, such arguments of conceptual simplicity should be used with care. We 
cannot conclude in that way that Diophantos made use of geometric representations. 
By his syncopated rhetorics he could keep track of problems much more complicated 
than the present one. But the Babylonian texts were made neither by nor for mathe
maticians of Diophantine stature; they were school texts, made for scribe students, 
comparable in giftedness and interests to the students of Medieval merchant ("abacus") 
schools, we may guess. If the latter were unable to use the Diophantine method in a 
rhetorical representation, there is no reason to believe that Babylonian students were 
any better off. 
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Finally, of course, the wäsitum is no stranger but a must for a geometrical 
interpretation (with or without a name), and the "moiety" is a natural half, 
a wing . 

On the other hand, the geometrical interpretation raises two new questions. 
The first of these concerns the semantic range of the term "raising": Is it re
stricted to multiplications which can be regarded as changes of scale, or is it 
wider? This cannot be answered from the present text, but as discussed above 
(section IV.3) the range is indeed much wider. (Cf. also below, section V.8.) 

The second question concerns the figure : Did the Babylonians draw or imagine 
a series of different diagrams, as they are shown in Fig. 8? Or were they able 
to conceptualize the same representation first as a rectangle with sides x and 2j3x, 
and next as a square with both sides equal to 2/3a;? It is equally impossible to 
answer this second question on the basis of the present text (or to give a defini
tive answer on the basis of any text I know). Yet, as I shall argue in chapter VI , 
indirect evidence suggests that the Babylonians were fully able to conceptualize 
a drawn rectangle as a diagram for a square. 

The geometrical technique which appears to be used in the first examples and 
in al-KhwärizmTs justification can be described as a "cut-and-paste"-procedure. 
The same technique is used in the present example for those operations which 
are described by the terms "to tear out", "to append", "to break" and "to make 
span". The "raisings" of line 11 and 15, however, belong with another technique, 
of which special notice should be taken: A technique of proportionality, which 
in relation to the geometric representation can be described as a uni-directional 
"change of scale"; I shall use the term "scaling" for the technique. 1 0 6 

V.6. BM 13901, N° 10 (MKT III, 2f.; cf. TMB, 4) 

The above examples were all concerned with mixed second-degree equations. 
W e shall now turn to homogeneous problems-first to BM 13901 N° 10. 

Obverse II 

x2 4- y2 = 21° 15' 11. The su r f a c es of my two confrontations I have accu
mulated: 21° 15'. 
a-sà si-ta mi-it-ha-ra-ti-ia ak-mur-ma 21, 15 

y = (l — il1)x = Ql1x 12. confrontation to confrontation, the seventh* it has 
diminished. 
mi-it-har-tum a-na mi-it-har-tim si-bi-a-tim im-ti 

x = lz y = 6z 13. 7 and 6 you inscribe. 7 and 7 you make span, 49. 
# 2 = 4 9 z 2 7 ù 6 ta-la-pa-at l u i tu-us-ta-kal 49 
i/2 = 36z 2 14. 6 and 6 you make span, 36 and 49 you accumulate: 
x2+y 2 = (49 + 36 ) z

2 = 6%6 tu-us-ta-kal 36 ù 49 ta-ka-mar-ma 
V 25°z 2 = 21° 15' 15. V 25°. The igi of 1'25° is not detached. What 

to V 25° 
1, 25 igi 1, 25 u-la ip-pa-ta-ar mi-nam a-na 1, 25 

1 0 6 The method is closely related to the method of a "single false position", which was 
also used by the Babylonians as a purely arithmetical technique (cf. K. Vogel 1960). 
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15' • l v 25° = 21° 15' 16. shall I pose which 21° 15' gives me% 15' makes 30' 
z 2 = l 5 ' , 2 = ] / IF = 3 0 ' equilateral. 

lu-uë-ku-un ëa 21, 15 i-na-di-nam 15-e 30 ib-s i 8 

a: = 7 • 3 0 ' = 3° 30' 17. 30' to 7 yow raise: 3° 30' the first confrontation. 
30 a-na 7 ta-na-si-ma 3, 30 mi-it-har-tum ië-ti-a-at 

2/= 6 • 3 0 ' = 3 18. 30' to 6 2/<w raise: 3 the second confrontation. 
30 a-na 6 ta-na-ëi-ma 3 mi-it-har-tum ëa-ni-tum. 

a The form is a plural, sebidtim, cf. Thureau-Dangin 1934: 49, and Goetze 1946: 
200. 

A geometrical interpretation of the procedure is shown in Fig. 9. The first 
step, that of finding the set of proportionate numbers, looks like a purely arith
metical "single false position": A number from which one seventh is easily taken 
away is 7, and the removal of the seventh leaves 6 . 1 0 7 These numbers are "in
scribed", an expression which was also used in N° 23 and N° 3, where the areas 

Figure 9. The geometrical inter 
pretation of BM 13901 N° 10. 

found by quartering and scaling were "inscribed". In agreement with Babylonian 
habits as expressed on tablets with drawings 1 0 8, we may image inscriptions along 
the edges of squares, as shown on the figure. The process can be so interpreted 
that a unit is imagined in which the lengths of the squares are 7 and 6, respec
tively. Such a conceptualization could follow as an extrapolation from common 
experience with metrological conversions. The respective areas are found (by 
"making span") in the square of this unit, as 49 and 36; the total area when 
measured so will then be 49 + 36 = T 25°. In the basic area unit it is known to 
be 21° 15'. So, the square of the imagined unit (the area of the small squares) 
is 21° 15'/r 25° = 1 5 ' ; hence its side will be yÎ5 7 = 30', and those of the two 
original squares 7 • 30' = 3° 30' and 6 • 3 0 ' = 3. 

Fundamentally, this conceptualization subdivides the given squares of the 
problem directly. An alternative interpretation could be that two auxiliary 
squares are imagined, of "real" sides 7 and 6. Their areas are found and added; 
the ratio between this and the original total area is calculated, etc. 

It is impossible to decide from the text which interpretation to prefer. From 

1 0 7 The same pattern of thought is made explicit e.g. in VAT 7532 rev. 6f. 
1 0 8 Str. 367 (MKT I 259f.) may be quoted as an example. 
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the view-point of mathematics, they are of course equivalent. 1 0 9 My intuitive 
feeling is that the former is the more plausible, as it is conceptually simpler-
it is easier to draw the subdivisions of an existing square, to point to it and speak 
about it, than to make non-mathematicians understand an abstract ratio and the 
reason why its square-root should be taken. As we shall see in the following 
examples, there is also direct evidence that the Babylonians used subdivisions 
and alternative "units" rather than ratios-

In any case, the text presents us with a third technique besides the cut-and-
paste procedures and the scaling: The calculation of total "coefficients"—here 
the "number of small squares". Below, we shall meet in section VII.3, TMS X V I , 
the expression "as much as there is of" entity x, as an explicit formulation of 
this concept.—We notice that the number is found by "accumulation", not by 
"appending". The same holds for the calculation of the true total area in line 11. 
In both cases, indeed, none of the addends possesses an "identity" which is con
served through the process. It seems plausible, too, that "accumulation" is a 
more genuinely arithmetical process than "appending", adding measuring num
bers, while "appending" affects only concrete though measured entities. 

In order to point to a practice with which the Babylonians were utterly familiar, 
and which is structurally analogous to the accumulation of a coefficient, I shall 
speak of the "accounting technique". 

V.7. BM 15285, N° 10 (MKT I, 138; M K T II, Plate 4) 

BM 15285 is (part of) a large tablet where the areas of various subdivisions of a 
square of side 1 are asked for. The present problem is clearly related to a parti
cular aspect of the argument of the previous problem, and it can serve to elucidate 
the questions left open there. 

The text is accompanied by a figure, which I show in the left margin (traced 
after the photo in M K T II). 

I I I I 1. 1 the 1 e n g t h, a confrontation 
[1 us mi-i]t-ha-ar-tum 

2. In its inside, 16 of a confrontation3, 

sag 4 -ba 16 mi-it-ha-ar-tim 
3. / have laid down. I t s surface what? 

ad-di a-sà-bi en-nam 

a The form is a genitive singular. 

The figure shows us precisely the subdivision of a square into smaller squares 
which was suggested as the first interpretation of the procedure of the previous 
problem. So, this interpretation is at least corroborated. 

1 0 9 Expressed in terms of the arithmetico-symbolic representation aligned with the trans
lation, the former interpretation makes the variable z the side of the small square, 
one seventh of the side of the first original square. According to the latter interpreta
tion, z is the ratio between the sides of the original and the auxiliary squares. 
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Another interesting point is the use of the singular genitive in line 2. True 
enough, H. W . F. Saggs suggests that we have to do with a simple writing error, 
but that appears to be excluded by the singular -bi in line 3 . 1 1 0 The small squares 
appear to be regarded as repetitions of an identical entity—a unit of accounting. 
Even in this respect, the present and the previous text are related. 

V.8. VAT 8390, N° 1 (MKT I, 335f.; cf. TMB, 112f.) 

A final homogeneous second-degree problem is VAT 8390, N° 1 1 1 1 : 

Obverse I 

xy = 10' 1. Length and width / have made span: 10' the 
surface 
[us ù sag] us-ta-ki-il-ma 10 a-sà 

x2 = 9 - (x — y)2 2. The length to itself I have made span: 
[us a]-na ra-ma-ni-su us-ta-ki-il-ma 

3. A surface / have built 
[a-sà] ab-ni 

4. So much as the length over the width goes beyond 
[ma]-la us u-gu sag i-te-ru 

5. I have made span, to 9 I have repeated: 
us-ta-ki-il a-na 9 e-si-im-ma 

6. As much as that surface which the length by itself 
ki-ma a-sà-raa sa us i-na ra-ma-ni-su 

7. has been made span*. 
us-t[a]-ki-lu 

8. The length and the width what? 
us ù sag en-nam 

9. 10' the surface pose 
10' a-sà gar-ra 

10. and 9 (to) which he* has repeated pose: 
ù 9 sa i-si-pu gar-ra-raa 

^9 = 3 11. The equilateral of 9 (to) which he has repeated 

[x = 3'(x-y)] what? 3. 
ib-s i 8 9 êa i-si-pu en-nam 

x = 3z 12. 3 to the length pose. 
3 a-na us gar-ra 

1 1 0 See Saggs 1960: 139. According to SLa § 101, the use of -bi as a plural possessive suffix 
is apparently restricted to collective nouns ("people" and the like), and the same holds 
for the use of the singular status rectus after numbers above 10 (GAG § 139h). Strictly 
speaking, then, we have to do with either 16 copies of the same square or 16 practi
cally identical squares. 

in No 2 of the same tablet is a strict parallel—translated into symbolic algebra, the con
dition x2=9 • (x—y)'2 is replaced by y2=4 - (x—y)2. The parallelism makes all resti
tutions of damaged passages certain. 

I follow the improved readings given by Thureau-Dangin (1936: 58, repeated in 
TMB). 
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y = [x = ] 3z 13. 3 to the width pose. 
3 a-n[a s]ag gar-ra 

[(x — y) = 1l3x=l • z] 14. Since "so much as the length over the width goes 
beyond 
aë-sum ma-[la u s ] u - g u s a g i-te-ru 

15. / have made span", he has said 
uë-ta-k[i-il] iq-bu-ù 

y = y — (x — y) = 3z—z 16. 1 from 3 which to the width you have posed 
1 i-na "L3 ëa-a-n]a sag ta-aë-ku-nu 

17. tear out: 2 you leave. 
û-[sû-uh-m]a 2 te-zi-ib v 

y = 2z 18. 2 which you have left to the width pose. 
2 ëa t[e-z]i-bu a-na sag gar-ra 

xy = Sz • 2z = 6z 2 19. 3 which to the length i/ow have posed 
3 sa a-na us ta-aë-ku-nu 

20. to 2 which to the width i/o% have posed raise, 6 
a-na 2 ëa (a-na) sag ta-aë-ku-nu il 6 

6 - i = 10' 21. The igi of 6 detach: 10'. 
igi 6 pu-tur-ma 10 

2 2 = 1 0 ' • 10' = T 40° 22. 10' to 10* the surface raise, l 1 40°. 
10 a-na 10 a-sà il 1, 40 

z = ]/T 4 0 ° = 10 23. The equilateral of V 40° what? 10. 
ib-s i 8 1, 40 en-nam 10 

Obverse II 

# = 3z = 3 • 10 = 30 1. 10 to 3 which to the length you have posed 
10 a-na 3 ë[a a-na us Ja-ai-Ära-nw] 

2. raise, 30 the length. 
11 30 u[s] 

y = 2z = 2 • 10 = 20 3. 10 to 2 which to the width you have posed 
10 a-na 2 sa a-na sag ta-aë-[ku-nu] 

4. raise, 20 the width 
11 20 sag 

Proof: 5. / / 30 the length, 20 the width 
ëum-ma 30 us 20 sag 

6. the surface what? 
a-sà en-nam 

xy = 3Q • 20 = 10* 7. 30 the length to 20 the width raise, 10' the 
surface. 
30 us a-na 20 sag il 10 a-sà 

# 2 = 30 • 30 = 15' 8. 30 the length together with 30 make span: 15' 
30 us it-ti 30 su-ta-ki-il-ma 

a;-2/ = 3 0 - 2 0 = 10 9. 30 the length over 20 the width what goes 
beyond?. 10 it goes beyond. 
30 us u-gu 20 sag mi-nam i-tir 10 i-tir 
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(x-y)2 = 10 • 10 = T 40° 10. 10 together with 10 make span: V 40°. 
10 it-ti [10 ëu\-ta-ki-ïl-ma 1, 40 

9 • (y-x)2 = 9 • 1* 40° 11. 1' 40° to 9 repeat: 15' the surface. 
= 15* 1, 40 a-na 9 e-si-im-ma 15 a-sà 

#2 = 9 . (a; — y)2 i2. 15' the surface is as WWCÄ as 15' the surface 

WMCÄ the length 

15 a-sà Id-ma 15 a-sà sa us 
13. by itself has been made span, 

i-na ra-ma-ni-ëu uë-ta-ki-lu 

a Taken by itself, the phrase "sa us ina ramanisu ustdkilu" could perhaps also be 
interpreted as "which I made the length span by itself". The preposition ina 
occurs, however, in connection with ëutakulum in all four occurrences of the 
relative clause in question and nowhere else in the tablet (nor anywhere else, 
as far as I can find out). Elsewhere in the tablet ëutakulum stands with u} ana and 
itti. The propability that this distribution should have come about randomly 
is extremely small (2.3 • 10~ 4 in a reasonable stochastic model). Furthermore, 
the occurrences in obv. II, 12 f. and rev. 23 f. stand in passages where the context 
requires the second person singular (because imperatives are pointed at) if the 
subject of the clause is not us. Hence, the form cannot be the usual St (II) (cau
sative, reflexive), but must be St (I) (passive of causative), of which this preterite 
form coincides with that of St (II). 
b The choice of "he" instead of "9" as the subject of the doubling is enforced 
by related passages in VAT 8520, obv. 7, 9, 11, rev. 8, 10. 

As usually, the main lines of the procedure can be mapped by the arithmetical 
representation. On a number of points, however, it is inadequate : Why is a width 
equal to the length of 3 introduced in I, 13 (if this is at all the meaning of the 
expression "pose to"?)? Which principles govern the use of the three multipli
catory terms ("making span"; "raising"; and "repeating to n"? Why are so 
many different entities spoken of as "surfaces"? Normally, such words stand as 
epithets which serve to identify a number; this is also the case in I, 22, where 
"10* the surface" is kept apart from "10' [the igi of 6]". But this function can 
only be hindered when x- and 9 • (x — y)2 are also labeled "surface" (I, 2f. ; II, 
l l f . ) . 1 1 2 So, in some sense or other, all these entities must be "surfaces". 

Further: W h y are the "surfaces" "built", while other complex expressions are 
n o t ? 1 1 3 And why are "posing" (e.g. "posing 10' the surface", in I, 9) und "posing 

1 1 2 In AO 8862 N<> 1 (translated below, section VIII.2), even the inhomogeneous expression 
xy +x — y is a "surface" ; so, the meaning of the term cannot be that of "product". Linear 
expressions, on the other hand, are never called surfaces; so, a generalized sense of 
"function" or "combined expression" is equally excluded. The sense "polynomium of 
the second degree" would of course be adequate, but much too abstract to be expected 
in a Babylonian context. 

1 1 3 Indeed, with one exception, only "surfaces" are "built" in Old Babylonian algebraic 
texts (VAT 8390 and AO 8862 in MKT I; YBC 4608 in MCT; TMS X V I I ) . The excep
tion concerns IM 52301, the deviations of which from normal usage were already men
tioned above (note 95) (cf. also below, section X . I . ) . 
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to" (e.g. "posing 3 to the length", in I, 12) carefully distinguished all the way 
through the tablet ? All these finer points of the formulation make no sense in the 
arithmetical interpretation. Several appear to call for a geometric reading, and 
indeed, a geometric representation answers all the questions, while at the same 
time giving us supplementary insight in the relation between "raising" and 
"making span". 

The geometric representation which appears to be described in the text is 
shown in Fig. 10, the relation of which to the 16 squares of BM 15285 N° 10 is 

Figure 10. The geometrical interpretation of VAT 8390 
N° 1. 

obvious. The "repetition to 9" of the square on the excess of length over width is 
clearly seen to be a concrete repetition, no multiplicatory calculation. A width 
related to the number 3, and another width similarly related to 2, are clearly 
seen on the figure. And of course, all the "surfaces" are indeed surfaces in the 
most literal sense. 

W e observe that the numbers which are "posed" in 1.9—10 are "real values"— 
the real surface of the rectangle, and the number of repetitions of the small 
square. The numbers which are "posed to" length and width (in 1.12, 13 and 18), 
on the other hand, are not real values of the lengths and widths in question. It 
might seem as if "false values" (in the sense of a "false position") were "posed to" 
the entity for which they are assumed; still, according to normal Babylonian 
usage, later references (like that of 1.19) could then be expected to quote the as
sumed numbers as values ("3 the length which you have posed", or perhaps 
"3 the false length which you have posed"). So, we are led towards the inter
pretation that "posing x to A" means "writing the number x along the entity A", 
as it was suggested in Fig. 9 (cf. note 108). Once again, the interpretation of the 
procedure of BM 13901 N° 10 as a subdivision rather than a comparison with an 
auxiliary figure is supported. 

In one respect, the geometric interpretation changes the expectations which 
might be derived from the previous examples. When length and width, length 
together with length or excess together with excess give rise to rectangles or 
squares in 1.1—5 they are "made span". So also in the proof, in II.8, 19, when the 
length and the excess are squared. But in 1.20, the number of small squares is 
calculated by "raising 3 to 2", and in IL7, "30 the length" is "raised to 20 the 
width". What is the difference? Are the terms synonymous in spite of all con
trary evidence? 
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The clue has to do with the term "to build", and with the way triangular and 
trapezoidal areas are found. Only when a length and a width (or two other lines) 
have been "made span", is a surface said to have been "built". Conversely, when 
the area of a triangle, a trapezium or a trapezoid is calculated, the term used is 
invariably "raising". So, firstly, the terms cannot be synonymous. And, secondly, 
one of them must belong with the process of building and the other with calcu
lation. In other word, the process "to make span" is to be understood literally, 
as a process of construction, and to "build" means "to construct" (in agreement 
with the Latin etymology of the latter word). "Raising", on the other hand, 
means "calculating by multiplication". 

This agrees well with the use of the terms in our text. In the beginning, the 
rectangle, the square on the length and the square on the excess are all constructed 
anew—none of them existed before. The number following the construction 
measures the area of the surface constructed—so, the calculation of this area is 
implied by the construction process m , but it remains something different. In 
1.20, when the numbers 2 and 3 are multiplied and the number of small squares 
in the rectangle thus calculated, the rectangle is already there; hence, 3 is "raised 
to" 2, they are not "made span". Cf. also BM 13901, No 23: the wäsitum-comer 
is already there, there is no need to construct it, nor is the wäsitum "made span" 
(see above, note 101). 

In the proof, the rectangle is still supposed to be there. In II. 7, the length is 
"raised to" the width. The squares on length and excess, on the other hand, are 
"spanned". Since the same pattern repeats itself accurately in the second problem, 
this can hardly be an accident. So, the squares are not there to the same extent 
as the rectangle—either because only the rectangle is drawn, while the other 
figures are only imagined (3 and 2 being "posed" successively to the same width?), 
—or because everything is imagined, but the rectangle is more familiar as the 
basic figure and therefore still present to the inner eye. In any case it is made 
plausible that no complete figure like that of Fig. 10 was really drawn. Part of 
the procedure, if not all of it, was performed as mental geometry. 

VI. The question of drawings 

At this point it seems natural to ask whether the Babylonians left any traces of 
drawings like those of Fig. 4 to 10. The answer is, if we confine ourselves to 
algebraic texts like those to which these figures belonged 1 1 5, a clear no. 

This might seem to present a problem to the geometrical hypothesis. Truly 
much "geometric" manipulation can have been performed mentally (and part of 
it must have been so performed, it appears from the above). But skill in mental 
geometry can only be acquired through familiarity with materialized geometry. 
So, a geometric interpretation of Babylonian algebra implies as its basis a physi
cally palpable representation of this geometry. 

1 1 4 In AO 8862 (see section VIII.2), the calculation is at times made explicit as a separate 
process after the construction. 

" 5 The case of BM 15285 JV« 10 (see above, section V.7) is different. The whole tablet 
deals with areas of indubitably geometrical figures; no scaling and no cut-and-paste 
procedures appear to be involved. 

20 Altorient. Forsch. 17 (1990) 2 
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On the other hand, drawings are also absent from the tablets in other cases 
where we can be sure that the argument presupposes a geometric figure. True 
enough, some real geometric problems are accompanied by a drawing. Still, this 
drawing is only an illustration of the statement of the problem, not of the pro
cedure. Even in cases where auxiliary lines or appended figures are supposed by 
the argument they are left out from the drawing. 1 1 0 Furthermore, when the verbal 
statement of a geometric problem appears to be sufficiently clear, the sketch 
of the geometric situation is often dispensed with. 

Even in cases where we can be sure that drawings have been made, they are 
thus absent from the tablets. This raises the question, where else they can have 
been made? Which medium can be imagined where drawings would leave no 
archaeological traces ? 

Several possibilities are open. The Greek drawings made in the sand are, at 
least from the anecdotes concerning the death of Archimedes, part of general 
lore. 1 1 7 For Mesopotamia, too, the use of the sand of the school courtyard has 
been proposed, namely as the medium for models of cuneiform signs in the basic 
scribal education.1 1 8 Still, another possibility suggested by the Greeks is perhaps 
more interesting : The dust abacus, or its cognate, the wax tablet. As explained 
above (Chapter II), the Greek term <xßa£, "abacus", is in all probability derived 
from the Semitic root 'bq, "to fly away", "light dust". On that background it 
seems plausible that the Greeks have first met the abacus in the form of a dust-
board, and that they have done so in the Western Semitic area. 1 1 9 As cultural 
connections between Syria and Mesopotamia were numerous—even much of 
the metrological system was shared and eventually taken over by the Greeks-
use of the same device in Mesopotamia is at least a strong possibility. As to the 
wax tablet, it was certainly used in Mesopotamia in later times. 

Whatever the medium of drawings corresponding to the solution of definitely 
geometric problems may have been, it left no traces, at least no traces which 
have been discovered until now. So, we need not worry much because no drawings 
corresponding to the solution of algebraic problems have been excavated. 

"6 So in VAT 8512 (MKT I 341, cf. Gandz 1948: 36f. or Vogel 1959: 72), an auxiliary 
rectangle is attached to the triangle spoken of in the enunciation. In this text, by the 
way, even the verbal explanation which states the problem is left without the support 
of a sketch of the situation. Indeed, the problem as stated is clear and unambiguous 
and requires no sketch. The far less clear exposition of the procedure (less clear at least 
to modern interpreters) has not given rise to any explanatory drawing. 

1 1 7 Admittedly, the association of Archimedes with drawings in the sand are probably due 
to an ancient misunderstanding (see Dijksterhuis 1956: 30—32). Still, this very mis
understanding shows that geometrical drawings were at times made in the sand. The 
same is clear from an anecdote told by Vitruvius (De architectura VI , i, the story of 
the shipwrecked philosopher Aristippus finding geometric figures in the sand of the 
Rhodian shore). 

1 1 8 In the Old Babylonian school excavated in Tell ed-Dêr, the exercise tablets of the 
higher teaching levels contain the instructor's model and the student's attempt to 
imitate in parallel. The tablets belonging to the elementary level (stylus exercises, 
"Silbenalphabet A", "Syllabar a") contain no instructor's model, and Tanret (1982: 49) 
proposes that the models have instead been drawn "dans le sable de la cour". 
Even though Proclos is not very reliable as a source for the early period in Greek 
mathematics, his statement could be mentioned that arithmetic was first developed by 
the Phoenicians (In Primum Euclidis . . . Commentarii 6 5 3 - 5 ) . 
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On the other hand, drawings have been excavated which show us something 
about the probable character of the geometric support for algebraic as well as 
geometric problem solution,—to wit the field plans. The autography of one of 
these, as well as a redrawing in correct proportions 1 2 0, would show us how. 

The first feature of the plan to be observed is perhaps the subdivision into right 
triangles, right trapeziums and rectangles. Subdivisions are of course not easy 
to do without when a natural area has to be measured, but the plan shows 
— that right triangles and trapeziums were looked for, not any triangle and tra
pezium. In the latter case, a height would have to be measured; right figures, 
on the other hand, are fully described by length and width (in the case of right 
trapeziums two widths, "upper" and "lower"). 
— that the right angles of the partial figures were clearly marked on the figure, 
while no care was taken to render other angles correctly.1 2 1 

— and that the Babylonians were perfectly aware of the possibility to use auxi
liary lines which were calculated, not measured. The calculation also shows 
awareness of the imprecision arising during measurement, since the dimensions 
of the partial figures are calculated in two different ways and the average found-
whence the two writing directions for the partial areas. 

Another striking feature is the total lack of care for a faithful rendering of 
proportions. A line is, so it seems, described by the number written unto it, if it 
is a line of importance for the determination of "lengths" and "widths" of the 
partial figures. One and the same line on the figure can even have two different 
numbers written unto it—this is the case of the line delimiting the two triangles 
to the uttermost left: the numbers alone tell us that two different lines in the 
terrain are meant. 

This lack of care for correct proportions has some curious effects. At bottom 
of the plan, the hypotenuse of a right triangle continues directly as the skew 
side of a trapezium. In reality, the two lines are at an angle somewhat below 120°. 
To state things a bit sharply, the Babylonians did not make a drawing of the ter
rain in their field plans: They made a structural diagram, showing relevant 
lines, stating their lengths by inscribed numbers, and indicating their mutual 
relation with respect to the intended area calculation by visually right angles 
between lengths and widths. 

Similar structural diagrams are also often made as a support for the verbal 
statement of geometrical problem texts. A glaring example of the difference 

1 2 0 A plan of the fields belonging to the district Sulgi-sipa-kalama, from the tablet 
MIO 1107, published, redrawn and discussed by Thureau-Dangin (1897). 

1 2 1 So, the repeated claims of S. Gandz (e.g. 1939: 415ff.), F. Thureau-Dangin (e.g. 
TMB xvii) and E. M. Bruins (e. g. TMS 4) that the Babylonians possessed no con
cept corresponding to our concept of quantifiable angles is not contradicted by the 
field plan. In all probability, the claims are correct for the Old Babylonian period. So, 
a theoretical concept of the right angle must also be considered absent. But clearly, 
a practical concept of the right angle, as the correct angle relevant for area measure
ment, must have existed according to the field plan and according to much other 
evidence, including architectural structures and the expression "the four winds", i.e. 
four cardinal points. Somewhat pointedly, a Babylonian "right" angle can be claimed 
to be the opposite of a "wrong" angle. 

2 0* 
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between the real figure and the diagram interpreting the structure of the pro
blem is YBC 4675. 1 2 2 

Naturally, this does not mean that the Babylonians were unable to make real 
geometrical drawings when they wanted to, or that they did not recognize a 
geometrical square. This is shown by the rich variety of geometrical forms drawn 
on the table BM 15285, of which one example was discussed in section V. 7. 
Still, the use of structural diagrams instead of drawings in the field plans and in 
the geometrical problem text suggests that the geometrical drawings or imagina
tions which possibly supported the solution of algebraic problems may very well 
have been of the diagram type. The first 3tep in the reduction of Fig. 6, the re
drawing in reduced vertical scale, need not have been performed in drawing. At 
the evidence of field plans etc. we may surmise that the Babylonians can have 
been able to imagine the left section of the unshaded part of the figure first as 
a rectangle and next as square, while the right section would in both steps be 
considered an appended "one third of the side". At the same time, they will 
have known that the changed conception of the whole figure would correspond 
to a reduced area: No longer 20' but 40' • 20 '= 13' 20". 

Before leaving the problem of "drawings" we should take note of the fact that 
geometrical configurations can be represented materially by other means than 
through lines traced on a soft or colour-receiving surface. Some details of the 
Babylonian formulations could be read as hinting at a representation through 
small sticks or pieces of reed. I think especially of the identification of rectangular 
figures and their side and of the bisection through "breaking". It is also possible 
to make a pebble-representation of geometric figures in Greek style and to perform 
naive-geometric "algebraic" argumentation on such figures—and there exists 
indeed some vague evidence that early Greek calculators did so, inspiring thereby 
the development of the theory of figurate numbers. 1 2 3 

So, even though lines traced in sand, dust or wax appear to be the most plausible 
candidates for a representation of naive-geometric algebra it should be rememb
ered that they are not the only possible candidates. 

VII. The first degree 

All texts discussed up to this point were of the "second degree", if we translate 
them into modern formalism, and such problems are the main concern of the 
whole investigation. To a large extent, however, Babylonian mathematics dealt 
with real-life problems, which in the Babylonian context were of the first degree; 
furthermore, the more complex second-degree-problems involve transformations 
and equations of the first degree. Both in order to locate the use of naive-geometric 

1 2 2 MCT 44f. and Plate 26. 
1 2 3 I deal with this question in my 1988: 24ff. It should be observed, firstly, that the 

multi-digit numbers occurring in many Old Babylonian algebra problems make them 
unsuited for precise representation through pebble patterns; and secondly, that the 
Babylonian procedure descriptions do not fit the most natural progress of a solution 
by pebbles. 
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methods correctly in relation to the complete structure of Babylonian mathe
matics and in order to grasp the methods of the complex second-degree-problems 
it is therefore of importance to get some idea of the techniques and ways of thought 
of Babylonian first-degree mathematics. 

The present chapter presents two groups of texts suited for that purpose. 
Firstly I present two procedure-texts stemming from a larger group of problems 
all built on the same concrete data; they are sufficiently complex to admit of 
some insight into the patterns of thought employed. Secondly come two texts 
(stemming from a single tablet) reporting a didactical explanation of the trans
formations of a first-degree-"equation". 

On the basis of the insights gained from these texts it will be possible to proceed 
to further second-degree-problems involving supplementary first-degree-trans
formations, which will give us a more complete picture of the relations between 
first- and second-degree-techniques. 

VIL 1. VAT 8389 N° 1 (MKT I, 317f.; improvements from Thureau-
Dangin 1936: 58) 

The problem deals with a domain composed of two partial fields of areas Si and 
S a. The first field yields a rent in kind amounting to ? ï = 4 gur of grain per bur, 
while the second yields fü = 3 gur per bur. 1 2 4 In the present problem, the total 
area is told to be Si -f Su = 30' (sar), while the difference between the total rents 
yielded by the two fields is given as Bi-Ru = 8* 20° (sila). (1 bur = 30' sar, 
1 gur = 5' sila). 

Obverse I 

fi = 4 gur/bur 1. From 1 bur 4 gur of grain / have collected. 
i-na b ù r g â n 4 se-gur am-ku-us 

ru = 3 gur/bur 2. From 1 second bur 3 gur of grain / have collected. 
i-na bùrs à n sa-ni[-im] 3 se-gur am-ku-us 

jßi — i?ü = 8% 20° (sila) 3. The grain over the grain 8° 20' goes beyond. 
se-um u-gù se-im 8, 20 i-tir 

Si + Su = 3Q' (sar) 4. My meadows a I have accumulated: 30*. 
garim-ia gar-gar-ma 30 

5. My meadows what? 
garim-w-a en-nam 

The value of the practi- 6. 30' the bur pose. 20* the grain which he has collected 
cal unit bur is "posed" pose. 
repeatedly in the 30 bu-ra-am gar-ra 20 se-am sa im-ku-sû gar-ra 

1 2 4 The verb translated "to collect" in my translation is makäsum, "Ertragungsteil, -abgäbe 
einheben". MKT reads maläsum, "ausrupfen"; I follow Thureau-Dangin's correction 
(1936: 58), which shows the perspective to be not that of the peasant or the overseer-
scribe but that of the landlord or his accountant. Neither this nor F. Thureau-Dangin's 
other corrections interferes with the mathematical structure of the text (cf. also 
M K T III 58). 
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"mathematical" unit 
sar, while the specific 
rents are posed directly, 
without the intermediate 
calculation, as 
n[ = 4 • 5'] = 20'- (sila/bur) 

r i i [ = 3-5'] = 15' (sila/bur) 
Similarly, Bi — Rn and 
Si -\-Su are "posed" 

The total surface 
Si + Su = 30y (sar) is 
bisected into two partial 
fields of 15* and 15', 
and the respective rents 
are calculated under 
the assumption that the 
original specific rents 
hold good for these two 
fields : 
First the specific rents 
are recalculated in units 
of sila/sar (expressed as 
"false grain"). 
Next the hypothetical 
total rents R[ and R[{ 

are found through multi
plication with the hypo
thetical areas of 15' (sar): 
R\ = W (sila) 

R[{ = T 30° (sila) 

The difference between 
the hypothetical total 
rents is found : 
1 ^ - ^ = 1 0 ' - 7 ' 3 0 0 

= 2* 30° 

7. 30' the second bur pose. 
30 bu-ra-am sa-ni-am gar-ra 

8. 15' the grain which he has collected pose. 
1[5] ë[e-a]m s[a] im-ku-sû gar-ra 

9. 8' 20° which the grain over the grain goes beyond 
pose 
8, 20 s[a] ëe-um u-gù se-im i-te-ru gar-ra 

10. and 30' the accumulation of the surfaces of the 
meadows 0 pose 
ù 30 ku-mur-ri a-sà garim-mes gar-ra-raa 

11. 30' the accumulation of the surfaces of the 
meadows 
30 ku-mur-ri a-sà garim-mes 

12. to two break: 15'. 
a-na ëi-na hi-pi-ma 15 

13. 15' and 15' until twice pose: 
15 ù lb a-di ëi-ni-su gar-ra-raa 

14. The igi of 30', the bur, detach: 2". 
igi 30 bu-ri-im pu-tur-ma 2 

15. 2" to 20', the grain which he has collected 
2 a-na 20 se sa im-ku-sû 

16. raise, 40', the false grain) to 15' which until twice 
il 40 se-um l[ul] a-na 15 ë[a] a-d[i] ëi-ni-ëu 

16 a. you have posed 
ta-as-ku-nu 

17. raise, 10' may your head retain. 
il 10 re-eë-ka [l]i-ki-il 

18. The igi of 30', the second bur, detach: 2 n . 
igi 30 bu-ri-im ëa-ni-im pu-tur-ma 2 

19. 2" to 15', the grain which he has collected 
2 a-na 15 ëe-im ëa im-ku-sû 

20. raise, 30', the false grain; to 15' which until twice 
il 30 ëe-um lui a-na 15 ëa a-di ëi-ni-su 

20a. you have posed raise, 7' 30°. 
ta-aë-ku-nu il 7, 30 

21. 10' which your head retains 
10 ëa re-eë-ka û-ka-lu 

22. over 7' 30° what goes beyond?. 2' 30° it goes beyond. 
u-gù 7, 30 mi-nam i-tir 2, 30 i-tir 
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This difference falls 
V 20° -2K 30° = 5* 50° 
short of the real 
difference 

23. 2' 30° which it goes beyond from 8* 20° 
2, 30 sa i-te-ru i-na 8, 20 

24. which the grain over the grain goes beyond 
sa se-um u-gù se-im i-te-ru 

Obverse II 

The increase of the 
difference between the 
total rents is found for 
a transfer of 1 sar from 
the second to the first 
field : 22j increases by 40', 
Rü decreases by 30', 
and hence the difference 
increases by 40' + 30' = 
1° 10' (sila). The re
quired total transfer is 
found through a division 
by 1° 10' to be 5* (sar), 
which is then added to 
the first hypothetical 
partial field and sub
tracted from the second 
in order to yield the 
real "meadows" : 
& = 1 5 ' + 5 ' = 2 0 ' (sar) 
Sn = l&-& = 10' (sar) 

Proof: 
The total rents Ei and 
jßü are found for the 
values Si = 20' sar, 
Su = 10* sar (by renewed 
calculation of the 
"false grains") 

1. tear out: 5' 50° you leave, 
û-sû-uh-ma 5, 50 te-zi-ib 

2. 5' 50° which you have left 
5, 50 sa te-zi-bu 

3. may your head retain 
re-es-ka li-ki-il 

4. 40', the ch[ange,] and 30', [the change]d 

40 ta-ki-i[r-tam u^ 30 \ta-ki-ir\-tam 
5. accumulate: 1° 10'. The igûme I know not. 

gar-gar-ma 1, 10 i-gi-a[m u-ul i-de] 
6. What to 1° 10' shall I pose 

mi-nam a-na 1, 10 lu-uë-ku[-un] 
7. which 5' 50° which your head retains gives me? 

sa 5, 50 sa re-es-ka u-ka-lu i-na-di-nam 
8. 5X pose. 5' to 1° 10' raise, 

5 gar-ra 5 a-na 1, 10 il 
9. 5' 50° will it give you 

5, 50 it-ta-di-[k]um 
10. 5' which you have posed from 15' which until twice 

5 ëa t[a]-aë-ku-nu i-na 15 ëa a-d[i] ëi-ni-ëu 
11. you have posed, from one tear out 

ta-aë-ku-nu i-na i[ë]-te-en u-sû-uh 
12. to the other append, 

a-na ië-te-en s[i]-im-ma 

13. The first is 20', the second is 10\ 
ië-te-en 20 ëa-nu-um 10 

14. 20* is the surface of the first meadow, 10' is the 
surface of the second meadow. 
20 a-sà garim ië-te-at 10 a-sà garim ëa-ni-tim 

15. / / 20' is the surface of the first meadow, 
sum-ma 2 0 a - s à g a r i m ië-te-at 

16. 10' the surface of the second meadow, their grains 

what? 
10 a-sà garim ëa-ni-tim se-û-si-na en-nam 

17. The igi of 30*, the bur, detach: 2". 
igi 30 bu-ri-im pu-tur-ma 2 

18. 2" to 2 0 \ the grain which he has collected 
2 a-na 20 ëe-im ëa im-ku-s[u] 

75 

file:///ta-ki-ir/-tam


292 Jens Hoyrup 

Finally, the difference 
between the rents of 
the two meadows is 
found to be 81 20° as 
required. 

19. raise, 40'; to 2 0 \ the surface of the first meadow 
il 40 a-na 20 a-sà garim i[ë-te-at] 

20. raise, 13' 20° the grain, that of 2 0 \ the surface 
of the meadow. 
il 13, 20 ëe-um ëa [20 a-sà garim] 

21. The igi of 30*, the second bur, detach: 2". 
igi 30 bu-ri-im ëa-ni-[im pu-tur-m]a 2 

22. 2" to 15 \ the grain which he has collected, raise, 30'. 
2 a-na 15 ëe-[im ëa im-ku-sû i]l 30 

23. 30' to 10 \ the surface of the second meadow, 
30 a-na 10 a[-s à garim ëa-ni-tim] v 

24. raise, 5' the grain, that of 10 \ the surface of the 
second meadow. 
il L5J ëe-[u]m [ëa 10 a-sà garim ëa-ni-tim] 

25. 13' 20° [(the grain of the first meadow)] f 

13, 20 [ëe-um (ia/a-sà) garim ië-te-at] 
26. over 5 the grain [(of the second meadow)] 

u-gù [5] ëe[-im (ia/a-sà) garim ëa-ni-tim] 
27. what goes beyond? 8' 20° it goes beyond, 

mi-nam i-tir [8, 20 i-tir] 

a "Meadow" translates garim (^tawirtum), "(Feld-)Flur, Umland, Umgebung". 
This name for a specific sort of field is possibly used because the normal name for 
a field (eqlum) is reserved in mathematical contexts for the meaning "surface" 
(cf. the last paragraph of section V.4). The same word is used for partial fields in 
V A T 8512 (see von Soden 1939: 148), in a context where parallel texts would 
make us expect A-ENGUR. This led Thureau-Dangin (1940a: 4f.) to the con
jecture that the latter sign might in mathematical texts be a logogram for tawir-
tum, and not as usually (with the reading id) for närum, "Fluß, Wasserlauf, 
Kanal"; according to the TellIJarmal compendium, however, the sign group was 
read närum, "river" etc., even when a partial field was meant (IM 52916, rev. 15f., 
in Goetze 1951: 139). 
b The plural of the "fields" is indicated by the suffix -mes, which in the living 
Sumerian language had been reserved to a plurality of persons (cf. Falkenstein 
1959: 37). Obviously, the Sumerograms of the text are abbreviations for Akka
dian words, and not evidence of an unbroken Sumerian mathematical tradition. 
Cf. also SLa, 63, § 76. 
c "Grain" is in the nominative form, ëe'um. So, for once we are allowed by this 
happy apposition to interprète the common construction where a single number 
stands both as the result of one operation and as the object of the next : In the 
present case at least, the number is made explicit as a result, and is then implicitly 
understood in the next phrase. 

This observation makes sense of a peculiar usage of the tablet BM 13901, viz. 
the use of the Sumerian agentive suffix -e as a separation sign between numbers. 
Indeed, O. Neugebauer made this explicit in his translation (e.g. in N° 1, Obv. 1.1, 
translating the passage ak-mur-ma 45-e 1 wa-si-tam as "habe ich addiert und 
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0;45 ist es. 1, den Koeffizienten". Since the suffix is only used when a separation 
of a result from a succeeding number is required, I chose to regard the main 
function of the sign as a separation indicator, and absorbed it into the inter-
punctuation of the translation. There is, however, little doubt that a secondary 
agentive connotation is also implied by the sign. 
d "Change" translates takkirtum, my conjectural restitution of the damaged 
words of the line. Both 0 . Neugebauer and F. Thureau-Dangin suggest ta-ki-il-
tam, because this word was known to them as a mathematical term, which 
seemed to make some sense, since they interpreted sutäkulum simply as multi
plication and takiltum hence as a "factor". The profounder understanding of the 
terms makes this reading meaningless and hence problematic. The only other 
word listed in AHw which seems to fit the remaining signs of the line is takkirtum, 
"Änderung". It is absent from other mathematical texts, but it turns out to make 
excellent sense in connection with a mathematical argument for which parallels 
are even more absent from our text material. 

The term derives, indeed, from the D-stem of nakärum, viz. nukkurum, "(ver
ändern", "bessern", "weitergeben", "anderswohin bringen"., etc. Now, in certain 
series texts the epithet kür was applied to a "second" or "modified" width (cf. 
section IV.7). The Sumerogram is in general use for nakärum and its derivatives, 
but in the mathematical texts it appears to stand for the verbal adjective nukkurum 
of the D-stem. It is thus no wonder if the corresponding nomen actionis should 
belong to the mathematical idiom. Still, the restitution is conjectural. Truly, A. 
Westenholz finds it to fit the photograph at least as well as the old reading ; but 
another trained eye, viz. that of W . von Soden, rejects it as impossible (personal 
communications). 
e The text appears to distinguish the igi, i.e. the reciprocal of a number (an 
abstract mathematical concept), from the table value igûm, a very manifest 
entity. The latter term, in fact, turns up when the absence of the value from the 
table of reciprocals is stated. So does even the following text. Cf. Y B C 6967, 
above, section V. 1, which deals precisely with table values. 
f The double bracket [(. . .)] is used for a restitution of a passage where no parallel 
passages indicate the precise words of the original. 

The mathematical commentary aligned with the translation shows that all 
steps of the procedure can be interpreted very concretely.1 2 5 In principle, the 
text can of course also be followed by an abstract symbolic calculation, in the 
way its correctness is proved in MKT. But the text contains many steps which 
are superfluous if we suppose the real procedure to have been abstractly algebraic 
or arithmetical, so for instance the recalculation of the specific rents per sar in 
each case separately. The very complexity of the procedure points in the same 
direction : W h y should the system 

Si + Su = 3<y A. (4Si - 3Än) = 81 20° 

1 2 5 A concrete interpretation of the procedure was, as far as I know, first proposed by 
van der Waerden 1961: 67. 
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be solved via calculation of the quantity Si 1 " ? In the text discussed 

immediately below, a still more spectacular detour (as viewed from the standpoint 
of abstract algebra) will turn up. Finally, all problems from the group to which 
the present as well as the following text belongs can be followed in detail on the 
level of concrete thought. Even before we take the plausible use of the term 
takkirtum into account there seems to be little doubt that the real procedure is 
close to the one exhibited in the marginal commentary. If a collation confirms 
the possibility of the new reading, we can presumably regard the interpretation 
as fully confirmed, since no other replacement of the impossible takïltum seems 
at hand. K 

If we accept this conclusion, a number of features can be observed in the text. 
We observe that all intermediate quantities can be given a concrete meaning, 
either directly or, more significantly, with regard to a hypothetical situation. The 
"false grain" can be understood as "false" if we see it as that amount of grain 
which could be collected from the field in question had it been of area 1 sar ; and 
the 2' 30° (sila) of obv. I, 22 can be interpreted as the difference in rents had the 
two fields been of equal magnitude. 

The problem is of a type which in the Islamic Middle Ages might have been 
solved by a "double false pos i t ion" .The present text avoids the technicalization 
inherent in this procedure and sticks to steps which can be intuitively and directly 
justified. The text keeps far from understanding via abstract arithmetical relation
ships ; but it keeps equally far from the use of schemata learned by heart, and close 
to procedures which can be understood and explained. 

Evidently, the problem is artifical. None the less, it appears to reflect the 
procedures of practical calculation very precisely. In order to see this we shall take 
note of some characteristics of Babylonian metrology. No metrological series were 
completely sexagesimal, and only weight measures approached sexagesimality. 
In order to make use of their tables of fixed constants and of the tables of multiples 
and reciprocals the scribes therefore had to convert the measures of practical life 
into sexagesimal multiples of a set of basic units (the nindan, the sar, the sila, 
etc.), which can be considered "mathematical" in the sense that they formed the 
basis for computation as performed by the scribes (but which were of course also 
practical units for measurements of a certain order of magnitude). In order to 
facilitate the conversions the scribes would make use of tables. This is precisely 
what happens in the present text. Areas and rents are given in the customary 
units bur and gur, which are of the relevant order of magnitude. In obv. 6 
and 7 the scribe reads from his table that the bur is 30 (i.e., 30' sar), and that 
4 and 3 gur are, respectively, 20 (i.e., 20' sila) and 15 (15' sila)—this is the reason 
that the last numbers can be stated directlv. Double conversions, on the other 
hand (bur per gur into sila per sar) were not tabulated; therefore the specific 
rents (the "false grains") must be computed, as done in obv. 14—16 and 18—20, 

1 2 6 Then the difference in rent would have been calculated e.g. under the two different 
suppositions that Si = S u and SÜ = 0 , and the real values of Si and Su would have been 
derived by "inverse linear interpolation". Cf. Tropfke — Vogel 1980: 371 f. 

The difference between the procedure of the present problem and that of a "double 
false position" was already pointed out by Vogel 1960: 90ff. 
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and without preliminary conversion into "mathematical" units this could not 
be done by means of the table of reciprocals. 

The closeness of the text to practical computation makes its treatment of the 
bur important. Both in the beginning, in obv. I, 17—21, and again in the proof, 
"the bur" and "the second bur" are distinguished. This implies that the value 
of the bur is not just taken note of as a number when it is "posed" in the begin
ning. It must be written down or represented in some other way in two different 
calculation schemes or concrete representation of the two fields. 

W e may compare this use of "posing" with that of obv. II, 6—9, the division 
of 5X 50° by 1° 10'. The double construction of line 8 shows that "posing" is dif
ferent from the process of arithmetical multiplication, the "raising", but at the 
same time part of or presupposition for the performance of the computation— 
again, "posing" stands for the insertion into a computational scheme or other 
fixed procedure127—but not precisely the scheme in which the bur was posed. 

A third function of the term is found in obv. I, 9f. : When Si + Su and Bi — Bn 
are posed, it can have nothing to do with fixed procedures—the entities Si±Sn 
and Bi ~ Bn are dealt with differently in the set of related problems. Apparently, 
these fundamental entities are simply taken note of, presumably in writing, in 
any case by some material means. It is a fair guess that the way it is done is 
somehow analogous to the manner in which burs and reciprocals are "posed" in 
computational schemes or fixed representations. 

Our guarantee that "posing" of a given quantity uses some material means is 
provided by obv. I, 17 and II, 3. In bofch places, intermediate results are to be 
"kept in mind", literally to be "held by the head". This is an expression which 
is only used for intermediate results, never when given quantities or quantities 
found by naive-geometric manipulations are taken note of. "Keeping-in-mind" 
appears to concern the recording of intermediate results which fall outside fixed 
procedures and computational schemes. 

VII.2. VAT 8391 N° 3 (MKT I, 321f., improvements from Thureau-
Dangin 1936: 58) 

The two tablets VAT 8389 and VAT 8391 belong together, and contain a num
ber of problems dealing with the same two fields. In the present problem, Si — Sn 
und Bi-\-Ba are given, together with the values of the specific rents, which are 
common to all problems. 

Reverse I 

Given are again 3. / / from 1 bur of surface 4 gur of grain / have 

n = 4 gur/bur, and collected, 
r i i = 3 gur/bur sum-ma i-na bùr« â n a-[sà] 4 se-gur [am-ku-us] 

*27 In those rather few eases which go "What shall I pose to Y which gives me X ? Pose 
Z, X it gives you", the "raising" of Z to Y must then be considered as implied by the 
"posing" as an automatic consequence (cf. se( tion IV.6.). 
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Further 
Si-Sn = ltf (sar) 

î i + i^ii=18 , 20° (sila) 

The bur is "posed" (in 
sar) once for each mea
dow, and so are r\ and 
ru (in sila/bur) 

Sx-Su is "posed" (the 
entity will be designated 
S' in the following) 
Bi + Bu is "posed" 

The wasum is "posed" 

The specific rent of the 
first meadow is recal
culated in sila/sar 

The rent B' of that 
part S' of the first 
meadow which exceeds 
the second meadow is 
found to be i?' = 6' 40°. 
The remainder B" of 
the total rent, R' = 
Bi + Bii-B' = lV 40°, 
must then come from 
equal areas of the two 
meadows. Hence, a unit 
area is regarded ; it is 
seen as composed of 

4. from 1 bur of surface 3 gur of grain / have 
collected, 
i-na b ù r g â n a-sà 3 se-gur am-[ku-us] 

5. now 2 meadows. Meadow over meadow 10' 
goes beyond, 
i-na-an-na 2 garim garim u-gù garim 10 i-tir 

6. their grain I have accumulated; 18* 20°. 
ëe-e-ëi-na gar-gar-ma 18, 20 

7. My meadows what? 
garim-^-a en-nam 

8. 30' the bur pose. 20' the grain which he has collected 
pose. 
30 bu-ra-am gar-ra 20 se-am sa im-ku-sû gar-ra 

9. 30' the second bur pose. 15' the grain which he has 
collected 

30 bu-ra-am sa-ni-am gar-ra 15 ëe-am sa im-ku-sû 
9a. pose, 

gar-ra 
10. 10' which meadow over meadow goes beyond 

pose. 1[0 ë]a garim u-gù garim i-te-ru gar-ra 

11. 18' 20° the accumulation of the grain pose. 
[18, 20 ku-]mur-ri ëe-im gar-ra 

12. 1 the wäsum3, pose. 
[1 wa-si]-am pose 

13. the igi of 30', the bur, detach: 2"; to 20', the grain 
which he has collected 
igi 3[0 bu-ri-im pu-tur-m]a 2 a-na 20 ëe-im ëa 
im-ku-sû 

14. raise, 40', the false grain; to 10' which meadow 
over meadow goes beyond 
il 40 ëe-um l[ul a-na 1]0 ë[a garim] u[-gù garim 
i-te-r]u 

15. raise, 6' 40°; from 18' 20°, the accumulation of the 
grain 
il 6, 40 i-na 18, 20 ku-mur-ri ëe-im 

16. tear out: 11' 40° you leave, 
u-su-uh-ma 11, 40 te-zi-ib 

17. 11 ' 40° which you have left, may your head retain. 
11, 40 sa te-zi-bu re-eë-ka li-ki-il 

18. 1 the wäsum to two break: 30'. 
1 wa-si-am a-na ëi-na hi-pi-ma 30 

19. 30' and 30' until twice pose: 
30 ù 30 a-di ëi-ni-ëu gar-ra-ma 
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V2 sar from each 
meadow. These parts 
are "posed" 
The specific rents ri 
and fü are recalculated 
(rA a second time) in 
sila/sar. The rents of 
the two halves of the 
unit sar are found, 
the first to be 20' 

the second to be 15' 

Hence, the rent of the 
average unit sar is 35'. 
Since the total rent of 
the area (Si-S^ + Sn 
can be taken to come 
from such average sars 
(Si—S' = Su), and since 
it is known to be 
R" = 1V 40°, (Si-S')+S 
can be found through 
division by 35' to be 20 \ 
By error, this area 20* 
is not bisected, which 
would give Si—S' and 
Su. Instead, it is con
fused with the area of 
the first meadow (which 
is indeed known in 
advance to be 20'). Sü 

is then found through 
the subtraction of 

20. The igi of 3 0 \ the bur, detach: 2"; to 2 0 \ the grain 
which he has collected 
igi 30 bu-ri-im pu-tur-ma 2 a-na 20 ëe-im sa im-ku-sû 

21. raise, 40'; to 30' which until twice you have posed 
il 40 a-na 30 sa a-di ëi-ni-ëu ta-aë-ku-nu 

22. raise, 20'; may your head retain. 
il 20 re-es^ka li-ki-il 

23. The igi of 30', the second bur, detach: 2". 
igi 30 bu-ri-im ëa-ni-im pu-tur-ma 2 

24. 2" to 15\ the grain which he has collected 
2 a-na 15 ëe-im ëa im-ku-sû 

25. raise, 30'; to the second 30' which you have posed 
raise, 15'. 
il 30 a-na 30 ëa-ni-[i]m ëa ta-aë-ku-nu il 15 

26. 15' and 20' which your head retains 
15 ù 20 ëa re-eë-ka û-ka-lu 

27. accumulate: 35'; the igûm I know not. 
gar-gar-ma 35 i-gi-am û-ul i-di 

28. What to 35' shall I pose 
mi-nam a-na 35 lu-us-ku-un 

29. which IT 40° which your head retains gives me% 
ëa 11, 40 ëa r[e-e]ë-ka û-ka-lu i-na-di-nam 

30. 20' pose, 20' to 35' raise, 11' 40° will it give you. 
20 gar-ra 20 a-[na] 35 il 11, 40 it-ta-di-kum 

11 

31. 20' which you have posed is the surface of the first 
meadow. 
20 ëa ta-aë-ka-[nu a-]sà garim ië-te-at 

32. From 20' the surface of the meadow, 10* which 
meadow over meadow goes beyond 
i-na 20 a-sà garim 1[0 ëa] garim u-gù garim 
i-t[e]-ru 

33. tear out: 10' the surface you leave, 
û-sû-uh-ma 10 [a-sà te-]zi-ib 

Reverse II 

1—9 [contains a proof of no specific interest] 
a wäsum is closely related to the wäsitum of BM 13901, Nos 1, 2, 3 and 23 (cf. 
above, chapter V). 
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The basic conclusions could be repeated here: Once more, all more complicated 
steps in the calculation are chosen such that their results can be given a concrete 
meaning (and as before, simple transformations like that of bur/gur to sila/bur 
are performed without commentary). This time, however, there is direct and 
undamaged textual evidence for the correctness of the concrete interpretation 
given in the marginal commentary. 1 2 0 Firstly, of course, the 35' of rev. 1,27 must 
necessarily be the rent of an average sar; secondly, the rent of 20' which cor
responds to the semi-sar belonging to the first field is calculated with reference 
to "the bur", while the 15' corresponding to the second field is calculated with 
explicit reference (in rev. 1,23) to "the second bur", which all the way through 
belongs with the second field. The 35' is clearly not the rent of an abstract average 
sar but that of a sar composed half from one and half from the other field. 

This confronts us with a terminological problem : It appears that the bisection 
of rev. 1,18 does not affect an area but instead a width of 1. Indeed, the wâsûm 
which is already posed in rev. 1,12, and which is later bisected, is nothing but the 
masculine form of the wäsitum known from BM 13901, the width of 1 which 
transforms a length into an area of equal magnitude. 

Evidently, the term is supposed by our author to refer to a familiar quantity. 
Like the bur, it is "posed" (in rev. 1,12) for use in the calculation without being 
mentioned before among the given quantities. 

The most obvious assumption is that the term means the same thing here as 
in the quadratic equations. If it does, we are provided with a clear exposition of 
the conceptualization of the calculation. The unknown area (Si—S') -\-Sn = s 
must be thought of as a rectangle of length s and width 1. Half of it, of length s 
and width A / 2 belongs to the first field, and the other half, of equal length and 
width, belongs to the second field. The 35' should not then be thought of strictly 
as the rent of 1 average sar, but as the rent of 1 unit length (1 nindan) of the 
rectangle; similarly, the division of rev. II, 28—30 does not give us directly the 
area s, but instead the length s of the rectangle, and thereby implicitly its area. 

The idea may seem strange to us. But a related conceptualization appears to 
lie behind the area unit ese (1 6 8 6 2 = 1 0 ' sar). It corresponds to a field of width 
"1 rope" (1 ese3 = 10 nindan) and length V nindan; another unit, the "(area) 
nindan", has the same length but only the width 1 nindan. 1 2 9 Similar ideas are also 
found in Egyptian area metrology (1 "cubit of land" being a rectangle of width 
1 cubit and length 100 cubit = 1 "reel of chord", while 1 "thousand of land" had 
the same length and a width of 1000 cubits 1 3 0) and in Babylonian measures of 
volume (identifying units of area and volume by means of a standard height 
equal to 1 cubit). So, the whole idea may have been most concrete to a Baby
lonian scribe, and hence the identification of wâsûm and wäsitum can be con
sidered reasonable.1 3 1 

1 2 8 An explanation of the procedure which as far as 1 know has been overlooked by all 
previous investigators of the text. 

1 2 ü See Powell 1972: 185 and passim. 1 3 ° See Peet 1923: 24f. 
1 3 1 It can be observed that the length of the bur when applied to the width wasum = 1 

nindan equals the largest Babylonian length measure, the danna (% 10.8 km), as 
it was pointed out independently of the present analysis by M. Powell at the Third 
Workshop on Concept Development in Mesopotamia!! Mathematics, Berlin, Decem
ber 1985. 
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We remember that it is precisely the idea that a linear extension possesses a 
"standard width" of 1 nindan which permits us to see an area calculation as an 
operation of proportionality or scaling, and which thus gives conceptual unity 
to all applications of the term "raising" (cf. Fig. 3 and the discussion of the 
meaning of the term in section IV.3). 

VII.3. TMS X V I , parts A and B (TMS, 92, cf. von Soden 1964) 

The two preceding texts treated seemingly concrete (if surely not practical) 
problems of the first degree. The present texts are very different. They deal with 
the basic abstract length-width-representation, and they solve no problems 1 3 2; 
instead, they present us with a didactical discussion of the meaning and the 
transformations of simple "equations of the first degree". They have been exca
vated in Susa (late Old Babylonian epoch), and they belong to a type not known 
from Babylonia itself. Maybe the need to fix didactical explanations in writing 
have to do with the fact that the texts represent a cultural import, no continuous 
autochthonous tradition; maybe the Susa excavators have simply had good 
luck where those working on (or looting!) Babylonian sites have not. 

Although the two texts are mutually independent, they are so close to each 
other that both translations are best given together, before the commentary. 

Part A 

(x = 30, y = 20) 1. The 4th of the width from the length and width 
x + y — 1Uy — ̂  to tear out, 45. Y o u , 45 

[4-at sag i-na] us ù sag zi 45 za-e 45 
4 • ( — 1 1 — ) = 3X 2. to 4 raise, 3' yon see. 3 \ what is that? 4 and 1 pose. 

[a-na 4 i-si 3 ta]-mar 3 mi-nu su-ma 4 ù 1 gar 
# + y = 50, [Uy = 5 3. 50 and 5, to tear out a , pose. 5 to 4 raise, 1 width. 
4 • 5 = [4 • lUy = ] 1 • y 20 to 4 raise 

[50 u] 5 zi igar 1 5 a-na 4 i-si 1 sag 20 a-na 4 i-si 
4 - 2 0 = f 20° = 4 - y 4. V 20° you see, 4 w i d t h s . 30 to 4 raise, 2' you see, 
4 - 3 0 = 2' = 4 - x 4 l e n g t h s . 20, 1 w i d t h t o t e a r o u t , 

1, 20 ta-(mar) 4 s a g 30 a-na 4 i-si 2 ta-(mar) 4 us 
l ' 2 0 ° - 2 0 = 4 - y - l - y 20 1 sag zi 
= 1' 5. from T 20°, 4 widths , tear out , 1' you see. 2 \ 
2* + V = [4-]x + 3-y = 3y lengths, and V, 3 widths, ACCUMULATE, 3' 

you see. 
i-na 1, 20 4 sag zi 1 ta-mar 2 us ù 1 3 sag UL.GAR 
3 ta-mar 

4 - i = 15' 6. The igi of 4 detach, 15' you see. 15' to 2 \ lengths, 
i/ 4 • 2' = */ 4 • ([4 • ]x) = 30 raise, 30 you see, 30 the length 

= 1 • x igi 4 pu-[tû-û]r 15 ta-mar 15 a-na 2 us i-si 3[0] 
ta-(mar) 30 us 

132 True enough, the mathematical commentary in TMS claims that they do, and even 
tries to make them do it, though with considerable violence to the texts. 
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i / 4 . r = i 5 = [ 3 / 4 - ] y 
[1 . z + 3 / 4 - 2 / = ] 3 0 - h l 5 

The coefficient to y is 8. 
found by an argument 
of type "single false 
position" to be (4 —1)/4 = 
3 / 4 = V4 • 3 = 15' • 3 = 45' 9. 

The coefficient to a; 10. 
is 1 (from line 6) 
The "width" y of the 
calculation is known 
to be 1 times the "true 11. 
width" (of a figure?); 
hence y—1 -20 = 20, 12. 
and 45' • 2/= 45' -20 = 15, 
which when subtracted 
from 45 = 30 + 15 leaves 
30 = 1 • x 

15' to V raise, 15 the contribution* of the width. 
30 and 15 retain0 (?). 
15 a-na 1 i-ëi [1]5 ma-na-at sag 30 ù 15 ki-il 
Since "the 4th of the width to tear out", it has been 
said to youa, from 4, l t e a r o u t , 3 you see. 
aë-ëum 4-at sag na-sà-hu qa-bu-ku i-na 4 1 zi 3 
ta-mar 
The igi of 4 detach, 15' you see. 15' to 3 raise, 45' 
you see, 45' as much as (there is) of widths. 
igi 4 pu-(tu-ur) 15 ta-mar 15 a-na 3 i-ëi 45 ta-(mar) 
45 ki-ma [sag] v 

las much as oi lengths pose. 20 the true e width 
take. 20 to 1 raise, 20 you see. 
1 ki-ma us gar 20 gi-na sag le-qê 20 a-na 1 i-ëi 20 

20 to 45' raize, 15 you see. 15 /rom 3 0 1 5 tear out, 
20 a-na 45 i-ëi 15 ta-mar 15 i-na 3015 [ z i ] 
30 yow see, 30 the length. 
30 ta-mar 30 us 

a TMS transcribes the beginning of this line as [50 ù] 5 ZI.A( ! ) (GAR) and inter
prètes ZI as a (phonetically motivated) writing error for SI, which would give the 
passage the meaning "50 and 5 which go beyond (pose)". The supposed A is, 
however, damaged and clearly separated from the ZI. As far as I can see from the 
autography, the traces might as well represent the lacking GAR, which would 
give the reading [50 ù] 5 zi gar, "50 and 5, to tear out , pose". Not only is this 
in harmony with the actual text, it also has the clear advantage over the reading 
of TMS to be in agreement with the zi, "to tear out", of line 4, as well as with 
those of lines 1, 5 and 8. The latter of these, which is an explicit quotation of line 
1, is written in syllabic Akkadian, excluding any error. It is also this quotation 
which shows that the zi is thought of as an infinitive, not as a finite form (cf. 
below, note d). 

b "Contribution" translates mandtum, an abstract noun derived from manûm, 
"to count". Etymologically, the meaning would be "the count"/"the counting". 
However, the term is found only here and in two other Susa texts (TMS X I I and 
X X I V ) . In one of these, its use is unclear, in the other the term is isolated by a 
break. AHw suggests hypothetically an identification with Hebrew and Aramaic 
menat, which in H A H w (pp. 4 3 8 2 - 4 3 9 1 ) is exemplified by "Anteil der Priester 
und Leviten" and "d. Teil (Beitrag) des Königs". The ensuing "share/contribution 
of the widths" fits the present text excellently, and it is not contradicted by the 
other two occurrences. 

c "Retain" is a conjecture (ki\-il\) due to von Soden (1964: 49). TMS has hulum, 
Assyrian for "way", interpreted as "method" by the editors. 
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d This quotation is very remarkable, since the ideographic zi is rendered syllabi-
cally by an indubitable infinitive, na-sà-hu. 

TMS claims that an indubitable gi-na, "true", must be a writing error for 
ki-ma, "as much as". If this were the case, kima sag, "as much as of widths", 
would represent both the coefficient to the width (45', in line 9) and the value 
of the width (20, in line 10) ! 

Part B 

(z = 30, y = 20) 
(x-y) + iUy=\$ 

4 - ( - " - ) = r 

x-y = 10, 1Uy = o 

(x-y) + y=10 + 20 
= 30 = x 

4 . 1 / ^ = 4 - 5 = 20 = y 

4 • y = 4 • 20 = V 20° 

4 • x = 4 • 30 = 2* 

4 • y-y=V [ = 3 -y] 

4 • x-(4 • y-y) = 
2y-r = r 

The coefficient to y is 
found by an argument 
of type "single false 
position" to be 
( 4 - l ) / 4 = 3/4 = i / 4 . 3 
= 15' • 3 = 45', the 
"negative" (i.e. sub-
tractive) type of which 
is noted. 

The coefficent to x is 1, 
1 • x = l • 30 = 30 

45' -i/ = 45' 20 = 15 

21 Altorient. Forsch. 17 (1990) 2 

13. The 4th of the width to that which length over 
width goes beyond to append 
4-at sag a-na sa us ugu sag i-te-ru da h 

14. 15. You, 15 to 4 raise, 1 you see, what is that? 
15 za-e 15 a-na 4 i-ëi 1 ta-mar mi-nu-ëu-[û] 

15. 4 and 1 pose. {. . .} 
4 ù 1 gar {15 a-na 4 i-ëi 1 ta-mar mi-[nu-ëu-û]} 

16. 15 scatter*. 10 the go ing-beyond and 5 the ap
pended pose. 20 the width 
15 su-pi-ih 10 dirig ù 5 da h gar 20 sag 

17. to the going-beyond append; 30 the length, 
20 to tear out pose. 
5 to 4 raise, 
a-na 10 dirig dah 30 us 20 zi gar 5 a-na 4 i-ëi 

18. 20 you see; 20, the width, to 4 raise, V 20° you see. 
20 ta-mar 20 sag a-na 4 i-ëi 1, 20 t[a-mar] 

19. 30, the length, to 4 raise, 2' you see. 20, the width, 
30 us a-na 4 i-ëi 2 ta-mar 20 sag 

20. from V 20° tear out, V [. . .] V you see 
[(3 widths(?)); V] 
i-na 1, 20 zi 1 [. . .] 1 ta-mar [. . . 1] 

21. from 2\ lengths, tear out , 1' you see, what is 

that? [. . .] 
i-na 2 us zi 1 ta-mar mi-nu ëu-û [. . .{1(?) ta} ...] 

22. From 4, of the fourth, 1 tear out , 3 you see. The 
igi of 4 detach, 15' you see. 
i-na 4 ri-ba-ti 1 zi 3 ta-mar igi 4 pu(~tû-ûr) 15 
ta-[mar 

23. 15' to 3 raise, 45' you see, as much as of widths 
pose. Pose to tear o u t b : 
[15'] a-na 3 i-ëi 45' ta(-mar) ki-ma sag gar gar 1 

zi-ma 

24. 1 as much as of lengths pose [. . .] 1 take, to 

1 length 
1 ki-ma u[s gar . . .] 1 le-qé a-na 1 us 

25. [raise, 30 you see (. . . ) ] c . 20 the width, 20 to 45', 
widths , raise, 
[i-ëi 30 ta-mar (. . .)] 20 sag 20 a-na 45 sag i-ëi 
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15 + 45' • ^ = 1 5 + 1 5 
= S0 = x 

26. 15 you see. 15 to 15 append, 30 you see, 30 the 

length. 
[15 ta-mar 15] a-na 15 da h 30 ta(-mar) 30 us 

a "To scatter11 translates sapäfaum, "auflösen, zerstreuen" (the reading is due to 
von Soden—private communication, cf. 1964: 49). In fact, 15 is "scattered", i.e. 
analyzed into its constituent components 10 (=x — y) and 5( = iUy). 

b TMS reads "4 zi-ma" and neglects the "4" in the translation, since this number 
gives no sense. Often GAR ( = g a r , "to pose") and 4 cannot be distinguished; 
so, we seem to be left with the choice between a formulation whichv makes no 
sense in its context, but which could have crept in by a copying error (the reading 
of TMS) and a reading which makes sense, and which possesses a parallel in line 17 
(the present reading). However, close inspection of the autography shows an 
outspoken tendency to write GAR symmetrically, while 4 is normally written 
asymmetrically (as Xf? and ly, respectively). Only collation could decide 
whether the few exceptions are due to the scribe or the copying, and whether the 
difference reflects a different sequence of impression of the wedges. In any case, 
the problematic sign is as much a GAR as its left neighbour. So, the reading gar 
zi-ma appears to be established beyond reasonable doubt. Cf. also part A, line 3. 

0 TMS makes a different restitution, which presupposes that laqum, "to take", is 
used synonymously with naêûm, "to raise" as a term for multiplication. This 
presupposition is totally unsupported, and clearly contradicted by part A, line 10. 

The present restitution is conjectural—only the "raise" required by the "to" 
seems secure. Possibly the restitution fills out the entire lacuna, possibly a few 
more signs can have found their place. 

Both parts deal with a length of 30 and a width of 20, and this is supposed 
by the text to be known in advance 1 3 3, as are the sum of length and width, the 
excess of length over width, and the fourth of the width. 

Part A leads off with an equation which in symbolic translation runs x + y — 1//ly = 
= 45 and asks for the meaning of the 3" which result when the right-hand-side is 
multiplied by 4. It then looks at the single members of the left-hand-side, multi
plying each with 4, explaining 4-20-T 20° to be 4y, 4-30 = 2' to be 4x, and 
4 • ([subtractive] 5) = 20 to be a subtractive y (cf. below on this indication of 
sign). The result is 2* + (T 20° - 20°) = (the required) 3\ 

Then, from line 6 onwards, the reverse operation is performed, but this time 
on the sum of 2y = 4x and T = Zy. */4. 2' = 30 is told to be simply x, while 1/4 * T = 15 
is told to be the "contribution of y11. In line 8f., the coefficient of y is calculated 
to be V4 • (4 — 1) = 45', and it is given the name "as much as" (kima) (there is) of 
widths. In line 10, the coefficient of x is stated to be 1. Finally, the product of y 

m According to TMS, only the width is known. Had this been the case, the operations 
of line A.3 would have proceeded conversely : From a width of 20 to its fourth (5), whence 
from 45 to 50. In part B, similar disagreements between the text and E. M. Bruins's 
assumption that the length be unknown can be pointed out. 
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and its coefficient is calculated and subtracted from the 45 of the right hand side 
(written as it was already analyzed in lines 6f.), and the remainder is seen to 
be equal to the length, as required. 

Part B runs along similar lines, the main difference being perhaps that this 
time the analysis of the right hand side appears to be made verbally explicit as 
a "scattering" in line 16. "Contributions" and "coefficients" recur—the former, 
it is true, without the explicit label manätum. 

For the sake of clarity, the operations can be organized schematically, as it is 
shown on the following p a g e . m We observe that there is a close analogy between 
the Babylonian text and our own treatment of the corresponding equation. Not 
only the coefficients and the contributions but also the multipliers 1 and 4 of the 
left margin are stated explicitly. It seems, however, that most of the operations 
are supposed to be followed mentally: in part A, only the multipliers and the 
numbers 50 and 5 of line 8 are "posed", in a way which suggests written repre
sentation; all the rest is done rhetorically, or followed without notation on a 
graphic representation. 

In the previous texts the concrete pattern of thought was noticed. A similar 
observation can be made here, both on the terminology used for contributions 
and coefficients and for the way the coefficients are calculated. In both parts, 
the coefficient of y is found by an argument of type "single false position" and 
not through the arithmetically simpler but more abstract calculation 2 — */ 4 = 
= 2° — 15'' = 45''. Similar patterns are found elsewhere in the material, e.g. in VAT 
7532, rev. 6f. (MKT I, 295). 

Even if concrete, the designation of the coefficient by a special expression can 
be considered a formalization of the "accounting technique" which was dis
cussed above (section V.6). Another formalization of something which was done 
currently with or without formalization is the designation of certain numbers or 
entities as "subtractive", "to tear out" (in lines 3, 4, 17 and 23), written by the 
sumerogram zi. That we are really confronted with sort of sign is most clearly 
demonstrated by lines 4 to 5, where "20, 1 width", is firstly given the epithet 
"to tear out", and afterwards really torn out. 

zi is not only used to indicate subtractiveness but also for the subtractive 
operation ("tearing-out") itself, e.g. in line 1, as it is indicated by the preposition 
"from" (ina). It is an old issue whether such occurrences should be Akkadianized 
in transliterations. F. Thureau-Dangin did so without hesitation, regarding the 
sumerograms as pure logograms which were read by the scribes as grammatical 
Akkadian and which should hence be read so by us. He was so confident about 
this that he did not indicate the sumerogram parenthetically, as it is done in e.g. 
TMS. 0 . Neugebauer, on the other hand, claimed that the ideograms functioned 
as mathematical operators, not as words belonging to current language (see e.g. 
M K T I, viii). Line 8 of part A shows that 0 . Neugebauer was at least partly 
right: The statement is quoted, but the ideographic writing zi is rendered in 
phonetic writing as an infinitive, na-sà-hu (the text is written without "mimation", 
the final m of nouns and nominal verbal forms which was gradually dropped). 

1 3 4 The symbolic schematization of part A was proposed to me by P. Damerow at the 
First Workshop on Concept Development in Mesopotamian Mathematics, Berlin 1983, 
where I first presented my interpretation of the text. 
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At least the term zi must, at least in the Susa school, have been regarded as an 
ideogram for an abstract mathematical operation, not as a logogram to be pro
vided with correct grammatical pre- and suffixes when read. 

Indications exist that the restrictions to zi and to the Susa school are super
fluous. Indeed, if ib-s i 8 were read mithartum (as claimed by F. Thureau-Dangin), 
how are we to understand changes in the ideographic expression following Su
merian homophonic patterns (ib to ib, s i 8 to si)? How are we to explain the use 
in certain texts (among which IM 52301, see below, section X . l ) of a term basûm, 
evidently an Akkadianized pronunciation of ba-si 8 ? What are we, finally, to 
do about the distinction between the Akkadianization igûm, the table value, and 
igi, the abstract reciprocal number? It appears that certain Sumerograms-were 
(at least in certain text-types, among which the compactly written series texts 
must be reckoned) regarded as ideograms, that they were sometimes read in 
Sumerian and sometimes Akkadianized without proper inflection in person and 
tense. 1 3 5 

A final observation on the text concerns part A, line lOf. Both the formulation 
and the actual calculation are conspicuous. Why is the width spoken of as a 
"true width"? And why is 45' widths calculated not as 20 raised to 45' but in 
two steps, the true width being first raised to 1, and the result next raised to 45'? 

The immanent analysis of the text provides us with no answer; below we shall 
see how at least a suggestion can be found in the texts BM 13901 N° 14 and 
TMS I X (sections VIII. 1 and VIII.3, respectively)—a suggestion which appears 
to be confirmed in TMS X I X (cf. below, note 176). 

Symbolic and graphic schematization of the operations 

OL 1 lx + iy - = 45 

ß lx + 45V = 45 

Y 1 < 30 + 20 - 5 = 45 

ô 50 — 5 = 45 

à' > 30 + = 45 

4x + 4y - = 3 l 

Z 4 • 
4x + 3' 
2' + 1°20' - i — 3' 

. 2* r — 3' 

Apparently, the 1 and 4 posed in line 2 of the text are the factors written to the left 
of the two groups of equations. The rest of part A discusses the relations between 
the lines a to ê. 

It is seen that a represents the original equation of "lengths" and "widths", written 
symbolically, while e is obtained from this original equation through multiplication 

1 3 5 On other occasions we are of course forced to acknowledge some Sumerograms as 
logograms for proper Akkadian, — viz. when they are provided with Akkadian pho-
netico-grammatic complements. Cf. note a to BM 13901, No 23 (section V.4). 
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by 4. y and n represent the same equations when the known values of length and 
width are inserted. 

In the text, line 3 "poses" the 50 and 5 of y, representing 5 as "that which is torn 
out" (from 50). Next (line 3—5), the transformation of y into rj is explained term for 
term in order to solve the problem raised in line 2: which meaning to ascribe to the 
3y which arise when the right-hand side of a is multiplied by 4. This is done with 
reference to e, £ and &. 

Line 6f. explains the reverse transformation rj to y, referring to ô', where the 
respective contributions of lengths and widths are separated. Line 8—12, finally, 
explains à' in terms of ß where the coefficients of x and y, i.e. "as much as there is" 
of lengths and widths, are found and multiplied by the numerical value of these 
entities. 

Instead of this symbolic schematization, a graphic scheme could also be used. 
For the sake of variation we shall apply it to part B, which to a first glance seems 
somewhat more opaque than part A, but which turns out to be very simple in graphic 
representation: 

« x = 30 • 

y = 20 > « x — y-

-*hty=15 • +-'Uy=5^ 

I 15 

•I 
20 

y=20 

10 

1' — 

4y=V20 

3y=V 

-4x=2'-

Once again, the upper half of the scheme corresponds to the original equation and 
the lower half to the multiplication by four. 

The steps of the text are easily demonstrated at the scheme. Evidently, an oral 
representation would not need the many lines drawn here. The heavy line in the 
middle could do, if only the teacher pointed out in each step which segment was 
spoken of now. While the symbolic scheme is of course anachronistic as a mapping 
of the text, the graphic representation may thus be close to what actually went on in 
the Susa school. 

A graphic interpretation of part A will be found in my 1989: 24. 

VIII. Combined second-degree problems 

In chapter V, a number of simple second-degree problem texts were presented 
and discussed, and in chapter VII we had a look at some very concrete first-
degree problems. Together, the two chapters might convey the impression that 
Babylonian mathematics was not only concrete in its cognitive orientation but 
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also simple, not to say simplistic. In order to counteract at least in part this 

misleading impression the present chapter shall present a couple of texts which 

combine the first- and second-degree techniques in various ways, demonstrating 

a bit of the sophistication to which Babylonian algebra was able to rise while 

remaining concrete and "naive". The last section of the chapter presents another 

didactical Susa text, which builds the bridge from simple to more sophisticated 

second-degree algebra. 

V I I I . 1. B M 13901, N ° 14 ( M K T I I I , 3 ; cf. T M B , 5) 

Several other problems from the same tablet were already presented above 

in Chapter V. The present problem contains yet another problem of squares, 

this t ime in two variables connected through a simple inhomogeneous equation 

of the first degree. Through substitution and use of the accounting technique, 

the problem is reduced to that dealt with in section V . 5 and solved by the same 

procedure. 

ar2 + 2/2 = 25* 25° 

2 / = 2 / 3 * + 5 

x= 1 • z 
2/ = 4 0 ' - z + 5 

Z 2 = 1 2 . 2 2 = 1 . 2 2 

1/2= (40' - 2 + 5)2 

= 2 6 ' 4 0 " - 2 2 

+ 2 • 40 ' • 5 - 2 + 25 

1° 26' 40" • 22 

+ 2 - 5 - 4 0 ' - 2 = 25 v 

Putting Z = 1° 26' 40" • z 

we get when multiplying 

by 1° 26' 40" 

Z 2 + 2 • 5 • 40' Z 
=Z2 + 2 - 3 ° 20' Z 
= 1° 26' 40" • 25* 

= 36' 6° 40 ' 

(Z + 3° 20')2 = 36 , 6° 40 ' 

Obverse I I 

44. The s u r f a c e s of my two confrontations I have 
accumulated: 25' 25°. 
a - sà si-ta mi-it-ha-ra-ti-ia ak-mur-ma r 2 5 , ]25 

45. The confrontation, two-third of the confrontation and 
5 n i n d a n 

mi-it-har-tum si-ni-pa-at mi-it-har-tim [ù 5 n i n d a ] n 
46. 1 and 40' and 5 overgoing the 40' you inscribe. 

1 ü 40 ù 5 [e-le-nu 4]0 ta-la-pa-at 
47. 5 and 5 you make span, 25 inside of 25' 25° you 

tear out:* 

5 ^ 5 [tu-us-ta-kal 25 llb-bi 25 , 25 ta-na-sa-ah-ma] 

Reverse I 

1. 25' you inscribe. 1 and 1 you make span, 1. 
40' and 40' you make span, 
[25 ta-la-pa-at l u i tu-uê-ta-kal 1 40 ù 40 tu-uë-
ta-kal] 

2. 2 6 ' 4 0 " to 1 you append: 1° 26' 40" to 25* you 
raise: 
[26, 40 a-na 1 tu-sa-ab-ma 1, 26, 40 a-na 25 ta-na-
si-ma] 

3. 36* 6° 40' you inscribe. 5 to 40 ' you raise: 3° 20' 
[36, 6, 40 ta-la-pa-at 5 a-na 4]0 t[a-na-si-ma 3 , 20] 

4. and 3° 20' you make span, 11° 6' 40"; to 36* 6° 40" 
you append: 
[u 3 , 20 tu-us-ta-kal 11, 6, 40] a-na 3[6] , 6, 40 
[tu-sa-ab-ma] 
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+ (3° 30')2 5. 36* 17° 46' 40" makes 46° 40' equi lateral . 3° 20' 
= 36* 17* 46'40" which you have made span 

Z + 3° 20 '= 1/36' 17° 46' 40" [36, 17, 46, 40-e 46, 40 ib-s i 8 3,]20 sa tu-uë-ta-
= 46° 40' lçi[-lu] 

Z = 46° 4 0 ' - 3 ° 20' 6. inside of 46° 40' you tear out: 43° 20' you inscribe 
= 43° 20' [Ub-bi 46, 40 ta-na-sà-ah-]ma 43, 20 ta-la-pa-a[t] 

1° 2 6 ' 4 0 " - 2 = 43° 20', 7. The igi of 1° 26'40" is not detached. What to 
1° 26' 40" 
[igi 1, 26, 40 û-la ip-pa-t]a-ar mi-nam a-na 1,2[6, 40] 

1° 26' 40" • 30 = 43° 20' 8. shall I pose which 43° 2(3' gives me? 30 its bandûm*. 
whence 2 = 30 [lu-us-ku-un sa 43, 20 i-n]a-di-nam 30 ba-an-da-ëu 
x= 1 • z = 1 • 30 = 30 9. 30 to 1 you raise: 30 the first confrontation. 

[30 a-na 1 ta-na-ëi-ma 30] mi-it-har-tum ië-ti-a-at 
y = 40' • z-t-5 10. 30 to 40' you raise: 20; andc 5 you append: 

= 40' • 30 4- 5 [30 a-na 40 ta-na-ëi-ma 20] û 5 tu-sa-ab-ma 
= 20 4- 5 = 25 1 1 . 2 5 the second confrontation. 

[25 mi-it-har-t]um ëa-ni-tum 

a From obv. II, 47 to rev. I, 5, only a few signs are preserved ; from rev. I, 6 to 
11, c. half of each line is preserved. In spite of this, the reconstruction (due to 
Thureau-Dangin 1936 a, taken over in M K T III, 3) appears to be subject to very 
little doubt, thanks to the closely related No 24 of the same tablet. 

b Probably a Sumerian loanword (cf. AHw, 102) ; is it also found in rev. I, 35 
of the same tablet, where the numerical value of the entity is A / 4 . The mathe
matical function of the term is obvious, the factor to be multiplied unto 1° 26' 40" 
if we are to obtain the product 43° 20'. The general meaning of the term is un
clear, but could perhaps be "that which is to be given together with" (ba, "to 
allot" etc.; -da, comitative suffix < "side"). 
c Both F. Thureau-Dangin and O. Neugebauer interprète this passage as "20 and 
5 you append". Only here, however, and in two strictly parallel passages (rev. 
II, 31 and 32) is "append" found together with an "and". It is obviously the 
"and 5 nindan" of obv. II, 45 which gives rise to the present "and" (while cor
responding statements in rev. II, 18 f. give rise to the other occurrences of the 
construction). This suggests the interpretation given here. The observation made 
in note c to VAT 8389 N° 1 (section VII. 1) supports the interpretation, especially 
because the use of the agentive suffix -e after results in a number of places in the 
present tablet suggests that results are even here to be understood as nominatives 
(the natural Akkadian understanding of the Sumerian agentive, the subject case 
for transitive verbs only). 

This calls for various observations. On the one hand the operations correspond 
precisely to those of a modern solution to the same problem, or to those of a 

* Medieval rhetorical solution. The Babylonians were as fully able to reduce the 
problem to a basic type as were the Islamic algebrists or their more recent descend
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ants, in spite of their concrete and geometric way of thought. On the other hand, 
the concrete and geometric method is present all the way through, not only in 
the final reduction of the basic problem <xx2+ßx = y (rev. I, 2—9). The squaring 
of (40' • x + 5) appears to be imagined geometrically (cf. Fig. 11): 40' • 40' and 
5 • 5 are made by "spanning", while the coefficient 5 • 40' (an operation of pro
portionality, replacing "5 confrontations" by "(40' • 5) confrontations") is per
formed as a "raising". Great care is taken to take the factor 1 into account and to 
square it (rev. I, 1 and 9) ; the reduction to basic type, finally, avoids the un
necessary step to find the total number of "confrontations", which anyhow would 
have to be bisected. 

If we go a bit closer to the text, we notice that the problem is reduced to the 
basic type of BM 13901 No 3 (section V.5); but the unknown "confrontation" 
of this reduced problem is not identical with the greater "confrontation" of the 
problem. Instead, the two confrontations of the problem are 1 times this unknown 
and 40' times the unknown plus 5, respectively (this is why the symbolic trans-

1 

1 

4 0 ' 

40 ' 

Figure 11. The two "confrontations" of 
BM 13901 No 14, with 1, 40' and 5 
"inscribed", as stated in obv. II, 6. 
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lation in the left margin introduces a variable z). An analogous distinction be
tween a "true width" and a "width" obtained through a multiplication by 1 could 
be found in TMS X V I A, line 10. In both cases, the distinction can be said to be 
a distinction between an original problem and its "basic representation". In the 
present case, as mostly when concrete entities are represented, the representing 
entities are not mentioned by any name; we can only see from the calculational 
steps that a specific basic type is dealt with (here that of N° 3 of the same tablet ; 
cf. section V.5). 

VIII.2. AO 8862 N 0 8 1-3 (MKT I, 108-111) 

Like BM 13901, this tablet belongs to the earliest documented phase of Old 
Babylonian algebra. The first three sections deal with problems of essentially 
the same structure (x + y = S, xy + ax + $y = A) and might have been solved 
slavishly by the same procedure. Instead, however, N 0 8 1 and 2 make use of the 
same principle but apply it differently, while N° 3 goes quite different ways. 
The three problems taken together thus constitute a fine demonstration of the 
flexibility of Babylonian algebraic procedures.—Had Babylonian mathematics 
been nothing but a collection of standardized recipes, everything on the tablet 
had looked differently. 

N° 1 was also the first Babylonian algebraic text for which a geometrical 
explanation was given, viz. by K. Vogel as early as 1933. 1 3 6 Finally, the problems 
are interesting because of various details in the formulations. As these details 
can all be demonstrated on N 0 8 1—2, I restrict the translation to these two prob
lems, and explain N° 3 only in symbolic and geometric interpretation. 

N° 1 I 

1. L e n g t h , width*. L e n g t h and width / have 

made span: 
u s s a g u s w s a g uê-ta-ki-il:-ma 

2. a surface I have built 
a-sà t o m ab-ni-i 

3. / went around (it). So much as l ength over width 
as-sà-hi-ir ma-la us e-li sag 

4. goes beyond 
i-te-ru-u 

5. to the inside of the surface I have appended 
a-na li-ib-bi a-sà Z i m û-si-ib-ma 

6. 3' 3°. / turned back. L e n g t h and width 
3, 3 a-tu-ur us ù sag 

7. I have accumula ted: 27. L e n g t h , width and 

surface what? 
gar-gar-ma 27 us sag ù a-sà mi-n[u-u]m 

x • y+(x-y) = & 3° 

x + y = 27 

136 Vogel 1933: 79, in a comment upon Neugebauer 1932a. 
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27 3' 3° things accumulated 
15 length 3' surface 
12 width 

27 3, 3 ki-im-ra-tu-û 
15 V 

US 
3 a-sà 

12 sag 

xy + (x-y) + {x + y) 
= xy + 2x = x • (y-h 2) 
= 3' 30° 

x + (2/ + 2) = 29 
Putting Y = y + 2: 
xY = & 30°, x -h F = 29 

( — 2 ~ j =14°30 ' 2 

8. You, by your making, 
at-ta i-na e-pe-si-i-ka 

9. 27, the things accumulated of l ength and width 
27 ki-im-ra-at us ù sag 

10. to the inside of 3* 3° append: * 
a-na li-bi [3, 3] si-ib-ma 

11. 3* 30°. 2 to 27 append: 
3, 30 2 a-na 27 si-ib-ma 

12. 29. Zte MOIETY, that of 29, yew 6rea&; 
29 BA.A-su s[a] 29 te-he-ep-pe-e-ma 

13. 14° 30' steps of 14° 30', 3* 30° 15'. 
14, 30 a-ra 14, 30 3, 30, 15 

= 3' 30° 15' 
fX+YV 

xY 

= 15' 

x-Y 
= |/15' = 30' 

x + F z - F 

2 2 

= 14° 3 0 ' + 3 0 ' = 15 

F = 
x + r x-Y 

2 2 
= 14° 30' - 3 0 ' = 14 

y=Y-2 = 12 

Proof : 

x • 2 / = 1 5 • 12 = 3' 

14. From the inside o/ 3' 30° 15' 
i-na li-bi 3, 30, 15 

15. 3' 30° you tear out: 
3, 30 ta-na-sà-ah-ma 

16. 15' the remainder. 15' makes 30' equi la tera l 
15 ëa-pi-ilytum 15-e 30 ib-[si 8] 

17. 30' to the first 14° 30' 
30 a-na 14, 30 is-te-en 

18. append: 15 the length. 
si-ib-ma 15 us 

19. 30' /rora the second 14° 30' 
30 i-na 14, 30 sa-ni-i 

20. you cut off: 14 the width 
ta-ha-ra-as-ma 14 sag 

21. 2 which to 27 yow Aave appended 
2 sa a-na 27 tu-us,-bu 

22. /rom 14, the width , you tear out: 
i-na 14 sag ta-na-sà-ah-ma 

23. 12 the true width. 
12 sag gi-na 

24. 15, the length , 12 the w id th , I have made span: 
15 us 12 sag us-ta-ki-il5-ma 

25. 15 steps of 12, 3' the surface. 
15 a-ra 12 3 a-sà 
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26. 15, the l ength , over 12, the width , 
15 ws e-li 12 sag 

x — y = 3 27. by what goes beyond? 
mi-na wa-ta-ar 

xy + (x-y) = 3y + 3 28. 3 it goes beyond; 3 to the inside of 3 \ the surface , 
= 3' 3° append, 

3 i-te-er 3 a-na li-bi 3 a-sà si-ib 
29. 3' 3° the surface. 

3, 3 a-sà 

a F. Thureau-Dangin translated "length, width" (us sag) simply as "rectangle" 
(e.g. TMB, 64). That this is indeed the correct interpretation of the composite 
expression is confirmed by the Susa table of constants (TMS III, 32), which 
speaks of the "diagonal of length and width", meaning the diagonal of a standard 
rectangle of sides 45' and 1. 

*> This arrangement of the statement between lines 7 and 8 follows the auto
graphy (MKT II, plate 35). 

N° 2 I 

30. L e n g t h , width. L e n g t h and width 
us sag us ù sag 

31. I have made span: A surface I have built. 
uë-ta-ki-ïlr0-ma a - s klam ab-ni 

32. / went around (it). The half of the length 
a-sà-hi-ir mi-si-il5 us 

33. and the third of the width 
ù êa-lu-us-ti sag 

34. to the inside of my surface 
a-na li-bi a-sà-ia 

35. / have appended: 15. 
[u-]si-ib-ma 15 

36. I turned back. L e n g t h and width 
[a-t]u-ur us ù sag 

37. / have accumulated: 7. 
[ak-]mu-ur-ma 7 

II 

1. L e n g t h and width what? 
us ù sag mi-nu-um 

2. You, by your making, 
at-ta i-na e-pe-H-i-ka 

3. 2 (as) inscription of the half 
[2 n]a-al-p[a]-at-ti mi-is-li-im 

4. and 3 (as) inscription 
[ù] 3 na-al-pa-ti 

x + y = l 
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5. of the third you inscribe: 
[sa-]lu-us-ti ta-l[a]-pa-at-ma 

6. The igi of 2, 30', you detach: 
igi 2-bi 30 ta-pa-tar-ma 

lk • (x+y) = 3° 30' 7. 30' s teps of 7, 3° 30'; to (the place of) 7, 
30 a-ra 7 3, 30 a-na 7 

8. (of) the things accumulated*, l ength and w idth , 
ki-im-ra-tim us ù sag 

9. I bring: 
ub-ba-a[l]-ma 

xy-hll2x-\-il3y-il2(x + y) 10. 3° 30' from 15, my things accumulated 
= xy — (il2-~ilz) y 3, 30 i-na 15 ki-i[m]-ra-ti-i-a 
= 11° 30' 

11. cut off: 
hu-ru-us k-ma 

12. 11° 30' the remainder. 
11, 30 ëa-pi-il5-tum 

il2~ 1 / 3 = 1/(2 * 3) 13. Go not beyond. 2 and 3 I make span: 
= 1/6 = 10' l[a] wa-t[ar] 2 ù S us-ta-kal-ma 

14. 3 steps of 2, 6. 
3 a-ra 2 6 

Putting X = x-W 15. The igi of 6, 10' it gives you. 
we have igi 6 gal 10 i-na-di-kum 
Xy = 1 1 ° 30' 16. 10' from 7, your things accumulated* 
X + y = 7 - 1 0 ' = 6° 50' 10 i-na 7 ki-im-ra-ti-i-ka 

17. of length and width / tear ow£: 
us ù sag a-na-sà-ah-ma 

18. 6° 50' the remainder. 

6, 50 ëa-pi-il5-tum 

X + y _ 3 C 19. Zte MOIETY, ftat o/ 6° 50', 7 oreafc; 
2 ~~ BA.A-«s[V] sa 6.50 e-he-pe-e-ma 

20. 3° 25' i* gives you. 
3, 25 i-na-di-ku 

21. 3° 25' wnfiZ Jwice 
3, 25 a-di si-ni-su 

(X + yY2 22. you inscribe: 3° 25' steps of 3° 25', 

\ 2 / ta-la-pa-at-ma 3.25 a-ra 3, 25 

/ Z - y \ 2 _ + 2 23. 11° 40' 25"; /rom the inside 

\ 2 I ~ \~2~~) ~ V H , 40, [25] i-na Zi-oi 

= 10' 25" 

24. 11° 30' I tear out 
11, 30 a-na-sà-ah-ma 

X-y — 25. 10' 25" the remainder. <10'25" makes 25' equi-
— ^ = 1/10'25" = 25' w n 2 " lateral) 

10, 25 sa-pi-ilr)-tum <10' 25"-e 25' ib-s i 8 ) 
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x _ X + y X ~ y 2 6 - To the first 3° 25' 
2 2 a-na 3, 25 ië-te-en 

= 3° 25 '+ 2 5 ' = 3° 50' 
27. 25' t/Ott append: 3° 50', 

25 tu-sa-am-ma 3, 50 
cr = X-j-10' 28. and (that) which from the things accumulated of 

= 3° 50' 4-10' = 4 w £a i-na ki-im-ra-at 
29. length and width I have torn out 

us ù sag a[s]-sa-aÄ-ma 
30. to 3° 50' t/Ott append: 

a-na 3, 50 tu-sa-am-ma 

_X + y X-y 31. 4 the length. From the second 3° 25' 

y~~ 2 ' 2 4 us i-na 3, 25 ëa-ni-im 

= 3° 2 5 ' - 2 5 ' = 3 
32. 25' 7 tear out: 3 the width. 

25 a-na-sà-ah-ma 3 sag 
32a. c 7 the things accumulated 

7 ki-im-ra-tu-u 
32b. 4 length 

0 12 surface 
3 width 

0 12 a-sa 
3 sag 

a Since kimrdtum is written in the status rectus (ki-im-ra-tim) and not in status 
constructus, "length and width" must stand (in this single case) as an apposition, 
not as the second member of a genitive construction. Hence the translation. 

b In most of its occurrences, kimrdtum stands so that it cannot be decided 
whether a (most peculiar) singular feminine kimratum or a plural kimrdtum is 
meant. The indubitable plural of II, 32 a could at a pinch be explained away 
(F. Thureau-Dangin, TMB, 67, does so, translating "7 (et 15), les sommes"). In 
II, 16, however, there can be no doubt that a single sum is spoken of in the plural, 
as ki-i[m]-ra-ti-i-ka. The ki-i[m]-ra-ti-i-a of II, 10 is also a most certain plural. 

It is noteworthy that the singular form to be expected from the plural (kimirtum) 
is completely absent from the texts. It appears to be established beyond reason
able doubt that the single sum is designated by the plural form (and hence to 
the plurality of addends), as presupposed in my standard translation. 

0 This ordering follows the autography (MKT II, plate 36). There is no doubt 
that 32 a is meant as a separate line, while the rest (32 b) stands as a tabulation. 

Designating as usual the length as x and the width as y we can finally transcribe 
problem 3 as follows : 

xy + (x-y) (x + y) = l" 13' 20° x + y = V 40° 

and from the way the solution is formulated is is clear that the author was aware 
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that this was equivalent to 

x + y = V 40° xy+V 40° • (x-y) = Vy 13* 20° 

which could easily be reduced to a standard problem Xy — A, X + y = B by the 
method already known from N o s 1—2. Instead, however, the following steps 
occur : 

(x + y)2 = 2" 46* 40° 
(x + y)2-xy-(x + y) (x-y) = l" 23' 20° 

which, putting x + y — V 40° = a, reduces to 

y2 + ay = 1 " 33' 20°, whence 

33' 20° + (V 40°/2)2 = 2 n lo 1 

( x + y\ 
y + —^-\ = V 40°-V 30° = 10 

2 

and so finally 

x + y x — y 

x+y x—y 
y=-—r- - ^ = 5 0 - 1 0 = 40 
* 2 2 

— all of it formulated of course the usual way. The procedure is fully correct, 
but it looks rather queer in the above symbolic transcription. 

First of all the construction of the three problems should be noted. Invariably, 
a surface is "built", after which the teacher "goes around". As A. Westenholz 
first suggested to me the text looks like a tale about real surveying : The teacher-
surveyor marks out a field (the everyday meaning of a-sà and eqlum, we remem
ber) in the terrain, after which he goes around it, pacing off its measures. Only 
after this walk, indeed, do numbers enter the text, as if, e.g., the excess of length 
over width is only known now. Using his newly acquired knowledge, the sur
veyor joins some extra areas to the field—"appending", we observe, not "accu
mulating" as when measures of sides and surfaces were added in BM 13901. This 
must of course be done in the terrain, from which he then turns back in order to 
state the sum ("accumulation") of length and width. 

After this observation we shall look at the procedures which appear to be 
used to solve the three problems. The steps of problem 1 can be easily followed 
on Fig. 12. The simple addition of one length and one width (regarded as rec
tangles of width i , which is not said explicitly) transforms the irregular surface 
of area 3* 3° into a rectangle of which the area and the sum of length (x) and 
width (Y) are known. A bisection of this known length x + 7 = 29, to which the 
rectangle x • Y is "applied with defect", allows us to reconstruct the rectangular 
area as a gnomon. The area and hence the side of the small square enclosed by 
this gnomon are found, and the original dimensions of the rectangle x • Y follow 
as usual. In this way, everything labelled "length", "width" or "surface" is 
indeed a length, a width or a surface. 
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Figure 12. The geometrical interpretation of AO 8862 No 1. Distorted proportions. 
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Figure 13. The geometrical interpretation of AO 8862 N° 2. Distorted proportions. 
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W e observe that the procedure is different from the one shown on Figures 
4 -6 , which corresponded to "application with excess". The corresponding problem 
in one variable is the type ax-a; 2 = ß-to give it a formulation which could be 
formulated inside the Babylonian framework: "from a confrontations I have 
torn out the surface: y". This is the type which has two positive solutions; it 
seems to be completely absent from the Babylonian material 1 3 7 even though the 
corresponding problem in two variables is very common. 

The reduction of N° 2 is somewhat more complex, but follows the same pattern, 
see Fig. 13. Fig. 13 A shows the configuration as we would imagine the geometric 
situation described, while Fig. 13 B describes what appears to correspond more 
or less to the Babylonian understanding, as described in the text. The numbers 
2 and 3 are "inscribed as inscriptions" of */ 2

 a n ( ^ 1U> probably along the edges 
of the rectangle, to remind that the widths of these edges are to be understood, 
not as 1 but as stated; and when 1l2xJrij2y ^ s ^° D e subtracted from the aggre
gated surface it is "brought to" the place of "length and width", viz. to those 
entities which were accumulated. It is indeed clear from the text that the 3° 30' 
is not brought to an abstract sum (which would also be mathematically meaning
less) but to the collection of added yet still separate entities—a point where the 
plural and hence concrete character of kimrdtum is of importance. 

When the half-sum of length and width is brought to the place of length and 
width, i.e. to the edges of the rectangle, it is obvious and not commented upon 
that the il2-length is eliminated; but more than il3--width. goes away, and a 
curious calculation in 11.13—15 finds the resulting defect to be 10' (width). The 
process of "making 2 and 3 span" can be imagined as in the lower left corner 
of Fig. 13A; but an independent procedure as shown in Fig. 13C seems more 
plausible, among other things because of the explicit order to stop the ongoing 
procedure and because Fig. 13 A is described as a real field in the terrain. In sort 
of parenthesis, an entity is "built" of which both i / 2 and are easily taken, to 
allow for a two-dimensional variant of the "single false position'"' (cf. below). 

From here on, everything runs as in No 1. 
The geometrical reading of N° 3 is shown in Fig. 14. It turns out that the 

squaring of x + y gives us a figure from which the given surface xy+ (x — y) (x+y) 
can easily be torn out. The figure is seen to be of precisely the same structure as 
that shown in Fig. 2, and other texts suggest that it was familiar in the Old 
Babylonian period too. 1 3 8 What remains is a square of side y and a rectangle of 
sides y and x-\-y. This remainder is easily rearranged as a gnomon, as done in 
Fig. 14B. The usual quadratic completion yields a side of the completed square 
equal to V 30°. 

If the rearrangement had been thought of as a problem in y (the sag), 
y 2 + 50 • y=l" 33* 20°, then it might have been natural to subtract 50 from 
this V 30° ( = y + 50). Instead, however, f 30° is subtracted from the side of 

1 3 7 Absent, that is, in explicit formulation. Indications exist, indeed, that the problem 
BM 85194 rev. II 7—21 was solved as a problem in one variable and not in two, as 
it was once proposed bv Vogel 1936: 710. See my 1985: 59 f. 

1 3 8 So YBC 6504 No 2 (MKT III 22, interpretation in my 1989: 28-31) and BM 13901 
No 19 (MKT III 4). In both cases, the linear dimensions of the figure are half of those 
of the present problem (30 and 20, against V and 40°). 

22 Altorient. Forsch. 17 (1990) 2 
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Figure 14. The geometrical interpretation of AO 8862 N° 3. 

the square of Fig. 14 A. If we look at the subdivision of this square through the 
quartering lines it is indeed evident that the difference between the two entities 
is the half-difference between the length and the width of the original rectangle. 
It seems thus as if the steps shown in Fig. 14 B shall not be apprehended as a 
change of problem ; instead, everything is to be understood all the way through 
in terms of the constituent parts of Fig. 14 A. By extension, we may surmise that 
the "changes of variable" to Y and X in Nos 1 and 2 are not really to be under
stood as explicit changes of the unknown. That is indeed a comprehension 
inspired by rhetorical or symbolic algebra where certain entities are distinguished 
by having a name of their own and are hence regarded as fundamental unknowns. 
Instead, all entities in a figure which are not known are unknown on an equal 
footing as far as the solving procedure is concerned. Only as far as certain entities 
are asked for initially can they be considered privileged (and relatively privileged 
only, as the entities asked for in the beginning and those found in the end need 
not coincide1 3 9). This corresponds to our own comprehension of problems of geo
metrical analysis—the phrase to be understood in its Greek sense. 

A number of features of the texts call for separate discussion. Most important 
among these is the occurrence of the term a-râ, "steps of", the multiplicative term 
of the multiplication tables. In some places it stands alone, but time after other 
it is found in double constructions that show the isolated occurrences to be 
ellipses. Other texts state that a rectangle is to be built from a length and a 
width, and leave the numerical multiplication implicit, giving directly its re
sult. 1 4 « In the present double constructions, both steps are spelled out explicitly, 
the multiplication apparently through reference to the auxiliary tables, and in 
I, 13 and in two places in No 3, it is the building process which is left implicit. 1 4 1 

1 3 9 Such a discrepancy is found, e.g., in BM 85194 rev. II 7—21. 
1 4 0 Similarly, we remember, the "raising" was sometimes left implicit in the "posing" of 

one number to another (above, section IV.6). 
1 4 1 It may be significant that two of the three ellipses occur after the "breaking" of a 

"moiety", which already may imply the construction process; similarly, indeed, in 
II 21, the moieties are not "made span" but instead "inscribed until twice". The third 
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Another terminological peculiarity of the text is the use of the subtractive 
term hardsum, "to cut of f , along with the more current nasdfium, "to tear out". 
Already from the metaphorical contents of the two terms we migth expect that 
the latter would be preferred for identity-conserving subtraction from surfaces 
and the former for the shortening of one-dimensional entities, if a distinction 
were to be made. This is, indeed, precisely the main tendency of this as well as 
all other texts where the terms are found together. But it is only a tendency, in 
the sense that nasdhum may be used for one-dimensional entities too; most 
clearly this is seen in I, 19-22: First 30' is "cut o f f from 14° 30', and next 2 is 
"torn out" from the resulting 14 . 1 4 2 It is thus excluded to regard the two terms 
as names for distinct operations. At the same time the tendential distinction 
prevents us from seeing the terms as connotationally neutral technical terms, 
whose metaphorical basis had been completely worn off. They constitute in
stances of mathematical terms which must be "regarded as open-ended expressions 
which in certain s tandardized s i tuat ions are used in a s tandardized 
way" (as formulated above, note 29). 

A third formulation of interest is the recurrent ~BA.A-ëu ëa, "its moiety, that 
o f , which is found in all three problems at the point where a rectangle is bisected 
in order to allow a gnomonic reorganization (I, 12 ; II, 19 ; III, 13). The use of the 
determinative pronoun ëa shows that the quantity pointed at, the one which is 
to be bisected, must have some independent existence, mental or physical, 
which allows us to think of or point at a definite entity. I, 12, for instance, cannot 
be read as the bisection of an abstract number 29 ; it must by necessity deal with 
something definite—another confirmation of the concreteness inherent in the 
naive-geometric interpretation. 

A final terminological point to be observed is the distinction which is main
tained between mislum, "half", and bämtum, "moiety", and the corresponding 
distinction between multiplication by igi 2-bi = 30' (N° 2, II, 6) and "breaking". 
Once more "breaking" is seen to be reserved to describe bisection into natural 
"wings" (cf. section IV.5, and note b to BM 13901 N° 1, section V.2). 

As concerns the mathematical aspect of the texts, the flexible handling of 
problems and methods was already pointed at in the introductory remarks. It 
makes clear that the understanding behind the text must have been flexible, too, 
that it has nothing to do with blind application of fixed rules or algorithms disco
vered by equally blind luck, as claimed too often in the secondary literature. 

Another related implication of the tablet concerns the purpose of such texts. 
I think of the tabulation between I, 7 and I, 8. Here, before the description of 
the solving procedure, the whole construction and solution of problem 1 is told 

ellipsis, finally, is found when the area of the square in Fig. 17A is found: If this con
figuration is well-established beforehand, there is no need to construct it anew (cf. the 
concluding discussion in section V.8). 

1 4 2 But if we look at the written numbers, the distinction holds good even in this case, 
as A. Westenholz has observed : When 30' is removed from 14° 30' it is the end of the 
number (viz. of the sequence 10,4,30) which is "cut o f f ; but to take away 2 from the 
sequence 10,4 requires that we remove part of the compact group of wedges making 
up the 4. 

In one text, viz. YBC 4675 obv. 14, is harâsum used to designate a subtraction from 
a surface (4' 49°—2'). That text, however, avoids nasahum altogether. 

*22 
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in advance. The subsequent procedural prescriptions can therefore hardly be seen 
as an attempt to find the unknown dimensions of the rectangle. The aim is not 
really to solve the problem and find the solution; it is to demonstrate how to 
solve the problem, to present an argued solution. 

The calculation in No 2, II, 13—15, finally, is remarkable, though belonging 
more on the level of details. The Babylonian predilection for argumentation by 
means of a "single false position" was pointed out repeatedly above in sections 
V.6 and especially VII.3, where a representation by countable units was also 
suggested. Here, however, the trick is extended into two dimensions, as revealed 
by the term "making span" (extension apart, its relation to the calculation of 
1 - 1 / 4 = 45* in TMS X V I is obvious). Since */ 6 is stated directly to be 10', the 
identities i / 2 = 30' and 1 / 3 = 20' can hardly have been considered a secret. The 
computation of their difference by way of a geometrical subtlety must therefore 
be seen as a didactical nicety, as a means to demonstrate the extension of the 
simple argument. 

VIII.3. TMS I X (TMS, 63f.; cf. von Soden 1964) 

Such didactical concerns are even more obvious in the Susa text TMS I X , which 
approaches the style of TMS X V I (above, section VII.3). In this case, however, 
the text goes from simplest (xy + x — 40') to less simple (xyJ

rx
Jry = l) funda

mental equation, ending with a fairly complex application of the fundamental 
principle. 

Unfortunately, the transcription in TMS is not very precise, the restitution of 
damaged lines and the translation are worse, and the mathematical commentary 
is at times nonsensical. Had it not been for these circumstances, the text would 
probably have changed much conventional wisdom in the understanding of 
Babylonian mathematics 25 years ago. 

PART A 
(z = 30', y = 20') 
x - y +1 • z = 40' 

Alternative approaches 
to an understanding : 
7 = 2 / + l = 20' + l o 

= 1° 20' or 
x- 1° 2 0 ' = 40' 

or 

1° 20' - 3 0 ' = 40' 

Implicit conclusion: 
x - y+1 • x — x - (y+1) 

1. The surface and 1 l ength ACCUMULATED, 40'. 
[(30' the length 20' the width)*]* 
a-sà û 1 us UL.GAR 4[0 (30 us 20 sag)] 

2. As 1 l ength to 10', the surface [has been ap-
p e n d e d ] a 

i-nu-ma 1 us a-na 10 r a-sà da h] 
3. Either 1 as BASE(?) C to 20', the width, [append] 

û-ul 1 KI .GUB.GUB a-na 20 [sag dah] 
4. or 1° 20' to the width which 40' together with [the 

length (SURROUNDS pose) ] a 

u-ul 1, 20 a-na sag êà 40 it-Hi us (NIGIN gar)] 
5. or 1°20 ' together with 30' the length M A K E 

SURROUND, 40' its name 
û-ul 1, 20 it-(ti) 30 us NIG[IN] 40 Sum-[su] 

6. Since so, to 20', the width, which has been said 
to you 
as-sum ki-a-am a-na 20 sag sä qa-bu-ku 
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PART B 
(z = 30' } y = 20') 
x - y + x + y = l 
(x+l)-(y+l) 
= x - y+1 - x + 1 • y+1 

1 • 1 = 1, and so 

( * + l ) - ( y + l ) 
= (x • y + x + y) + l 
= 1 + 1 = 2 

F=2 / + l = l ° 20' 
X=x+l = l° 30' 

X • 7 = 1 ° 30' • 1°20' 

X- 7 = 2 

x • y+x+y=l PART C 

y + ^ ( 3 z + 4*/) = 30' 

17i/ + 3a: + 4 i /=17 • 30' 
= 8° 30' 

17y + 4y = 21y 

The coefficient 
of y is 21, 

7. 1 is appended: 1° 20 ' d yo^ see. 0w£ /rom here 
1 dah-ina 1, 20 ta-mar is-tu an-ni-ki-a-am 

8. yow ask. 40' the surface , 1° 20' the width, the 
length what? 
ta-ëà-al 4 0 a - s à l , 2 0 s a g u s mi-nu 

9. [30 the length] a . So the having-been-made 
[30 us k]i-a-am ne-pé-ëum 

10. [Surface , l ength and width A C ] a CUMULATED, 
1. By the Akkadian 
[a-sà us il sag U]L.GAR 1 i-na ak-ka-di-i 

11. [1 to the length append . ] a 1 to the width 
append. Since 1 to the length is appended, 
[1 a-na us dah] 1 a-na sag dah as-sum 1 a-na 
us dah 

12. [1 to the width is app] a ended, 1 and 1 M A K E 
SURROUND, 1 you see. 
[1 a-7ia sag d]ah 1 ù 1 NIGIN 1 ta-mar 

13. [1 to the ACCUMULATION of l e n g t h , ] a width 
and surface append , 2 you see 
[1 a-rai UL.GAR us] sag ù a-sà dah 2 ta-mar 

14. [(To 20' the width 1 appe)] a nd, 1° 20'. To 30' 
the length 1 append , 1° 30'. 
[(a-na 20 sag 1 da)]h ! 1, 20 a-na 30 us 1 dah 1, 30 

15. [(Since a surfa)] ace, ^a£ of 1° 20' the width , that 
of 1° 30' the length 
[(as-sum a-s)]à ëàl 1, 20 sag sà 1, 30 us 

16. [(Length together with wid)] a th is made spane, 
what is its name ? 
[(us it-ti sa)]g ! su-ta-ku-lu mi-nu sum-êu 

16a. 2 the surface 
2 V > 

a-sa 
17. So the Akkadian 

ki-a-am ak-ka-du-u 

19. Surface , length and width ACCUMULATED, 

1 the surface. 3 l engths , 4 widths ACCUMU

LATED, 

a-sà us ù sag UL.GAR 1 a-sà 3 us 4 sag UL.GAR 
20. its 11th to the width appended, 30'. 

[liyti-êu a-na sag dah 30 
21. Y o u , 30' to 17 go: 8° 30' you see 

[za-]e 30 a-na 17 a-li-ik-ma 8, 30 [t]a-mar 
22. To 17 widths , 4 w id ths append: 21 you see, 

[a-na 17 sag] 4 sag dah-wia 21 ta-mar 
23. 21 as much as of w id ths , pose. 3 of three of 

l engths , 
[21 ki-]ma sag gar 3 ëa-la-as-ti us 
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that of x is 3 24. 3 as much as of l engths , pose. 8° 30' what is its 
name? 
[3 ki]-ma us gar 8, 30 mi-nu sum-su 

3 • z + 21 • y = S° 30' 25. 3 l engths and 21 w idths ACCUMULATED 
[3] us ù 2[1 sa]g UL.[GAR] 

26. 8° 30' you see1 

8, 30 ta-mar 
27. 3 lengths and 21 w idths ACCUMULATED 

[3] us ù 21 sag UL.[GAR] 
x+l=X 28. 1 to the length append and 1 to the width 
y+l = Y append , M A K E SURROUND: 

[1 a-na] us da h [ù 1 a]-na sag da h NIGIN-ma 
X Y=(xy + x + y) + l 29. 1 to the ACCUMULATION of surface , length 

= 2 and width append, 2 i/ot̂  see, 
1 a-na UL.GAR a - s à u s i À s a g d a h 2 ta-{mar) 

30. [2 the sur] aface. $ince l ength and w idth , those 
of 2 the surface, 
[2 a-]sà as-sum us u sag sa 2 a-sà 

X • r = l ° 30' • 1° 20' 31. [1° 30' the length togefther with 1° 20' the width 
(identifications) is made span 

[ 1 , 30 us itl

rti 1, 20 sag éu-ta-ku-lu 
1 - 1 = 1 32. 1 the appended* of the l ength and 1 the appended 

of the width 
[1 wu-su-]bi us ù 1 wu-sû-bi sag 

l + (:n/ + a; + y) = 2 33. [MAKE SURROUND,' (1 you see). 1 and (. . .?)]» 
the var ious (things)h ACCUMULATE, 2 see. 
[NIGIN (1 to-mar?) 1 ù (. . .?)] H I . A UL.GAR 2 
to-mar 

3 Z + 2 1 7 34. [(3,21 and 8° 30' ACCUMULATE)]*, 32° 30' you see. 
= 3 + 21 + (3a;-h2l2/) [ ( 3 { < m j ) 2 l (. . .?) ù 8, 30 (. . .?) UL.GAR] 32, 30 
= 3 + 21 + 8° 30' = 32° 30' ta-mar 

35. So you ask 
[ki-a]-am ta-sa-al 

y = 2lY 36. [. . .] of the width to 21 ACCUMULAT(E/ION) 
[. . .].TI sag a-na 21 UL.GAR-wia 

x = 3X 37. . . J to 3, the lengths , raise, 
[. . .JHI(?) .A a-na 3 us i-si 

x y = 3 • 21 • 1 7 38. [ r 3°~you see. V 3° tfo 2, the surface , raise: 
= r 3° • J F [ 1 , 3 ta-mar 1, 3 a]-na 2 a-sà i-Si-ma 
= f 3 ° - 2 = 2' 6° 

x-y =2* 6° 39. [2* 6° you see (2' 6° the surface?)] a 32° 30' the 
£ + £ = 32° 30' ACCUMULATION break, 16° 15' yot* see. 
x + y _1»o1 , [2, 6 ta-mar (2, 6 a-sà?)] 32, 30 UL.GAR hi-pi 16, 15 

2 ~ ta-(mar) 

^ + ^ \ 2 _ 40. {1[6° 15' yow]a see}k 16° 15' the counterpart 
~2~j - ( 1 6 1 5 ) _ pose; M A K E SURROUND, 

= 4' 24° 3' 45" {16, 15 ta-mar} 16, 15 gaba gar NIGIN 
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4 1 . 4 ' 2 4 ° 3 ' 4 5 " you see. 2% 6 ° xxx1 

4 , [ 2 4 , ]3, 4 5 ta-mar 2 , 6 [. . .] 
4 2 . from 4' 2 4 ° 3 ' 4 5 " t e a r o u t , 2 ' 1 8 ° 3 ' 4 5 ' you see. 

i-na 4 , [ 2 ] 4 , 3 , 4 5 z i 2, 1 8 , 3 , 4 5 ta-mar 
= 2' 1 8 ° 3 ' 4 5 " 

$ - £ , 0 , Q , „ 4 3 . What i t m a k e s e q u i l a t e r a l ? 1 1 ° 4 5 ' i t m a k e s 

2 ' e q u i l a t e r a l . 1 1 ° 4 5 ' t o 1 6 ° 1 5 ' a p p e n d , 

= 1 1 ° 4 5 ' m i - n a i b - s i 1 1 , 4 5 i b - s i 1 1 , 4 5 a-na 1 6 , 1 5 d a h 

y + x y — x 4 4 . 2 8 you see; from t h e 2 n d t e a r o u t , 4 ° 3 0 ' you see. 
y_ - i — 23 ta-mar i-na 2 - k a m z i 4 , 3 0 ta-mar 

= 1 6 ° 1 5 ' + 1 1 ° 4 5 ' = 2 8 4 5 . T h e i g i of 3 , t h e l e n g t h s , detach, 2 0 ' you see. 2 0 ' 

„_y + x y-x to 4 ° 3 0 ' 

x~~2 2 ~ ~ i g i u s pu-tur 2 0 ta-mar 2 0 a - n a 4 , [ 3 0 ] 

= 1 6 ° 1 5 ' - 1 1 ° 4 5 ' = 4 ° 3 0 ' 4 6 . { 2 0 ' to 4 ° 3 0 ' } r a i s e ; 1 ° 3 0 ' you see. 

X = 3 _ 1 - x* { 2 0 a-na 4 , 3 0 } i-Si-ma 1 , 3 0 ta-mar 
= 2 0 ' - 4 ° 3 0 ' 

= 1 ° 3 0 ' 

X = l ° 3 0 ' 4 7 . 1 ° 3 0 ' t h e l e n g t h , that of 2 t h e s u r f a c e . [What]* 
y = 2 8 = 2 1 • 7 , 7 ? to 2 1 , t h e w i d t h s , [shall I posef 

1 , 3 0 u s sà 2 a - s [ à mi-na] a-na 2 1 s a g [lu-us-ku-un] 
4 8 . which 2 8 give[s m e ? 1 ° 2 0 ' p ] a o s e , 1 ° 2 0 ' t h e 

1 ° 2 0 ' - 2 1 = 2 8 w i d t h 

7 = 1 ° 2 0 ' èà 2 8 i-na-dï[-na 1 , 2 0 g ] a r 1 , 2 0 s a g 
x = X - l = l ° 3 0 ' - l 4 9 . that of 2 t h e s u r f a c e . Turn back. 1 from 1 ° 3 0 ' 

= 3 0 ' t e a r o u t 

5a 2 a - s à tu-ûr 1 i - n a 1 , [ 3 0 z i ] 
2 / = 7 - 1 = 1 ° 2 0 ' - 1 5 0 . 3 0 ' y o w s e e . 1 / r o m 1 ° 2 0 ' t e a r o u t , 

= 2 0 ' 3 0 ta-mar 1 i - n a 1 , 2 0 z [ i ] 

5 1 . 2 0 ' you see. 
2 0 ta-[mar] 

a All these restitutions are mine. Restitutions in simple [ ] can be regarded as 
fairly well established, those in [( )] are reasoned guesses at a formulation, the 
factual contents of which can be relied upon. 

b Line 6 quotes the value of the width in a way which would usually refer back 
to the statement, but which might of course refer to line 3 ; in any case, line 3 
presupposes knowledge of the width, and line 5 refers to the length as a known 
quantity. 

0 B A S E is a conjectural translation of the logogram KI.GUB.GUB (the testified 
Late Babylonian reading ki-du-du^kidudum, "rites", makes no sense). GUB 
has two different Sumerian meanings, "to go" (readings du etc., cf. SLa § 2 6 8 ; 
used logographically for alakum) and "to stand, to erect" (gub, cf. SLa § 2 6 7 ; 
used logographically for izuzzum and zaqäpum). To judge from the logographic 
occurrences, the reduplication is used to indicate iterative and durative aspects. 

107 



Jens Hoyrup 

ki can function as a virtual locativic verbal prefix, "on the ground" (cf. SLa, 306). 
A possible reading of KI.GXJB.GXJB is thus k i - g u b - g u b , "to stand/that which 
stands erected constantly on the ground". 
d The transliteration in TMS writes 1. Still, the autography writes a sign after 
1 which looks like 20 (and a damage to the tablet which has been read as an extra 
wedge). That is also the correct result, which is in fact used in line 8. 

e The exact reconstructions of lines 14—16 are rather tentative, although the 
mathematical substance is fairly well-established thanks to the parallel of lines 
28—31. It should be observed that even the extant signs until 1,20 a in line 14, 
and the s)]à and sa)]g of the following lines, are heavily damaged. The Remaining 
traces may but need not correspond to my readings (according to autography 
and photo). The as-sum of line 15 is needed, if not necessarily in that place, by 
the su-ta-ku-lu of line 16, if I am right when reading it as the subjunctive mode 
of a stative (cf. lines 30f., and the subjunctive stative qa-bu-ku in line 6). 

f The transliteration in TMS supposes that something is missing in the beginning 
of the line. The autography indicates that the line is simply written with in
dention. 

8 "Zu WA-ZU-6Î im math. Susatect Nr. I X : Ich hatte mich für die Rezension 
von MDP 34 ( = von Soden 1964 — JH) ziemlich gründlich damit beschäftigt und 
als mögliche Lesung wu-sû-bi als St. constr. eines sonst nicht bekannten wusubbûm 
notiert, diese Lesung aber dann als zu wenig gesichert nicht veröffentlicht." 
(Von Soden, private communication). 

h "the var ious (things)" translates HI.A. This presupposed the assumption 
that the Sumerian suffix hi.a (designating a plurality of different entities) is 
used as a pseudo-Sumerogram in a nominal function (as a collective name for the 
collection of surface, length and width). It is also possible that hi-a stands as a 
pseudo-grammatical complement to a noun which was lost with the first part 
of the line. 

TMS restitutes [. . .]-ti sag as sa-la-as-ti sag and mistranslates the whole line 
as "]3 (fois) la longueur à 21 fois (la largeur) additionne" in order to get some 
apparent sense of the restitution. Apart from the mistake of "length" for "width" 
this mixes up "appending" and "accumulation". Only the first of these carries 
a "to" (ana) between the addends. A possible restitution which accepts the 
(somewhat dubious) -ti in the beginning of the line, which makes mathematical 
sense, which is as grammatically correct as can be expected in a text loaded with 
sumerograms, and which finally is in reasonable harmony with current usage, 
would be "17 ( . . . ? ) and 4, of the four (er-bet-ti), widths, to 21, the ACCUMULA
TION" or ". . . to 21 ACCUMULATE". In lack of related passages I have, 
however, preferred to leave the question open. 

1 The transliteration in TMS renders the signs before a-na as HI.A. The A is 
in agreement with the autography, but the preceding sign looks very different 
from the H I of line 33. I have not been able to propose any better reading. 

k The initial "10" is fully and the final -mar almost fully to be read on theauto-
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graphy, although they are left out in the transliteration. So, a repetition of the 
previous phrase appears to be the only possible restitution. Cf. also lines 45 f. 
1 The lacuna consists of 1 or 2 signs, probably an epithet to the number 2' 6°. 
According to the autography, €he first sign begins This could belong to a 
TA, but such a restitution seems to make no sense. It could also belong to a TAG 
used logographically for lapätum, "to inscribe", and its derivations. This might 
make sense but would be without parallel ("2X 6° the inscribed"). 

The purely explanatory character of part A is revealed already in line 2, as the 
surface (which was never given) is referred to as known ("since . . .") (cf. also the 
restitution of the last part of line 1). Clearly, we are dealing with one equation 
in two (known) unknowns, us = 30', sag = 20', and we are taught the way to 
transform it (in fact the same transformation as that of AO 8862 N o s 1—2: 
xy + QLX-+xY, Y = y + <x). In this way one can make sense of the "either . . . or . . . 
or" of lines 3 - 5 (Ü.UL . . . Ü.UL . . . Ü.UL), which governs three alternative 
ways to explain the transformation, but which has no place in an interpretation 
of the text as progressive argumentation (since the 1° 20' created in line 3 is used 
in line 4, and line 5 repeats the contents of line 4), and which has therefore puzzled 
all commentators to the text. 

If one follows the text step by step, it turns out that all of it can be read as an 
explanation of Fig. 15 A, up to the end that explains that this is the point 
out from which problems containing such equations are to be solved, and finally 
sums up the main argument. 

Part B deals with the same rectangle, but with a somewhat more complicated 
equation, xy + x + y = l} and demonstrates how it is to be simplified "by the Ak-

A 
x 

B 

30' 

1 -20' 

30' 
1'30' 

Figure 15. The geometrical configurations and operations described in TMS, parts A and B. 
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kadian (method)". 1 4 3 It can be followed on Fig. 15B. The method consists in 
completing the quasi-gnomon xy + l x + l - y into a rectangle XY, X = x + 1, 
Y = y + 1. X and Y are spoken of as "length" and "width" of "2 the surface" 
( = 1 7 ) , in agreement with the figure. 

Denominations of methods are rare in Mesopotamian mathematical texts, and 
one may wonder what makes the method of part B specifically "Akkadian". 
Which part of the procedure is it, furthermore, which deserves the label? My 
guess is that the term characterizes the quadratic completion in general, the basic 
trick needed to solve mixed second-degree equations. If anything, indeed, distin
guishes the Old Babylonian "Akkadian" mathematical tradition from e.g. third 
millenium Sumerian mathematics, it will be its interest in second-degree algebra. 
Which more adequate name than the "Akkadian method" could then have been 
chosen for a trick which, simple as it may look once it is found, was perhaps the 
starting point for the whole fabulous development of "Akkadian" mathematics; 
a trick which, when it was first found, will certainly have been noticed as a 
novelty? i V i 

It will be seen from line 14 that the values of both length and width are as-

1 4 3 Truly, E. M. Bruins claims in the commentary in TMS (p. 67, and announced already 
pp. xi and 2) that the two parts deal with the same equation, and that part A expounds 
the master's own method and part B the alternative used by the Akkadians. For a 
number of reasons this is an impossible idea: 

1) If the equation xy+x=40' is to be equivalent with xy + x + y = 1, one must pre
suppose y =20'. On the faith of line 6 E. M. Bruins claims (rightly, I suppose) that this 
value will have been given before (cf. my restituted line 1), from which he concludes 
that the text deals with a normal, complete set of two equations. Line 2, however, 
presupposes implicitly that the length is equally known (10' the surface), while the 
value is stated explicitly in line 5 still without being calculated. 

2) If the first half of line 10 were to be the result of a transformation belonging with 
the "Akkadian method", it could not precede the announcement of that method in 
the second half of the line. 

3) In any case, the first half of line 10 is clearly in the style of statements; trans
formed equations are never restated in a similar form. Cf., e. g., the contrast with the 
formulation in lines 25 f. 

4) Finally. E. M. Bruins overlooks the identical statement in part C, as well as the 
fact that the procedure taught in part B is precisely the one used in part C. 

It may be observed that the presumed "Susian" method is used in the Babylonian 
("Akkadian") AO 8862 N o s 1-2, although N° 2 would have been greatly simplified 
had the "Akkadian method" been used. 

1 4 4 In this connection, the over-all character of Old Babylonian scribe school mathematics 
is worth reflecting upon. Greek mathematics, that other prototype of Ancient non-
utilitarian mathematics, can be claimed to be essentially determined by its central 
problems (squaring the circle, doubling the cube, properties of conies, classification of 
irrationals, etc.). The great methodological innovations of Greek mathematics were 
made in order to solve (in a philosophically satisfactory manner!) these great problems. 
Old Babylonian scribal mathematics was, in as far as we concentrate upon its non-
utilitarian aspect, determined by the methods at hand, and problems were chosen 
that would permit a brilliant disj^lay of the methods known to "the learned scribe", 
which makes scribe school mathematics a perfect parallel to other aspects of Old Baby
lonian scribal culture as presented, e. g., in the "examination texts". See my 1985a: 
10—16 and passim, which discusses the difference between the two mathematical styles 
less coarsely than enforced by the limited space of a foot-note, and connects the 
different attitudes to their institutional and cultural context. 
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sumed to be known (though not given in the statement), and that they are used 
in the didactical exposition. 

Part C contains a complete mathematical problem, a normal set of two equa
tions in two unknown quantities "length" and "width". One of them is precisely 
the second-degree equation whose transformation was taught in part B, while 

the other (which can be transcribed y + jj (3x + 4y) = 30') is of the type whose 

transformation was explained in detail in TMS X V I (above, section VII.3). The 

values of length and width are still referred to during the solution (line 31), but 

only for identification, no longer as part of the argument. The identification must 

refer to something outside the written text M 5 , which can hardly be but a material 

representation more or less similar to Fig. 15B. 

Lines 21 to 26, the transformation of the first-degree equation into 3x + 21y 

= 8° 30', must be presumed to follow the pattern from TMS X V I , and hence to 

be understood as an arithmetical transformation (we observe that the term for a 

coefficient, "as much as", recurs). Lines 28 to 33 appear to go by "naive geo

metry". For the next steps, lines 34 to 39, we are unfortunately not in possession 

of a didactical explanation. But some argumentation from Fig. 15 B but similar 

to the accounting and scaling arithmetic of TMS X V I would at least be adequate, 

and is perhaps called for in line 27, which appears to connect to the following 

rather than the preceding section.1 /50 In any case, lines 39—44 solve the standard 

problem of a rectangle for which the area and the sum of length and width are 

known, the "false" length of which is X = 3 (x + l), and the "false" width of which 

is Y = 21 (y + 1). The method is unfortunately not commented upon. Like the 

transformation of the linear equation the didactical explanation appears to have 

been given at an earlier stage, and the understanding now inherent in the voca

bulary. Afterwards, the extended "real" length and width (those of "2 the sur

face") and finally the "real" length and width without extension are calculated 

(lines 45-51) . 

The whole tablet reflects a mathematics lesson. While part C represents a 

refined version of a standard problem known from elsewhere (VAT 8520, N o s 

1—2, cf. note 146), parts A and B are didactical steps toward a particular aspect 

of the procedure needed to solve the complex standard problem. The other, 

1 4 5 The meticulous repetition of all steps appears to exclude a simple reference back to 
the known entities from section B. 

1 / 5 0 The argument can be imagined in the style of "false assumptions": If the length of the 
upper left rectangle in Fig. 13 B is to represent 3 "true" lengths, the length of the upper 
right rectangle is 3 instead of 1. Similarly, if the upper left width represents 21 "true" 
widths, its extension will have to be 21 instead of 1. The sum of length and width of 
the total figure will then be 3 + 2 1 + 8 ° 30', cf. line 34. Furthermore, the total scaling 
factor for the area will be 21 • 3 = T 3°, and the area of the assumed surface will hence 
be 1' 3° • 2 =2y 6° (lines 36-39). 

The last part of the interpretation seems to be confirmed by VAT 8520 N° 1 (MKT 
I 340f.). Here, an igûm-icjibûin problem (translatable into xy = l, x-6/iZ {x+y) =30") 
is solved in a similar way (extensions apart). The linear equation is transformed, it 
appears, into Ix -<oy = 8 ° 30', and a scaling factor of 7 • 6 =42 is applied to "1 the sur
face". As the numbers 7 and 6 are to be retained bv head, the transformation can be 
assumed to be performed mentally, not by means of any material representation beyond 
the changed conceptualization of the basic rectangle. 
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more general aspects of the procedure are supposed to be known from earlier 
lessons, and one of them was in fact explained in TMS X V I , as we have seen. 

It has often been assumed that the Babylonian mathematical texts should be 
seen only as supplementary support for an oral tradition, and that the texts 
could only be understood by a person who knew beforehand what the whole thing 
was about. 1 4 7 The present investigation shows that the latter formulation is not 
as absolutely true as hitherto assumed, if only one knows the concrete meaning 
of the terminology. But still, the normal texts give the impression that they are 
a support for a teaching tradition making use of material representations outside 
the texts themselves, and referring to methods which had to be known before
hand. The material representations have still not been unearthed, and may be 
irretrievably lost (cf. above, chapter VI). The two Susa tablets, however, show 
us how the standard methods were taught, and the one just presented appears 
to refer more clearly perhaps than any other text to the naive^geometric repre
sentation. 

IX. Summing up the evidence 

The investigation has now arrived at a point where a summary of the results 
can reasonably be made. How far have we come in our understanding of the 
procedures, techniques and patterns of thought behind the Old Babylonian 
"algebraic" texts? 

Chapters IV to VIII have by necessity been overloaded with details. If all 
conclusions were to be referred precisely to the single relevant pieces of evidence, 
the present chapter would make still heavier reading. As the conclusions to be 
drawn from the material have, however, been presented in scattered form all the 
way through, I hope that detailed references to the primary material can now 
be dispensed with. 

On the negative side it will be remembered that the traditional arithmetico-
algebraic interpretation left so many unexplainable points in the textual discourse 
that it can be safely dismissed (cf. most of the texts presented in chapter V). The 
possibility to make it work by minor corrections and ad hoc assumptions can 
also be disregarded, because no fundamentally arithmetical interpretation can 
map the structural distinctions within the vocabulary. Babylonian "algebra" was 
not a science about pure numbers and the ways in which they can be put into 
mutual relation, be it understood in analogy with Medieval rhetorical algebra as 
with F. Thureau-Dangin, 0 . Neugebauer and B. L. van der Waerden, or through 
that first-level criticism of the received interpretation which has been expressed 
by M. Mahoney. 1 4 8' 1™ 

1 4 ' This supplementary role is no distinctive characteristic of the mathematical texts. 
Similar claims could be made for most branches of Babylonian literature. 

1 4 8 Mahoney 1971. 
1 4 9 It should perhaps be emphasized once more that these remarks, as the whole of my 

investigation, regard the "algebraic" texts. They have no implications for those texts 
which are directly concerned with the properties of numbers, e.g. concerning inversion 
or continued multiplication; they, of course, cannot be denied the label "arithmetical". 
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Positively, the use of some sort of naive-geometric technique can be regarded 
as well-established. It fits all details of the textual discourse; it distinguishes 
operations which have to be distinguished according to the structure of the 
terminology; it agrees with the apparent metaphorical implications of many 
terms, including the puzzling wäsitum, the "projection". The exact nature of the 
geometric representation is, however, open to doubt. We do not know to which 
extent the texts refer to a purely mental representation, though, truly, common 
pedagogical experience tells that mental geometry presupposes anterior inter
course with manifest geometry. We do not know the means (clay, dust, wax, or 
possibly sticks?) which were used to represent geometrical structures, relation
ships, and transformations manifestly, nor whether such representations should 
be thought of in analogy with modern geometrical drawings or as mere structural 
diagrams. These questions were discussed in further detail in chapter VI . 

Apart from a two-dimensional extension of the "single false position", the 
naive-geometrical techniques were only used for problems involving a "surface", 
i.e. for problems of the second degree. 1 5 0 We can list these techniques as follows: 

Firstly, there is the partition and rejoining of figures ("cut-and-paste"), which 
in ordinary "length-width" and "confrontation" problems is represented by the 
bisection and rearrangement of excessive or defective rectangles. In other, 
genuinely geometrical problems it is used more creatively 1 5 1, and as we shall 
mention in section X.4 there is evidence for continuity to later interests in the 
partition of figures. 

Secondly, we have the completion technique, the supplementation of a gnomon 
or a quasi-gnomon into a square or a rectangle. This may be the technique which 
was spoken of as "the Akkadian (method)" in TMS I X . 

Thirdly, we have the "scaling" technique, used e.g. when a non-normalized 
problem (<xx2 + ßx = y) is transformed into a normalized problem (in z = OLX), and 
to be understood perhaps as a change of measuring scale in one direction 1 5 2, per
haps as a proportional change of linear extensions in that direction. 

The "accounting" technique may be claimed to have nothing specifically geo
metric about itself, and it was indeed set forth most clearly in the Susa text 
explaining the arithmetical transformations of a linear equation. Nonetheless, 
the counting of a specific entity (or the measurement of one entity in terms of 
another entity) is a necessary supplement to the specifically geometric techni-

1 5 0 Inclusion of certain further texts would have forced us to modify this statement as 
well as the automatic identification of "surface"-problems with problems of the second 
degree. So, the "surface" problem Str. 367 (MKT I 259f.) is in reality of the first degree, 
but makes use of certain naive-geometric techniques all the same; other exceptions 
of various sorts could be mentioned. Already the first-degree "meadow" problems of 
VAT 8389 and 8391 could indeed be claimed" to be exceptions; all of them are of the 
first degree, but formally they are of course concerned with surfaces, and part of the 
reasoning is made through imagined partition of a geometrical surface. 

Problems "representing" prices, igûm-igïbûm pairs etc. by dimensions of surfaces 
are not to be understood as exceptions but as "surface"-problems (cf. the use of the 
term "surface" in YBC 6967, above, section V. l ) . 

1 5 1 A very beautiful example is VAT 8512 (MKT I 341 f.); see Gandz's deciphering of the 
procedure (1948: 36), or the more detailed analysis of the text in my 1985: 105.15ff. 

1 5 2 This would hardly bother the Babylonians, who appear to treat a rectangle of length 
45 nindan and height 45 cubit as they treat "any other" square (see my 1985: 53—63). 
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ques, without which no "analysis" by means of geometry (be it naive or based 
on Euclidean demonstrations) can reproduce the results of arithmetico-rhetorical 
algebra. The "accounting" and "scaling" techniques are of course closely related. 

Hardly to be counted as regular "techniques" but still parts of Old Babylonian 
naive-geometric methodology are the reasoning by various "false" assumptions 
and the ability to take any adequate entity of a geometric configuration as that 
"basic" entity which is to be submitted to the habitual standard operations. 

The global picture arising from the use of these techniques and quasi-techni-
ques is the predominance of constructive procedures ; only a single pre-established, 
fixed geometrical standard configuration—the one presented in Fig. 2, and 
visible as a basic grid in Fig. 14 A—has suggested itself during the investigation. 

The investigation was only peripherally concerned with first-degree techniques. 
Even on the basis of the restricted material presented here can it be seen, how
ever, that most reasoning about first-degree problems is verbal and basically 
arithmetical in character. Like second-degree problems, however, problems of 
the first degree are dealt with by means of "accounting" and various "false" 
assumptions. Like the second-degree "algebra" the reasoning on questions of the 
first degree is also concrete, bound to representations of manifest entities (mental 
representations in most cases, I guess). Hence of course the predilection for "false 
assumptions", which consist precisely in taking one entity, real or imagined, as 
a representative for another, normally unknown quantity. 

It was recognized already in the early 1930es that Babylonian "algebra" 
problems were constructed from known solutions. In the case of the "series 
texts", where often large numbers of problems deal with the same figure it is also 
obvious that the user of the texts would know the solution beforehand. The 
didactical Susa texts have now shown us (as it was also apparent from the tabu
lation in AO 8862 N° 1) that even the student would, at least in certain cases, 
have been told the solution beforehand, which would permit an identification of 
the entities involved in the procedure and also an explanation of the way it works. 

The backward construction has traditionally been taken as evidence that the 
aim of the mathematical texts was the teaching of procedures and techniques. 1 5 3 

The insights gained from the improved understanding of the vocabulary, regarding 
the use of naive-geometric justifications, and from the didactical Susa texts show 
us that the aim was not only technical know-how but also understanding, "know-
why". This helps us grasp how Babylonian mathematics was at all possible at its 
actual level. If its sole social justification had been a teaching enterprise domi
nated by empty rote learning, from where should it then have got the necessary 
intellectual inspiration and surplus? 

A summary of the results concerning the details of terminology would mainly 
become a repetition of chapter IV, which was in fact an anticipation of the 
results established in later chapters. I shall therefore only refer to Table 1 as the 
briefest possible summary of terminological details. On the general level, however, 

1 5 3 Since our texts are school-texts and not practitioners' notebooks this may seem their 
only possible aim. The occurrence of problems of the third degree for which the Baby
lonians knew no general solution, and which are therefore treated by non-generalizable 
tricks, show that another aim was possible and in fact also present at least occasion
ally: That of demonstrating the mock ability of the teacher. Cf. also above, note 144. 
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the somewhat floating character of the terminology should be remembered. Only 
as a first approximation can it be called "technical". It appears not to have been 
stripped completely of the connotations of everyday language, nor does it possess 
that stiffness which distinguishes a real technical terminology. W e should rather 
comprehend the discourse of the mathematical texts as a highly standardized 
description in everyday language of standardized problem situations and proce
dures, and we should notice that the discourse is never more, but sometimes 
less standardized than the situation described.15/1 As everyday life contained no 
second-degree problems (be it the life of a professional scribal surveyor or account
ant), terms taken from everyday language would of course have to be applied 
differently when describing procedures of second-degree "algebra" than in other 
texts. In as far as the use in such other texts is taken to represent the "basic 
meaning", the terms of the "algebra" texts will appear in the quality of standard
ized metaphors,—whence that impression of a technical terminology which is 
conveyed by standard problems. 

The Sumerographic writings inside the otherwise Akkadian mathematical 
texts presents us with a special interpretative problem. Are they not to be 
interpreted as technical terminology ? 

In order to answer this question we have to distinguish different sorts of Sumero
graphic writing. On the one hand we have a restricted number of terms which are 
invariably written in Sumerian: us, sag, a-sà, igi , ib-si 8 , ba-s i 8 . Even inside 
this group there is a certain variability, ba-s i 8 and igi giving rise to Akkadian 
loanwords and hence spoken with certainty as Sumerian words, and a-sà being 
often provided with phonetic complements and hence probably spoken in Akka
dian. None the less, these terms can be regarded as technical and free of everyday 
connotations, as it is made especially clear when us and sag used outside the 
basic representation are suddenly replaced by corresponding Akkadian words 
(cf. note 75). 

Then we have the large number of pseudo-Sumerian writings, where Sumero
grams are used logographically. In as far as the logographic meanings of these 
Sumerograms are not specifically reserved for mathematical texts they are no 
more and no less technical than the Akkadian words which they replace, or, 
alternatively, they are technical with respect to the scribal craft but not with 
regard to mathematics. 

Finally we have a domain of indeterminate extension, that of Sumerograms 
used as possible alternatives for Akkadian writing but used ideographically. 
W e have met one indubitable instance, viz. zi quoted in Akkadian as an infinitive 
in TMS X V I , which proves that the category is not empty. But this was an 
exceptional case, and other instances may be impossible to disclose. Especially 
the very compact and very ungrammatical Sumerographic writing of the series 

1 5 4 Seen in a long-run perspective this is of course also true of modern mathematical 
terminology. New theoretical developments give rise to new applications of old terms. 
Just think of a creature like the "infinite-dimensional vector space", in which at most 
"infinity" can still claim a classical value. Since the time when mathematical terms 
were given precise definitions, however, every extension by analogy and metaphor 
constitutes a clear and definite break. This was apparently different in Babylonian 
mathematics, which saw no absolute conceptual border-line between standard-situation 
and analogous extension. 
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texts (ungrammatical both from an Akkadian and from a Sumerian point of 
view) may be suspected to belong here. 

The remainder of the present chapter shall deal with two questions of more 
general character : The relations of our Old Babylonian discipline to the categories 
of later mathematical thought, and its relation to the intellectual style of its 
own age. 

Throughout this chapter I have spoken of Old Babylonian "algebra", not 
algebra. But was Babylonian "algebra" an algebra? Put in this form the question 
will of course have to be answered by a definition, which is not in itself a very 
fruitful way. We shall learn more by asking, in which respects Babylonian 
"algebra" was similar to Medieval or post-Renaissance algebra? 

W e should start from the outside, observing the uses to which the Babylonian 
discipline was put—and not put. In later times, algebraic techniques have been 
used to find the solution to problems which could not be solved by direct compu
tation. We have no Babylonian texts which suggest such uses of the naive-
geometric "algebra". On the contrary, the specious problems which had to be 
constructed in order to give occasion for the display of "algebraic" second-degree 
techniques suggest that no real uses were known. The abundance of realistic 
manpower- and brick-problems demonstrate that the Babylonian school
masters did nothing to hide a possible real-life importance of their teaching. 
"Algebra" never served to find a numerical value unknown in advance. In that 
respect its function was very different from that of algebra. 

Recognition of this difference should not force us into the opposite extreme, 
and should not make us believe that naive-geometric "algebra" was nothing but 
an investigation of certain numerical properties of squares and rectangles, a 
peculiar sort of geometry. In chapter I I introduced the concept of a "basic 
conceptualization". The us and sag are indeed basic in the sense that they are 
used to represent other quantities, the arithmetical relations between which can 
be mapped by the relations between the lengths and widths of rectangles. In 
Y B C 6967 we have seen how a pair of numbers with known product and difference 
was represented by the dimensions of a rectangle, made visible in the text by the 
explicit reference to a "surface". Other texts would show a wide variety of 
quantities being represented as linear quantities, more or less explicitly mentioned. 
Especially interesting are certain cases where the text appears to distinguish 
between the linear extensions of a real figure, supposed, we may guess, to be 
situated in the terrain, and the corresponding extensions of a representing figure 
(drawn perhaps in the dusty schoolyard), even though the two coincide numeri
cally. 1 5 5 Naive-geometric analysis of quadrangles is hence used as a means to 

1 5 5 This is the most probable implication of the distinction between "length" and "true 
length" in TMS X V I (section VII.3). In BM 13901 N<> 14, the "confrontation" spoken 
of in the statement and that inherent in the procedure can also be seen to be kept apart 
through the multiplication by 1 in rev. I 9 (section VIII . 1). Finally, TMS X I X appears 
to designate a "representing length" 1 as the "counterpart" of the "real length" 1 
(cf. below, note 176). 

Abstract distinction between a mentally conceived "real entity" and an equally 
mental "representing entity" may be too abstract to be expected in a Babylonian 
context. A reasonable guess would be that the traces of an explicitly distinguished 
representation are also traces of a concrete, material representation. 
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solve problems from other domains, be they artificial and the solutions known 
beforehand to exist as regular numbers. Though "algebra" was in all probability 
not used instrumentally in nonartificial situations, it was obviously taught as a 
virtual instrument. 1 5 0 

In virtual use and scope, "algebra" was hence related to real algebra. Can a 
similar claim be made for its "essence", its internal structure and characteristics? 
In a criticism of the unreflected use of the modern term to characterize a Baby
lonian discipline M. Mahoney has listed three characteristic features of developed 
algebra 1 5 7: Firstly, the employment of "a symbolism for the purpose of abstract
ing the structure of a mathematical problem from its non-essential content"; 
secondly, the search for "the relationships (usually combinatory operations) that 
characterize or define that structure or link it to other structures"; thirdly, ab-
stractness and absence of all "ontological commitments". 

Taken at the letter, and allowing only for divergence "by degree rather than 
kind", these features are only valid and only meant to be valid for post-Vietan 
algebra understood as a scientific discipline. Already Medieval or more recent 
practitioners' algebraic calculation will only deserve the label "algebraic approach". 
In the same strict language, Old Babylonian "algebra" is algebraic "in ap
proach": It cannot be claimed to possess a real symbolism. Still, even if the us 
and sag are no more symbols than the Diophantine àpiftfxoç or the Medieval 
th ing , their use as ingredients of a "basic representation" serves precisely if only 
implicitly "the purpose of abstracting the structure of a mathematical problem 
from its non-essential content". Secondly, a number of systematic texts (espe
cially among the series texts, but even BM 13901 can be mentioned) are in fact 
systematic investigations of the relationship characterizing the us-sag-structure. 
Only the third criterion is not fulfilled even tendentially—unless we will claim 
that the use of a common basic representation is already virtual abstraction. 

The "essence" of algebra can also be approached in another way, which links 
the beginnings of scientific algebra more clearly to the Medieval Art of Algebra 
and to the practitioners' algebra of the Modern era. In his "Introduction to the 
Analytic Art", in which Vieta aimed at bringing to light the hidden gold of al
gebra and almuchabala, he found the true essence of that art in the Ancient 
Method of Analysis, "assuming that which is sought for as if it were admitted 
[and working] through the consequences [of that assumption] to what is admit
tedly true". 1 5 8 This is exactly what we teach school children to do when solving 
an equation: "You treat a; precisely as if it were an ordinary number". Apart 
from the known values used for identification purposes during explanations, but 

1 5 6 There is no reason to be overly astonished or scandalized on behalf of the poor scribe 
school students on this account. Apart from a modest (not to say infinitesimal) minority 
of the school children who have been taught second-degree algebra during the latest 
372 millennia, their situation has been exactly the same, when not worse. Unless you 
make interpolation in trigonometrical or similar tables, physics at least at the level 
of Galilean ballistics, or something similar, second-degree algebra can only be used to 
train second-degree algebra. 

1 5 7 Mahoney 1971: 372. 
1 5 8 Chapter 1, ed. Hofmann 1970: 7; I follow Witmer's translation (1983: 11). Vieta cites 

Theon's definition of analysis. The gold metaphor is found in the dedicatory letter (ed. 
Hoffman 1970: xi). 

23 Altorient. Forsch. 17 (1990) 2 
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not as steps in the mathematical argument (cf. TMS I X , part C), it is also a 
precise description of the Old Babylonian procedures. In this respect, too, Old 
Babylonian "algebra" is therefore algebraic, or at least characterizable as "naive-
geometric analysis".1 5 9 

Was "algebra" then an algebra? If we apply M. Mahoney's criteria, it was not. 
Babylonian mathematics differed more than in degree from the discipline founded 
by Vieta and continuing through Descartes and Noether. But it was "algebraic 
in approach", belonging in full right to any family which is able to encompass 
both al-Khwârizmï, Cardano and Noether. Anybody using confidently the ex
pression "Medieval algebra" can with equal confidence speak of "Babylonian 
algebra". 

Instead of relating our subject to categories of later times we may compare 
it to the general cognitive style of its own time, thereby regarding it as one aspect 
of the thought of its times, on an equal footing with others. 

In their introduction to a famous "essay on speculative thought in the Ancient 
Near East" 1 6 0 , H. and H. A. Frankfort characterize it as "mythopoeic". There 
are several facets to the concept, but its main implication is that the phenomenal 
world is no object, no "it": it is a "thou", an animated individual. In as far as 
this is an adequate description it excludes a scientific cosmology in the modern 
sense, a cosmology extrapolated under theoretical guidance from rational ex
perimentation and hence in the final instance from technological practice. (I 
agree with any critical mind who finds this description short-circuited.) In this 
sense, it is true, we find no scientific cosmology in Ancient Mesopotamia. In the 
same sense it is indeed difficult to connect a scientific cosmology to any poetical 
or religious world-view, and so far it is therefore not obvious that the domination 
of cosmology by myth should imply that Ancient Mesopotamian thought in 
general be mythopoeic. 1 6 1 

Now, not everything in Babylonian thought was speculative; much of it was 
founded on social practice 1 6 2 or on technological practice. In both of these, and 
especially in the latter, the object-aspect of the external world, which under this 
view is not just "phenomenal", must be expected to impose itself. It is therefore 
not astonishing that it seems "difficult to accept [mythopoeiecy] as an adequate 
characterization" of "the intellectual adventure of ancient man" as "documented 
in the corpus of administrative, commercial, technical and other genres".1 6 3 

159 W e observe that even the argument by a single false position is a primitive sort of 
analysis albeit arithmetical. Take e.g. the problem that a "heap" and its fourth is 15. 
For lack of an x permitting us to rewrite the 15 as li/ix one takes the number to be 
known, viz. as 4, etc. 

1 6 0 H . Frankfort et al. 1946: 3-27. 
1 6 1 Precisely this question is raised regarding Babylonian mathematical thought by 

Mahoney (1971: 370). 
1 6 2 That even large parts of mythology were founded on social practice has been argued 

by Jacobsen (1976; and already in H. Frankfort et al. 1946: 125—219). A proverb like 
"Workmen without a foreman are waters without a canal inspector" demonstrates 
clearly that Babylonian overseer-scribes were as able to see their fellow beings under 
the aspect of objects as their myths were to see nature as a fellow being (H. Frankfort 
et al. 1946: 203). 

m Larsen 1987: 205. " 
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Our algebraic texts constitute another exception to the presumed mytho-
poeic rule. Truly, AO 8862 carries an invocation of the scribal goddess Nisaba 
on its edge; but this and other similar inscriptions are totally isolated from the 
rest of the text, which treats its subject not as a "thou" having the "unprece
dented, unparalleled, and unpredicatable character of an individual, a presence 
known only in so far as it reveals itself"104, but as a fully predictable, manip
u late and comprehensible object. No wonder, since Babylonian algebra was 
definitely not "speculative", i.e "regarding", but active, technical construction. 
According to the Frankforts' dichotomy it is "modern", dealing with lenghts, 
widths and surfaces and with its problem-situations as "objects and events [. . .] 
ruled by universal laws which make their behavior under given circumstances 
predictable", and which "can always be scientifically related to other objects 
and appear as part of a group or a series".105 

This does not mean that Babylonian mathematics and technical thought in 
general was modern, only that its difference from modernity cannot be grasped 
by the Frankfort dichotomy. Nor should the secular rationality of Hammurapi's 
"Code" make us mistake this collection of concrete decisions for an abstract, 
general law-book in the style of Roman law. 1 0 0 A recent investigation of the 
cognitive character of Babylonian divination science 1 6 7 tries to get beyond such 
mistakes through reference to C. Levi-Strauss's distinction between "hot" and 
"cold" societies, between the "savage" and the ''domesticated" mind, between 
"the science of the concrete" and that of "abstract thought", illustrated by the 
distinction between the "bricoleur" (a cross-breed between the "tinkerer" and 
the "Jack of all trades") and the engineer.108 

In the Lévi-Strauss illustration, engineering technology is thought of as devel
oping specialized tools for the job to be done. The bricoleur, on the contrary, 
takes what happens to be at hand and fits it together as best can be done. "Do
mesticated" science and thought is seen analogously as building on abstract con
cepts; the "savage mind", on the other hand, classifies the categories and oppo
sitions of e.g. their social world using pre-existent entities as classifiers and ana
logies. 1 6 9 While concepts are "wholly transparent with respect to reality", 
meaning nothing but their conceptual content, a pre-existent concrete entity 
used as a symbolizer is a sign, preserving to some extent the cultural meaning 
it possesses in itself and imparting it to those other entities for which it is used 
as a classifier.170 (Being a member of the "Arrow Clan" may imply swiftness!) 

In his investigation of the Babylonian lexical lists and omen literature, M. T. 
Larsen comes to the conclusion that many features (the search for classifying 

1 6 4 H. Frankfort-H. A. Frankfort, in: H.Frankfort et al. 1946: 5. 
1 6 5 Ibid. 
1 6 6 See Renger 1976: 229 and passim. The validity of the description is not affected by the 

discussions whether the decisions were considered paradigmatic or not. 
1 6 7 Larsen 1987. 
1 6 8 Lévi-Strauss 1972: 16ff. 
1 6 9 The opposition between day and night can thus be used as an analogy or "model" for 

the two moieties of a tribe; clans labeled after animals are part of common lore, not 
signifying, however, that the clan members assume descent from the real animal in 
question, but affinity in some higher sense (cf. ibid. 142f. and 149). 

1 7 0 Ibid. 20 
23 • 
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order and the postulate of direct causation, partly built on recorded experience 
and partly on analogic thought) can be described as "savage". Other features 
of the omen literature are, from its Old Babylonian beginnings, better described 
as "semidomesticated" : The intent to engineer the future, the attempt to make 
exhaustive listings of all possible omina (which presupposes writing, a main 
domesticator) and the way in which lacunae in the empirical record are filled out 
by means of abstract, logical rules—rules which are in fact formulated explicitly 
in a Neo Assyrian compendium. All in all, however, the global logic of the divi
nation prevented the apparent steps toward "domesticated science" from leading 
to any ultimate breakthrough. 

How are we then to regard Old Babylonian mathematics? Is it also "luke
warm", blocked midwav between a neolithic "cold" society and our modern 
"hot" world? 

Several features, at least, look "savage". It was claimed time and again in the 
preceding chapters that a pattern of thought was "concrete", which sounds very 
much like the classification by means of pre-existent, concrete entities used as 
signs. But let us look at the "concrete" argument in VAT 8389 No 1. In this 
case "concreteness" means that the mathematical structure is thought in terms 
of the real entities involved. There is no distinct, concrete signifier, no sign im
parting to the "meadows" any characteristics beyond those of possessing an area 
and to yield a specified rent per area unit. "Concreteness" simply means "ab
sence of any explicit abstract signifier or abstract calculating scheme" (no x or 
àpL&fj.6ç, no standardized "double false position"). 

In second-degree problems like those of BM 13901 or AO 8862 (the "basic 
representation" itself) we see the same sort of concreteness. "Naive geometry" 
consists precisely in taking geometrical entities at their phenomenal face value, 
without submitting them to theoretical reflection through which their properties 
and mutual relationships might be formulated as abstract principles.171 

In cases where something else is dealt with by means of a mapping on the basic 
representation, be it the number pairs of a table of reciprocals, prices, or real 
linear extensions, we seem to come closer to the use of concrete entities as signs. 
Even here, however, we should take care. There is no hint that a price represented 
through a length has anything in common with that line, except, precisely, the 
relevant characteristic, the measuring number. No text whatever suggests any
thing similar to the swiftness of the Arrow Clan. On the contrary, the represen
tation is normally only visible through the designations of the operations per
formed ("breaking", "making span", etc.). Only ocasionally do we find a "surface" 
or a "true length", etc. In its function, the basic representation can be regarded 
as an abstract instrument. 

1 7 1 The definitions, axioms and postulates of the Elements are precisely such a set of ab
stracted principles, and the deductive build-up of the whole work constitutes a conscious 
attempt to build the complete argument on these. Truly, the abstracted system is not 
complete, as it is well known, and at times "naive" knowledge is made use of implicitly; 
and conversely it is obvious that Old Babylonian "naive" geometry is full of implicit 
abstraction: assumptions on the calculability of areas as products, knowledge of 
arithmetical rules, etc. Neither observation affects the fact that we have to do with 
fundamentally different projects. 
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Places where the description of "savage thought" is really relevant for Old 
Babylonian algebra are its terminology, and hence its operations. Like Lévi-
Strauss's "concepts", technical terms are "wholly transparent", meaning nothing 
but their direct technical implication. They have no connotations. Like his 
"signs", descriptive metaphors, even when used in a standardized way as long as 
the situation itself is standard, carry a load of everyday connotations, causing 
e.g. its users to "tear out" rather than "break off" a square from another square. 
The terminology being only partly technicalized, we might characterize it as 
"semi-savage". 

A second "semi-savage" aspect of Old Babylonian algebraic mathematics is 
constituted by the series texts. As I have not dealt with them above, I shall only 
state briefly that the listings of large numbers of variations on the same type of 
equation is a parallel to the way all possible liver shapes are listed in the omen 
lists, and to the lexical lists. But it is no perfect parallel. While the lists are first of 
all additive and aggregative listings, introducing hierarchical ordering only in so 
far as this reflects "the surrounding highly stratified society" 1 7 2, the series texts 
are constructed in main sections, first order subdivisions, and cartesian products 
of second-order subdivisions.173 

In the case of the omen text, the Neo-Assyrian compendium formulating 
explicit, abstract rules was an unprecedented innovation, at least as far as the 
written record has been excavated. In mathematics, the corresponding step can 
be demonstrated to have been taken already by the late old Babylonian period, 
viz. on the Susa text TMS X V I , which furthermore looks very much as a written 
documentation of a sort of didactical explanation which would normally be 
given orally. Didactical explanation does not in itself constitute theoretical re
flection on abstract principles, and it was thus no step leading automatically to 
abstract, deductive mathematics. But it was a starting point from which a 
critically inquisitive intellectual environment might have been able to proceed, 
indefinitely long. Sticking to the cold-hot metaphor we may say that Old Baby
lonian algebra was after all not only "lukewarm" but also inflammable. Further 
development of the discipline was not blocked by any immanent intellectual 
structure reflecting the over-all social and intellectual climate, as was the case 
of divination science. The blocking factors resided direct ly in global social and 
intellectual conditions: The scribal school was only moderately inquisitive and 
definitely not critical ; the prime reason for interest in mathematical knowledge 
beyond the requirements of direct utility was professional pride and social 
prestige rather than curiosity and openness to the infinite possibilities of an un
known world. Furthermore: By the end of the Old Babylonian era, the scribal 
environment changed socially and intellectually, cutting off even the supplies 
for that sort of mathematical research which had been undertaken until then. 1 7 4 

1 7 2 Larsen 1987: 211. 
J 7 ;- The system is clearly visible in the symbolic transcriptions of three sections of VAT 

7537 in MKT I 474f. 
1 7 4 For the motivations of Old Babylonian non-utilitarian mathematical activities, cf. 

above, note 144. The changes after the end of the Old Babylonian era are discussed 
in my 1980: 28f. 
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X. The legacy 

So, after the end of the OJd Babylonian era, second-degree algebra vanishes from 
the documentary horizon for many centuries—as do in fact all specific traces of 
mathematics teaching. That does not mean, however, that Old Babylonian 
mathematics was a complete mathematical dead-end without consequences for 
later mathematical cultures. On the contrary: though rarefied for a millennium 
below the level of archaeological visibility, the Old Babylonian tradition was to 
excert its influence on several of the sources of Modern mathematics. 

Before looking directly at the evidence for such influence we shall, however, 
investigate yet another Old Babylonian text, one in which the conceptual dynam
ics of Old Babylonian algebra can be glimpsed. 

X . l . A possible shift in the conceptualization: IM 52301 N° 2 (Baqir 
1950 a, improved transliteration in Gundlach—von Soden 1963: 252 f.) 

The text in question is problem N° 2 from IM 52301, perhaps the youngest of 
the (northern) Tell Harmal mathematical tablets. It deals with a real geometric 
trapezium 1 7 5, and reduces the problem to one of "surface and confrontations 
equal to number". Besides being a beautiful specimen of "representation", the 
text is interesting because of its deviations from normal usage, which suggest a 
tendency toward changing or looser conceptualizations. It runs as follows (the 
marginal drawing is not in the tablet) : 

x (-20) 

o 
H 

V 30 

in 
ii 

Obverse 

16. / / to two-third of the accumulation of the 
upper width 
ëum-ma a-na si-ni-ip ku-mu-ri sag e-li-tim 

2/s ' (u — v) +10 = »( = 20) 17. and the lower, 10, to my hand9,1 have appended-' 
20 the length / have built. The width 
ù sa-ap-li-tim 10 a-na qa-ti-ia dah-ma 20 us ab-ni 
sag 

u — v = 5 18. {. . . } b the upper, over the tower 5 goes beyond. 
{e-li} e-li-tum e-li sa-ap-li-tim 5 i-te-er 

u + v . 19. The surface is 2' 30°. What my lengths? Y o u , 
b y y o u r s a y i n g b , 5 which it goes beyond x = 2y 30° 

Putting u + v=Z: 

* = 2 / 3 - Z + 10 
(3/2) 10) 

= 2* 30° 
or, with an adequate 
choice for a : 

a-sà 2, 30 mi-nu-um us-ia za-e TUK-zû-dè 5 
êa e-te-ru 

20. 10 which you have appended; 40' of the two-third, 
my factors of both( ? )c ; inscribe: 
10 sa tu-is-bu 40 si-ni-pé-tim a-ra-ma-ni-a-ti-a 
lu-pu-ut-ma 

1 7 5 From the mathematical structure alone, Bruins' interpretation (1966: 207ff.), viz. a 
triangle cut by a transversal, cannot be excluded. But the expression "upper length" 
in rev. 17 speaks definitely against it, as does the absence of partial areas from the 
statement. 
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{ZI2) • (Z + 2a) 21. The igi of 40' of the two-third detach: 1° 30' you 
= ( 2 / 3 ) - 1 ' 21 30° = 3* 45° see. 1° 30' {. . . 

i-gi 40 éi-ni-pé-tim pu-tû-ur-ma 1, 30 ta-mar 1, 30 
{hi-pi(1 )-ma 

22. . . ,}t> to 2y 30°, the surface , raise: 3X 45° yew see. 
4 r 5 t^a-mar 45} a-raa 2, 30 a-sà i-ëi-ma 3, 45 ta-mar 

Z • (Z + 2a) = 7v 30° 23. 3* 45° repeal 7X 30° yew see. T 30° yow Äead 
3, 45 e-si-ma 7, 30 ta-mar 7, 30 ri-ië-ka 

a = { ( 2 / 3 ) " 1 ' V2} * 10 24. may retain. Turn back. The igi of 40' of the two-
= 45' • 10 = 7° 30' third detach 

li-ki-il tu-ur-ma i-gi 40 ëi-ni-pé-tim pu-tû-ur 

Reverse 

1. 1° 30' you see. 1° 30' break: 45' you see; to 10 which 
you have appended 
1, 30 ta-mar 1, 30 hi-pi-ma 45 ta-mar a-na 10 
«sa tu-is-bu 

2—4. raise; 7° 30' yew see {. . . } b 

i-si-ma 7,30 ta-mar {7, 30 ri-ië-ka li-ki-il tu-ur-ma 
i-gi 40 pu-tû-ur-ma 1, 30 ta-mar 1, 40 hi-pi-ma 
45 ta-mar a-na 10 .sa tu-is-bu i-si-ma 7, 30 Êa-raar} 

Z 2 + 2 • 7° 30' • 3 = 7* 30° 5. 7° 30' the counter {. . £>art /ay tfown; Jfa^e span: 
7, 30 ?tte-eÄ-{«sa}-ra-ara i-di-ma ëu-ta-ku-il-ma 

(Z + 1° 30') 2 6. 56° 15' you see. 56° 15' to 7y 30° wTwcft yow head 
= T 30° + 56° 15' 56, 15 ta-mar 56, 15 a-na 7, 30 ëa-ri-ië-ka 
= 8X 26° 15' 7. retains append: & 26° 15'yen* see. The equi lateral* 

û-ka-lu si-ib-ma 8, 26, 15 ta-mar ba-se-e 

£-f-7°30' = ]/8x 26° 15' 
= 22° 30' 

8. of 8' 26° 15' make come up: 22° 30' its equilateral*; 
Z = 2 2 ° 3 0 ' - 7 ° 3 0 ' = 15 from 22° 30' 

8, 26, 15 ëu-li-ma 22, 30 ba-su-ëu i-na 22, 30 
9. the e q u i l a t e r a l 0 7° 30', your takïltum, cut off, 

ba-se-e 7, 30 ta-ki-il-ta-ka hu-ru-u8$ 
u + v 10. 15 the left-over. 15 break: 7° 30' you see, 7° 30' the 

2 £j\£à i ou counterpart lay down: 

15 ëi-ta-tum 15 hi-pi-ma 7, 30 ta-mar 7, 30 me-eh-

ra-am i-di-ma 
u — v f 1 1 . 5 wÄicÄ width over width p/oes beyond break: 

— — 5/2 — 2 30 5 «sa sag e-Zi sag i-te-ru hi-pi-ma 

u + v u-v 12. 2° 30' you see. 2° 30' to the first 7° 30' append: 
u ~ ~ 2 2~~ 2, 30 ta-mar 2, 30 a-rca 7, 30 ië-ti-in si-im-ma 

= 7°30 ' -h2°30 ' = 10 

u + v u — v 13. 10 you see; from the second 7° 30' cw£ off. 
V ~ 2 ' 2~~ 10 ta-mar i-na 7, 30 ëa-ni-im hu-ru-us^ 

= 7° 3 0 ' - 2 ° 3 0 ' = 5 
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Proof: 

w + v = 10 + 5 = 15 

2 / 3 • (u + v) = 10 

3 = 1 0 + 10 = 20 17. 

14. 

16. 

15. 

10 the upper width; 5 the lower width. 
10 sag e-li'tum 5 sag sa-ap-li-tum 
Turn back: 10 and 5 accumulate, 15 you see. 
tu-ur-ma 10 ù 5 ku-mu-ur 15 ta-mar 
The two-third of 15 tajfce: 10 2/0^ see, and 10 append: 
ëi-ni-ip-pé-at 15 le-qé-ma 10 ta-mar ù 10 si-ib-ma 
20 t/ow upper length. 15 break: 7° 30' yow see. 
20 Us-£a e-lu-um 15 hi-pi-ma 7, 30 ta-mar 

18. 

19. 

7° 30' to 20 raise: 2' 30°, the surface , 2/0% see. 
7, 30 a-na 20 i-ëi-ma 2, 30 a-sà ta-mar v 

$0 the having-been-made. 
ki-a-am ne-pé-ëum 

a I.e. a number 10 which is "at my disposition" without being defined in relation 
to the figure. 

b The text contains a number of repetitions, other erroneous insertions etc. due 
to faulty copying. Those of obv. 18 and rev. 5 were already pointed out by T. 
Baqir. Those of obv. 21 f. and rev. 2—4 (the first of which has been induced by 
the phrase, 1,30 ta-mar 1,30 common to obv. 21 and rev. 1, while the second is 
provoked by the 7,30 ta-mar common to obv. 23 and rev. 2) follow from analysis 
of the procedure. 

The reading of zû as a homophonic mistake for zu in obv. 19 was given in von 
Soden (1952a: 49). That of T U K as dug 4 was suggested by Baqir (1950a: 146). 

c "factors of both" is a tentative translation of aramanidtum, a plural form 
known from nowhere else. The term is an epithet to 40', which multiplies the sum 
of the widths. The term thus appears to suggest two (identical) factors multi
plying the members of a sum. In agreement with this, von Soden (1952a: 50) 
suggests conjecturally the word to be a loanword from Sumerian ara -man, 
"times"-"two", i.e. "factors of both". 

d The "equilateral" of rev. 7—9 is written in syllabic writing. In rev. 7 and 9, the 
form is BA.SE.E, indicating that the form normally written ba-s i 8 (which alter
nates with ib-s i 8 ) was pronounced in Sumerian. (In a similar fashion, the text 
writes a syllabic i-gi instead of the normal igi.) In rev. 8, the form is a nomina
tive with suffix, ba-su-ëu, suggesting an Akkadianized form basum. The accu
sative form in rev. 7 could in principle be a construct state of the same form, 
but the genitive in rev. 9 cannot, since the rest of the text is written with full 
mimation. It must render a genuine Sumerian pronunciation of the term. 

Both forms confirm, as does the homophonic shift from si 8 to si in certain 
texts, that the term was not read as a logogram for an Akkadian word (mithartum 
being the normal assumption), at least not when used for the extraction of a 
square-root. 

In AO 17264 (late Old Babylonian or early Kassite) the forms ba-si-e-ëu and 
ba-si-ëu are found (MKT I, 127). Even here, the equilateral is "asked for" (ëâlum). 
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Before drawing any conclusions from the way the text formulates its subject-
matter we should of course make sure that this subject-matter is understood 
correctly. Is the interpretation in the marginal commentary adequate, apart 
from the anachronism inherent in the use of modern algebraic symbolism ? Should 
we not instead expect that the problem was seen as one in two unknowns (a 
"length-width"-problem) the product and difference of which are known (Z and 
Z + 2oc, in the symbolism of the margin)? Or, if it is to be understood in terms of 

( u -j- v \ 

nut m e entity wmuii wuuiu uvnunuy ue cnuseii uy <a ijaujriumaiiv ' 
Both answers should probably be answered by "yes"; we should perhaps 

expect the problem to be comprehended in two unknowns, and if not, the average 
rather than the aggregated width would be a normal Babylonian unknown. 
But in the first case we would also expect that the difference between the two 
be really calculated ; instead, the scaling factor 1° 30' is bisected before the multi
plication is performed, without any other reason calling for that sequence of 
operations. In the second case, the operation in obv. 23 would have been a 
"raising", the normal scaling multiplication (cf. section V.5, BM 13901 No 3), 
and that of rev. 10 would have been a reverse scaling. Instead, the first is a 
"repetition" and the second a "breaking", concrete operations which indicate 
that operations belonging with the standard procedure are only found from obv. 
24 to rev. 9, and thus that the sum of the widths, i.e. the 15 found in rev. 9, is 
the quantity looked for in that procedure. All normal Babylonian habits notwith
standing, the marginal commentary appears to map the original procedure. 

If we look at the formulation of the text, it is obviously close to the style known 
from Old Babylonian algebra in general, so much so, in fact, that only lack of feeling 
for the stylistic implications of the naive-geometric procedures (most notably the 
identification of the 7,30 of rev. 9 as a takiltum, i.e. as the same as that of rev. 5) 
has prevented earlier investigators of the text from identifying correctly the 
dittographies of obv. 21 f. and rev. 2—4. 

Apart from the erroneous repetitions (which are obviously due to copying errors 
and which therefore presuppose the existence of a more correct original) and the 
syllabic writings of Sumerian terms there are, however, certain deviations from 
normal usage which can hardly be explained unless we assume some slackening 
of normal conceptual habits. 

Firstly, the term "building" is employed in obv. 17 when the length is ex
plained to be equal to the sum of the widths and an extra amount of 10. It is 
not excluded that a constructive procedure is still intended, but in that case a 
mental construction is more plausible than an actual drawing. In any case, the 
formulation deviates from a normal usage which appears to be strongly bound 
up with specific procedures. 

Secondly, a "counterpart" turns up in rev. 10 in a most unusual function. 
Normally, it is seen in length-width-problems (cf. Y B C 6967, section V. l ) , when 
two sides containing a completed square are "laid down", for subtraction and 
ensuing addition of the takiltum.™ In the present case, addition and subtraction 

176 "Normally", but not exclusively, it is true. In TMS X I X , a number 1 is posed (in a 
"single false position") for the (real) "lenght" of the problem, and next also for its 
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of a semi-difference is still meant, but if a geometrical configuration is at all 
thought of, it is different, the "original" and the "counterpart" being opposing 
widths of a rectangle, which the addition and subtraction are to transform into 
a trapezium. 

These peculiarities do not prevent a naive-geometric interpretation. Moreover, 
the "doubling" in obv. 23 suggests the use of a procedure related to a trick used 
in the two tablets VAT 7532 and V A T 7535 (both in MKT) . The suggested pro
cedure is shown in Fig. 16: The step of obv. 21 f. corresponds to a scaling in hori
zontal direction (the first transformation, A—B). The repetition in obv. 23 is a 
genuine duplication, transforming the trapezium into a real rectangle (B-*C), 
viz. a "surface (of a square) with 15 confrontations". The sequence of^operations 

2 + 15 

Figure 16. The geometrical inter
pretation of IM 52301 N° 2 sug
gested by the parallels in VAT 
7532 and VAT 7535. 

"counterpart" (TMS, 101, as corrected in von Soden 1964: 49), which in the following 
turns up to be its "basic representative". In TMS I X 40 (above, section VIII.3) as well 
as TMS X I I 10 (TMS 79, as corrected in von Soden 1964: 49), and rev. 5 of the 
present text, the "original" and the "counterpart" form the usual geometric configu
ration, but already at the point where they are "made span" a supplementary square, 
not when the side of the completed square is found. 

An occurrence in IM 55357, 10 (Baqir 1950) is still more deviant but need not occupy 
us here, as it has to do with a triangle. 
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is, however, remarkable. If the geometrical procedure had been performed physi
cally, it would have been natural to make the very palpable doubling first, and 
the scaling afterwards. The actual sequence appears to indicate that a more 
purely arithmetical understanding of the underlying structure, where the sum of 
the widths is aimed at as an unknown (in the first transformation) before it is 
actually produced (in the second transformation). 

The deviant use of the term "building" was already mentioned as an indication 
pointing in the same direction. The implications of the peculiar use of "counter
part" in rev. 10 are more indefinite, and the most that can be said is that an 
otherwise strict conceptual structure appears to be loosening, especially if we 
notice that the term is also used in a somewhat more orthodox way in rev. 5. 
The way the text regards the "equilateral" is, however, yet another indication 
that an arithmetical conceptualization is present : It is definitely no entity pro
ducing a square—it is something which "comes up", i.e. a numerical result. 1 7 7 

The awareness of a homomorphism between geometrical and arithmetical 
procedures need not have been greater with the author of the present text than 
with the authors of more orthodox, somewhat older texts. The latter, however, 
formulate themselves strictly within the geometrical conceptualization. This 
strictness of language has either been regarded as superfluous or has not been 
understood by the present author. In both cases it is justified to speak of a 
loosening of the conceptualizations and of an opening toward explicit arithmetical 
understandings. 

X . 2 . Seleucid arithmetization : BM 34568 N° 9 (MKT III, 15) 

Further developments of this opening toward arithmetic are seen in the algebra 
problems of the Seleucid era. A simple instance is found in BM 34568 N° 9, the 
very problem which was used in Chapter I to demonstrate the ambiguities of 
current translations. In transliteration and conformai translation, the text runs 
like this : 

Obverse II 

x + y=14 1. L e n g t h and width accumula ted 8 : 14, and 48 the 

x • y = 48 surface. 
us ù sag gar-[w]a 14 ù 48 a-sà 

(3 + )̂2 = 3* 16° 2. The NAME* I know not. 14 steps of 14, 3* 16°. 
4 • x • y = 3' 12° 48 STEPS 0 of 4, 3' 12°. 

MU nu-zu* 14 a-râ 14 3, 16 48 GAM 4 3, 12 
(x-y)2 = (x + yy--4xy 3. F r o m d 3X 12° (to) 3X 16° go up e : 4 remains*. What 

= 3* 16° - 3 * 12° STEPS of what* 
= 4 3, 12 -ta 3,[1]6 nim-wza ri-hi 4 mi-nu-u GAM mi-ni-i 

1 7 7 The same expression is found in the contemporary and equally northern tablet Haddad 
104 (al-Rawi - Roaf 1985) and in the late Old Babylonian or perhaps even early Kassite 
AO 17264 (MKT I 126). Db 2-146 (Baqir 1962), which is also contemporary with the 
present text, regards the "equilateral" as something which is to be "taken", presumably 
also as a numeric al result. 
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z-*/ = ]/4 = 2 4. shall 1 G O h so thai1 4? 2 S T E P S of 2, 4. F r o m 2 (to) 
(a; + y ) - ( : r - 2 / ) = 1 4 - 2 14 go u p : 12 remains. 

= 12 = 2z/ /w-ra-ma k 4 2 G A M 2 4 2-ta 14 nim-raa ri-M 12 

t / = 1/2 ' 12 = 6 5. 12 T I M E S 30', 6 the w i d t h . ToJ 2 add* 6: 8, 8 the 

x=(x-y) + y = 2 + e> = 8 l e n g t h . 
12 G A M 30 6 6 sag 2 - s e 6 ta-tip-pi-ma 8 8 us 

a " a c c u m u l a t e d " translates G A R , which is certainly an abbreviation for 

g a r - g a r , not as in Old Babylonian texts a logogram for ëakânum, "to pose". 
V 

b N A M E translates M U , used logographically for ëûmum. F. Thureau-Dangin's 

interpretation as a logogram for assum, "since" ( T M B , 59) is possible, but it does 

not fit the context. O. Neugebauer's interpretation "name" is, on the other 

hand, confirmed by the Susa text T M S I X . 
c S T E P S translates G A M , which in the contemporary mathematical table text 

M M 86.11.410 is used as a separation sign (see M C T , 15). In the present tablet, 

the sign appears to be used as a complete equivalent for a - r a , "steps of" (so also 

in the contemporary A O 6484 - M K T I , 9 6 - 9 9 ) . 

d "from" translates the Sumerian ablative-/instrumental suffix - ta . 

e "go up" translates the Sumerogram n i m , which in certain Old Babylonian 

texts was used as a substitute for il ~nasûm, "to raise", i.e. "to calculate by 

multiplication". Here the term appears in the original Sumerian meaning, used 

to describe a subtraction conceptualized as a counting process. 

f "remain" translates riähum, "übrig bleiben". 

8 The first "how much" (mlnum) is à nominative, while the second is a genitive 

(mi-ni-i). So, the two factors in a product by G A M (and, as revealed by obv. I , 

16f. of the same tablet, by a-ra) play different roles. It is this construction which 

has suggested m y standard translation for a -râ (cf. section IV .3 ) . 

h " G O " translates râ, "to g o " ( T Ü M in M K T ) . This supports the conclusions of 

notes c and g. 

1 "so that" translates the optative and precative partivle lû (also used to denote 

the precative form of the ideogram râ in the same line, "shall I G O " ) . 

j "to" translates the Sumerian terminative suffix -sè . 

k "add" translates tepûm, "hinbreiten, auftragen; addieren", which in Late 

Babylonian had taken the place of wasabum, "to append" (cf. von Soden 1964: 

48 a). In contradistinction to wasabum, however, tepûm can be used as a symmetric 

term, tepûm a together with b. So, the modernizing connotations of the translation 

"to add" seem quite to the point. 

First of all we observe that certain parts of the vocabulary are continuous 

with that of our Old Babylonian texts: "length", "width", "surface", "name", 

steps of". All except "steps of" belong on the level of algebraic problems, not 
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on that of mere computation. W e can therefore be sure that we are really con
fronted with a descendant of the Old Babylonian algebraic tradition, in spite 
of the silence of all sources between c. 1600 B.C. and c. 300 B.C. 

The next observation will be that of thorough change on all levels, in spite of 
the continuity. It goes down to the choice of Sumerograms: n im, which in Old 
Babylonian texts designates a multiplication of the "raising" class, standing 
presumably for forms of ullûm (cf. note 39), is used now for the stepwise counting 
of a difference, presumably as a logogram for elûm. In part, at least, the Sumeria-
nization of mathematical language appears not to have been continuous over 
the silent millenium.1 7 8 

The discontinuous Sumerianization carries implications for the nature of the 
transmission, which appears to have taken place in a practitioners' environment 
rather than a scholarly institution. As far as the conceptual structure of Seleucid 
algebra concerns it has less to tell. Under the latter aspect, indeed, the absence 
of all traces of constructive thought and not least the purely arithmetical for
mulations are the most conspicuous features. Subtraction has become a straight 
counting process, instead of a concrete process described metaphorically in 
physical terms ("tearing out", "cutting off", etc.). Only one multiplicative 
operation is left, described by the term of multiplication tables, i.e., as a repeated 
counting, when not by the ideogram GAM, the separation sign used apparently 
as a purely visual symbol. Bisection is no special operation, but only a multi
plication by 30', and the square-root is explicitly asked for as the solution to 
the problem x • x = n. Two additive processes appear to be present, but the one 
corresponding to "appending" can no longer be identity-conserving, since it is 
often, though not here, symmetrical with respect to the addends. No doubt, 
therefore, that the conceptualization of the problem is completely arithmetical. 

As discussed at some length in chapter I, an arithmetical conceptualization 
does not exclude a geometrical method and justification. This combination is 
precisely what is found in al-Khwârizmî's justifications. A figure which would 
serve to solve the problem was shown in Fig. 2, and the same figure and a gen
eralized version will in fact explain all problems of the tablet, except one dealing 
with alloying of metals and one concerned with a rectangle of known proportions 
(see Fig. 17). Moreover, even the more specious procedures are easily argued 
from the two all-purpose figures, and in one case, that of N° 13, O. Neugebauer 
feels obliged to have recourse to Fig. 17 B 1 7 9 in order to explain why the proce
dure is at all meaningful. On the other hand, several of the solutions are very 
difficult to follow unless one uses either geometric support or written, symbolic 
algebra — purely rhetorical methods will not do. It is therefore reasonable to 
assume that the method of Seleucid second-degree mathematics remained geo-

1 7 8 Another case of re-Sumerianization is that of tab. In Old Babylonian mathematics, 
it was used as a logogram for esëpum, "to repeat"; in the present tablet (e.g. obv. I 2) 
it is used for fepum, "to add". Both uses are in agreement with the general meaning 
of the Sumerian term; in their technical use, however, the two functions of the ideo
gram cannot be connected in any way, which excludes any continuous existence of 
tab as a mathematical term. 

1 7 9 Of course in symbolic transcription (MKT III 21). The important thing is that the 
entity (I +w-{-d)2 cannot be avoided in the interpretation of the procedure. 
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Figure 17. Two all-purpose figures which may support all the second-degree problem 
solutions of BM 34568. The upper figure will be recognized as a familiar justification of 
the Pythagorean theorem. For use of the lower figure, where d is the diagonal of a rectangle 
with length 1 and width w, one shall remember that the central square equals the sum 
of the upper left and the lower right square (d2 =Z 2 =w'2). In problem 12, the equality of 
the lower right square and the central gnomon will have to be used explicitly. 

The upper figure is seen to contain Figure 14A, the one constructed for AO 8862 N° 3. 
It will be remembered (see above, note 138) that the same configuration appears to be 
used in two other Old Babylonian problems. 
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metric, in spite of the arithmetization of its conceptualization, though probably 
"synthetic" rather than analytically constructive. 

It is tempting to see the arithmetical conceptualization as the final outcome 
of a natural process already begun during the late Old Babylonian period : Secular 
use of the same procedures would grind off everything superfluous and leave 
back only the essential structure, which is indeed arithmetical. Before accepting 
this as sole and sufficient explanation we should, however, be aware that another 
factor was also at work, and perhaps even a third circumstance should be taken 
into account. 

The indubitable extra factor is the specific scholarly environment of Seleucid 
mathematics : The great astronomical centre of Uruk. 1 8 0 The enormous numerical 
calculations performed in this centre may well have made the local scribes more 
inclined toward arithmetical thought than less specialized practitioners of the 
algebraic art whoever they may have been. But as we shall see below, such 
practitioners must have existed. 

The possible extra factor is cultural cross-fertilization. Seleucid Uruk was part 
of the Hellenistic melting-pot, and links back to Old Babylonian traditions 
should therefore not be taken to exclude combination with other links. In 
another branch of Seleucid mathematics, viz. mensurational geometry, a definite 
break with Old Babylonian methods and a striking parallel to Alexandrinian 
geometry is clearly visible. 1 8 1 

In the procedure of our problem there may also be a suggestion of cultural 
import. All corresponding Old Babylonian problems find the semi-sum and the 
semi-difference between length and width, even those which appear to make 
use of the same geometrical configuration. In the present case, the total sum and 
difference are found. There is no inherent reason for that change. In a group 
of more orthodox second-degree problems in the Seleucid tablet AO 6484, dealing 
with igûm-igibûm-'peiiTs with known sum182—as far as mathematical structure 
concerns no different from the present problem—, we find indeed the traditional 
semi-sums and semi-differences, together with a terminology which is about as 
arithmetical as that of the present problem. 1 8 3 

1 8 0 AO 6484, the other Seleucid tablet containing second-degree problems, was indeed 
written by Anu-aba-utër, an early 2nd-century scribe from Uruk, known as possessor 
and writer of astronomical and other tablets. See the colophone in MKT I 99, and 
Hunger 1968: 40 (N° 92) and passim. If the algebraic tradition was really transmitted 
since the Old Babylonian period in an environment of "higher artisans", as suggested 
above, the circle of the Uruk astronomer-priests may be the setting where its re-
Sumerianization took place. 

1 8 1 In Old Babylonian mensuration, the area of an irregular quadrangle had been found 
by the "surveyors' formula", as the product of "average length" with "average width" 
(see e.g. YBC 4675, in MCT 44f.). In the Seleucid tablet VAT 7848 (MCT 141) the 
height of a trapezium is calculated by means of the Pythagorean theorem, and every
thing goes exactly as in Hero's Geometrica 16, 17. New evidence suggests, it should be 
observed, that the develojnnent toward greater precision in mensuration may have 
taken place before the possible interaction with Greek geometry; indeed, unpublished 
Late Babylonian tablets contain the explicit calculation and use of the height of a 
triangle [Friberg (forthcoming) §§ 5.4c and 6.5]. 

1 8 2 Rev. 10-27 (4 problems in total). In MKT I 98f. 
1 8 3 The subtraction of "surfaces" carries a libbi, "inside"; but the subtractive term itself 
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A purely autochthonous development would probably have affected the method 
of all isomorphous problems similarly. It is therefore plausible that the specific 
methods of B M 34568 were introduced together with a specific cluster of length-
width-diagonal-problems during the dialogue of scientific cultures. 

I t is not possible to identify the eventual interlocutor. Similar interest are 
found in China, in the Nine Chapters on Arithmetic.^ But they are also found 
in the Graecô-Roman wor ld 1 8 5 , and in neither case are the similarities complete 
nor fully convincing. Furthermore, the Hellenistic era was one of wide-range 
cultural connections, from China to Magna Graecia. The suggestive similarities 
can at most be taken as indications that mutual inspiration took place, and that 
Babylonia was probably not the only focal point for "algebraic" investigations 
of geometric figures. 

X . 3 . Babylonian influence in Greek mathematics? 

The hypothetical foreign inspiration of Seleucid algebra is difficult to trace 
precisely. So are also the possible inspirations flowing the other way during 
Antiquity and the early Middle Ages. Certain suggestions can be found, however, 
in Greek sources pointing to inspiration though hardly to direct descendency. 

The idea of inspiration from Babylonian algebra to Greek "geometric algebra", 
i.e. the geometry of "Elements I I " etc., is as old as the discovery of Babylonian 
second-degree algebra. Since the late 1960es it has been submitted to severe 
criticism 1 8 6 , mainly because the Greek geometry of areas is a coherent structure 
of its own which is not adequately explained as a "translation" of an arithmetico-
rhetorical algebra, of which it is neither an isomorphic nor a homomorphic 
mapping. 

A naive-geometric reinterpretation of Babylonian algebra changes much of the 
foundation of the debate . 1 8 7 If we recognize further that the structure of Greek 
geometry is the result of a process and not identical with the structure of its 
possible inspirations, the question of Babylonian inspiration of Greek mathemat
ics is completely open again. 

This is not the place for a thorough investigation of the problem, which I 

approach elsewhere. 1 8 8 I shall just point to the observation which put me on the 

track. The much-discussed term Sovajxic has given rise to precisely the same 

ambiguities as the Babylonian mithartum. In some contexts it seems to mean 

"square-root" or "side of square", in others it is the square itself. A s in the Bab-

is lal, "diminish", and the addition is expressed simply by u, "and", and tab, "add". 

Multiplication is comprehended as "going steps". 
1 8 4 Translated by Vogel (1968-the relevant problems are found pp. 90-103). 
1 8 5 One source is a Greek papyrus from the 2nd century A.D. (Rudhardt 1978, cf. Sesiano 

1986). Another is a Latin Liber podismi (latest edition in Bubnov 1899: 510—516), 
dating perhaps to the 4th century A.D. and based apparently on Alexandrian sources. 
One of its problems (ibid. 51 If.) deals with a right triangle, for which the hypotenuse 
and the area are known. The solution is of "Seleucid" type, making use of total sum 
and total difference. 

1 8 6 I shall only refer to Szabo 1969; Mahoney 1971; and Unguru-Rowe 1981. 
1 8 7 See my 1983 (review of Unguru-Rowe 1981). 
1 8 8 See my 1988. 
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ylonian case, the apparent ambiguities are eliminated if we read the term as 
"a square identified by (and hence with) its side". The normal Greek habit is 
to identify a figure with its area; as with us, a square designated TSTpàycovoç has 
a side and is its area. The Suvajjuç is thus a foreign flower in the Greek conceptual 
garden. 

Investigation of a variety of mostly early sources suggests that the term was 
not only used in theoretical geometry but also by calculators, seemingly in con
nection with some sort of algebraic activity, an earlier stage of the tradition 
behind Diophantos. Links to the theory of figurate numbers are also suggested, 
and hence to a pebble-abacus-representation of naive-geometric procedures (cf. 
above, the end of chapter V I ) . 1 8 8 a 

Another possible line of transmission of Babylonian influence goes to the pre-
Diophantine algebraic tradition. I have already pointed at the similar ways 
in which the Babylonians and Diophantos deal with non-normalized problems, 
and other similarities could be found in that tiny part of Diophantos' "Arith-
metica" which possesses cuneiform parallels. Such similarities are, however, 
fairly inconclusive, since the subject-matter itself restricts the range of possible 
procedures strongly. Supplementary evidence may, however, be hidden in a 
much-discussed term of the "Arithmetica", the 7uXaafi.aTixoç, which occurs in 
I.xxvii, I.xxviii and I.xxx of the surviving Greek part, and in the Arabic IV. 17, 
V.19 and V.7. In the Greek text, it seems to be the diorism, i.e. the condition for 
solvability which is called 7rXacr(jLaTix6v, while the Arabic passages speak of the 
whole problem as belonging to the class of al-muhayyaah.18d 

The Greek term derives from 7uX<xa<jco, "to form", "to mold", etc., and it is re
lated to TcXacfxa, "anything formed or molded, image, figure" etc. (GEL 1412a). 
Because of this etymology and the Greek passages alone, P. Ver Eecke suggested 
it to mean that the diorism can be demonstrated geometrically.1 9 0 Since a ref
erence to Euclidean geometry fits badly to the distribution of the term in the 
Arabic books, both editors of the Arabic text have looked for alternative ways 
to get a meaning of the term in its actual contexts. 1 9 1 Here again, however, the 
naive-geometric view-point changes the basis of the question. We already know 
a 7rXào-fjLa, a fixed figure or "mold" on which the diorisms of the three Greek 
passages can be seen immediately; viz. the upper square in Fig. 17 (quartered as 
in Fig. 14, since Diophantos uses semi-sums and semi-differences). Moreover, the 

188a j n this connection it may be of some interest, but is of course inconclusive, that the 
method of BM 34568 N° 9 is better suited for treatment by pebbles than the traditional 
semi-sum/semi-difference procedure, which fails if the sum or, equivalently for in
tegers, the difference is odd. 

1 8 9 The first Arabic passage is grammatically impossible as it stands. Hashed (1984: III 27) 
prefers a minimal correction, which makes the term an epithet to a number. Sesiano 
(1982: 99 note 48) makes a more radical emendation, in order to obtain agreement 
with a backward reference in the next passage and with his own interpretation of the 
term. The first but not the second of these considerations seems compelling to me, 
which makes me accept that part of Sesiano's correction which makes IV 17 a parallel 
to IV 19 (whence also to V.7). 

190 Ver Eecke 1926: 36 note 6. There is no reason to go further into the details of his 
explanation. 
Bashed 1984: 133-138; Sesiano 1982: 192f. 

24 Altorient. Forsch. 17 (1990) 2 
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diorism of the Arabic V.7 can be seen on the three-dimensional analogue of the 
same figure. 

The diorisms of the Arabic IV17 and IV 19 are of a different character, involving 
factorizations of the sides of cubes. There are no direct links to specific Babylo
nian material. On the other hand, certain techniques used for the computation of 
large reciprocal tables and the techniques of scaling are akin to the Diophantine 
procedure. Since at least the Arabic text does not claim that these and none but 
these problems possess a distinctive mathematical quality but only states that 
they belong to a certain pre-established bunch of problems possessing the quality, 
we should perhaps interprète the term as designating problems the feasibility of 
which is seen by certain naive-geometric procedures, not necessarily by Dio
phantos but at least by the people who established the bunch. The interpretation 
is not compelling, nor is however any rival explanation. A hint of a Babylonian 
connection may—but need not—hide behind the term and the concept. 

X .4 . A direct descendant : Liber mensurationum 

If inspirations from Babylonian algebra to Greek mathematics can only be traced 
indirectly, through the combination of many sorts of roundabout evidence, in
fluences in Medieval Islamic mathematics are direct and easily verified. 

Once more, I shall only sketch the basis of the argument, since I deal with the 
matter in detail elsewhere.1 9 3 The central source is a Latin translation made by 
Gherardo di Cremona in the 12th century from an Arabic original due to one 
otherwise unidentified Abu Bakr, the Liber mensurationum.m The first parts of 
the work deal with squares and rectangles (the later parts, related to Alexandrian 
practical geometry, do not concern us here). It was already noticed by H. L. L. 
Busard in his edition that the work shares many problem-types and even the 
coefficients of certain problems with Babylonian algebra (making no distinction 
between Old Babylonian and Seleucid material). This, however, is not conclusive. 
Starting from the simplest cases you will necessarily hit upon many of the same 
problem-types when progressing toward more complex algebraic problems, and 
if you prefer, e.g., the second-simplest to the simplest Pythagorean triangle, your 
numbers will be 6, 8 and 10. 

The first decisive observation is that many problems are solved twice, first 
by a method given no specific name and hence to be regarded as the normal, 
fundamental method, and next by aliabra, obviously a term meant to render the 
Arabic al-jabr. In a general sense of the word, both methods are equally algebraic. 
Aliabra, however, refers directly to the fundamental cases known from al-Khwä-
rizmï. It is hence the rhetorical discipline known from al-Khwârizmî and ibn 
Turk 1 9 4 and also referred to by Thabit ibn Qurra in his "Rectification of the cases 
of al-jabr".™ In several cases, the numerical steps of the fundamental method 
and the alternative by aliabra are identical. The difference between the two must 
therefore be one of representation and conceptualization. 

See my 1986. 
Critical edition by Busard (1968). 
See Sayili 1962. 

J»s See Luckey 1941. 
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The next observation is that the discursive organization of the descriptions 
of the "fundamental" procedures coincides down to the choice of grammatical 
tense and person and to the use of certain standard phrases ("since he has said" ; 
"may your memory retain") with the familiar structure of Old Babylonian texts. 
The procedures are also often those known from the Old Babylonian texts, e.g. 
the "change of variable" of AO 8862 N° 1. The standard length-width-problem 
is solved by means of semi-sum and semi-difference, showing that the connection 
of the text is really directly to the Old Babylonian tradition, bypassing the Se
leucid astronomical school. 

A closer look at the vocabulary shows that the conceptual distinctions known 
from the classical Old Babylonian tradition are not respected completely. So 
much remains, however, that we have good reasons to believe that a naive-
geometric method is still behind the numerical algorithms described in the text. 
A final "See" after many procedure-descriptions indicates that the original has 
indeed contained (naive- Jgeometric justifications of the methods. 1 9 0 

These observations are the main but not the sole reasons to see the fundamental 
approach of the text as a direct continuation of an Old Babylonian naive-geometric 
tradition, which must then have been alive until the Arabic original was written, 
probably not much later than A.D. 800. Even in Abu Kamil's Algebra, dating 
from c. A.D. 900, an alternative to the normal al-jabr procedure is sometimes 
offered 1 9 7 which contains the typical Old Babylonian steps, though in arith
metico-rhetorical disguise. More striking is, however, a passage in Abü'l Wafâ"s 
Book on What is Necessary from Geometric Construction for the Artisan, written 
shortly after A.D. 990. In chapter 10, prop. 13, the author tells that he has taken 
part in certain discussions between "artisans" and "geometers", apparently 
regarded as coherent groups. Confronted with the problem of adding three equal 
geometric squares, the sum also being a square, the artisans proposed a number 
of solutions, "to some of which were given proofs", proofs which turn out to be 
of cut-and-paste character. The geometers too had provided a solution in Greek 
style, but that was not acceptable to the artisans, who claimed a concrete re
arrangement of parts into which the original squares could be cut. 1 9 8 

1 9 6 One may wonder that so many linguistic observations can be made on a Medieval 
Latin translation. The reason is that Gherardo's translation appears to be extremely 
literal, reflecting even some peculiarities in the original usage which could easily have 
been straightened without loss of mathematical substance. 

1 9 7 See Levey 1966: 94, 96. 
1 9 8 See Krasnova 1966: 115ff. This Russian translation is the only printed version of the 

work, although selections and paraphrases from incomplete manuscripts have been 
published by Woepcke (1855) and Suter (1922: 94-109). Though not algebraic the 
whole treatise is highly interesting as an eclectic merger between a Near-Eastern 
naive-geometric tradition and Greek apodictic geometry. Abü'1-Wafä's treatise is a 
main source for the establishment of a connection between the cut-and-paste technique 
and the later theory of partition of figures. Another work of possible interest in this 
connection is a short treatise on the Pythagorean theorem written by Thâbit ibn 
Qurra (description in Sayih 1960, Arabic text and Turkish translation in Sayili 1958). 
The first part of the treatise describes two proofs of the theorem by means of al-tafsll 
wa'l-wasl, "partition and combination" (Sayih 1958: 535 1. 7). The figures are, however, 
different from those connected to the Babylonian tradition ; they look rather as gener
alizations of that used by Socrates in Plato's Meno, and the method is indeed described 
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A striking feature of the Liber mensurationum is the recurrence of problems 
adding or subtracing the four sides of a rectangle or square from the area (or 
reversely) ; other multiples of the sides do not occur. In a problem collection derived 
from surveying and surveyors' interest this comes as no great surprise. As in 
Old Babylonian mathematics, inhomogeneous second-degree-problems could only 
arise as artificial constructions, and most easily as recreational problems. But 
avfunny problem in surveying is one which adds the area and all four sides of a 
square field rather than one which (like BM 13901 N° 2) adds 2/., 0 f the area and 

of the side. Recreational problems in general are not characterized by mere 
complexity and artificiality but first of all by striking coincidences. This ob
servation is part of the evidence for the above claim that the aberrant problem 
23 from BM 13901 (section V.4) was taken over from a surveyors' tradition and 
adopted into the school tradition, perhaps even as the source for the interest 
in inhomogeneous second-degree "algebra".1 9 9 

As regards the methods of the Liber mensurationum, it is noteworthy that the 
trick used in AO 8862, problems 1 and 2, is used time and again. These early 
problems, we remember, were formulated as "surveying anecdotes". Their meth
odological affinity with the late surveying tradition can thus be regarded as 
supplementary evidence that Old Babylonian school "algebra" and the Liber 
mensurationum both derive from a common, older mensuration tradition. 

In chapter 11 used al-Khwârizmî's naive-geometric justifications of his algo
rithms as a pedagogical device, in order to demonstrate what naive geometry 
would look like. At the present stage of the investigation it turns out that the 
old naive-geometric tradition was still alive when al-Khwârizmï wrote his seminal 
compendium on algebra. W e can hardly assume that he invented anew a technique 
which was widely practiced around him, and we can therefore be confident that 
his justifications were direct descendants of those of the Old Babylonian cal
culators. W e may guess that even his arithmetico-rhetorical al-jabr derives 
ultimately though highly transformed from the same source, but there we have 
no direct evidence. Through his justifications, however, we know that the ancient 
techniques were passed on to Medieval Islam and to the early European Renais
sance, and hence to the modern world. 

as „Socratic" by Thäbit; not being able to follow the text, I am thus not sure about 
its implications. 

1 9 9 If this hypothesis is correct, the tradition will have been carried by Akkadian speakers, 
according to the explicitly Akkadian eqlam introducing BM 13901 N° 23. This fits 
"the Akkadian" method as a name for the quadratic completion (TMS I X , see section 
XIII .3) . It also agrees with the Akkadian language of the whole Old Babylonian 
mathematical tradition which, as observed repeatedly above, is visible even in its use 
of quasi-Sumerian logograms. Old Babylonian school mathematics was—like omen 
literature which is likewise written in Akkadian—new as a school tradition, but it may 
well have older oral roots. A Sargonic tablet bisecting a trapezium [Friberg (forth
coming), section 5.4.K] suggests that it goes back at least to the 23d century B.C. The 
present hypothesis on the relation between Old Babylonian school mathematics and 
the surveyors' tradition is argued in somewhat more detail in Hoyrup 1989 a: 28 f. 
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Zur Frühgeschichte algebraischer Denkweisen 

V o n J E N S H0YRUP i n R o s k i l d e ( D ä n e m a r k ) 

Hans Wüssing zum 60.Geburtstag zugeeignet 

F r ü h e s a l g e b r a i s c h e s D e n k e n ; N o t w e n d i g e V o r b e m e r k u n g e n 

z u m B e g r i f f 

' G e s c h i c h t e d e r A l g e b r a 1 s e i t d e r V o r a n t i k e : G a b e s d e n n 

s e i t 4 0 0 0 J a h r e n e i n a b g e g r e n z t e s u n d a l s a b g e g r e n z t a n e r 

k a n n t e s D i n g Algebra? S i c h e r l i c h n i c h t . O d e r g a b e s w e n i g 

s t e n s e t w a s , d a s , o b w o h l n i c h t a l s A l g e b r a u n d v i e l l e i c h t 

n i c h t m a l a l s ' D i n g ' a n e r k a n n t , s i c h d o c h ü b e r d i e J a h r 

h u n d e r t e z u m h e u t i g e n A l g e b r a e n t w i c k e l t e - a l s o e i n e ' G e 

s c h i c h t e d e r a l g e b r a i s c h e n D e n k w e i s e ' ? A u c h d a s n i c h t , 

s c h o n w e i l e s k a u m h e u t e eine e i n f a c h a b g r e n z b a r e ' a l g e 

b r a i s c h e D e n k w e i s e ' g i b t : ' A l g e b r a ' d e c k t d i e P r a x i s d e r 

L ö s u n g a r i t h m e t i s c h e r G l e i c h u n g e n ; s i e d e c k t a b e r v i e l m e h r 

d i e Theorie s o l c h e r G l e i c h u n g e n u n d i h r e r L ö s b a r k e i t ; u n 

t e r M a t h e m a t i k e r n s c h l i e ß l i c h d e c k t s i e h e u t e h a u p t s ä c h l i c h 

d i e Generalisierung s o l c h e r T h e o r i e n , d . h . d i e G r u p p e n 

t h e o r i e u n d i h r e v i e l e n E x t e n s i o n e n . D i e s e B e d e u t u n g e n 

s i n d n a t ü r l i c h ( w e n i g s t e n s p a a r w e i s e ) v e r w a n d t , s i n d a b e r 

k a u m d u r c h einen B e g r i f f z u e r k l ä r e n . V i e l m e h r m u ß m a n v o n 

e i n e r F a m i l i e g e g e n s e i t i g a b h ä n g i g e r algebraischer Denkwei

sen und Methoden s p r e c h e n . A u s d e r Geschichte der Algebra 

w i r d d a d u r c h e i n e Geschichte algebraischer Denkweisen, d e 

r e n g e g e n w ä r t i g e V e r f l e c h t u n g u n s e r e n o f f e n e n A l g e b r a b e 

g r i f f a u s m a c h t . 



2 Jens Heyrup 

In dem Maße, wie wir d i e G e s c h i c h t e rückwärts v e r f o l g e n , 

l ö s t s i c h d i e s e V e r f l e c h t u n g a l l m ä h l i c h auf . So s t e h t d i e 

ganze K l a s s i f i z i e r u n g i r r a t i o n a l e r Größen im 10.Buch der 

Elemente und d i e Erforschung i h r e r I n v e r s i o n g e i s t i g der 

modernen Gruppentheor ie sehr nahe; s i e hat aber kaum i r 

gendeine Verbindung m i t der Arithmetica D iophant s , deren 

Gleichung'slösung mit Elementen impliziter Gleichungstheo-

vie ebensogern a l s a l g e b r a i s c h b e t r a c h t e t werden kann -

geschweige denn mi t der al-ja.br des a l - K h w â r i z m ï , d i e uns 

den Namen der D i s z i p l i n gegeben h a t 1 ) . 

Wir b e s c h ä f t i g e n uns im fo lgenden m i t a l g e b r a i s c h e n Denk

weisen in v o r g r i e c h i s c h e n T r a d i t i o n e n , besonders im f r ü 

hen B a b y l o n i e n , und in den 1 s u b w i s s e n s c h a f t l i c h e n 1 P r a k t i 

k e r t r a d i t i o n e n , d i e m i t der g r i e c h i s c h e n ' w i s s e n s c h a f t l i 

chen 1 Mathematik g l e i c h z e i t i g s i n d , ohne davon v i e l g e 

p r ä g t zu s e i n . 

Z u e r s t aber e i n Wort über d i e B e g r i f f e ' w i s s e n s c h a f t l i c h ' 

und ' s u b w i s s e n s c h a f t l i c h ' . S i e b e s c h r e i b e n e i n e Orientie

rung des Wissens und s i n d ke ine Q u a l i t ä t s u r t e i l e . ' W i s s e n 

s c h a f t l i c h ' i s t e i n e s y s t e m a t i s c h e V e r f o l g u n g von Wissen 

um des Wissens willen über d i e Ebene des A l l t a g s w i s s e n s 

h inaus ( i n h a l t l i c h oder in seinem inneren Zusammenhang) -

' t h e o r e t i s c h e s ' ( d . h . ' b e t r a c h t e n d e s ' ) Wissen im g r i e c h i 

schen S inne , know-why mi t einem Ausdruck aus moderner Z e i t ; 

s i e . w i r d s i c h notwendigerweise bemühen, das Wissen so w e i t 

wie mög l i ch e x p l i z i t zu machen. ' S u b w i s s e n s c h a f t l i c h ' i s t 

d i e Erwerbung und Tradierung von S p e z i a l i s t e n w i s s e n um 

seiner Brauchbarkeit willen; d i e Griechen würden von e i n e r 

Techne sprechen , das 20 .Jahrhunder t von know-how. Im P r i n -

1) D ie V i e l s e i t i g k e i t und U n d e f i n i e r b a r k e i t d e r ' a l g e b r a i s c h e n Denk

w e i s e n 1 und d i e A u f l ö s u n g i h r e r g a r a n t i e r t e n Verbindung im M i t t e l 

a l t e r und i n d e r A n t i k e e r k l ä r e n d i e v i e l e n A u s e i n a n d e r s e t z u n g e n 

über den a l g e b r a i s c h e n Charakter d i e s e s o d e r j e n e s G e b i e t e s ( s e i 

e s b a b y l o n i s c h e ' A l g e b r a ' , d i o p h a n t i s c h e ' A r i t h m e t i k ' o d e r g r i e 

c h i s c h e ' g e o m e t r i s c h e A l g e b r a ' ) , macht s i e a b e r auf d e r anderen 

S e i t e auch z i e m l i c h s i n n - und z w e c k l o s . 

http://al-ja.br
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z i p d a r f d a s W i s s e n e i n e r s u b w i s s e n s c h a f t l i c h e n T r a d i t i o n 

i m p l i z i t b l e i b e n , o b w o h l n a t ü r l i c h d i e U m s t ä n d e d e s A n -

l e r n e n s d e r ' L e h r l i n g e 1 w e n i g s t e n s e i n e o r a l e E x p l i z i t i e -

r u n g v o n v i e l e m h e r v o r z w i n g t ( u m g e k e h r t m a g a u c h v i e l e s 

i n n e r h a l b e i n e r w i s s e n s c h a f t l i c h e n T r a d i t i o n i n d e r P r a 

x i s i m p l i z i t , w e i l v ö l l i g u n p r o b l e m a t i s c h , b l e i b e n ) 2 * . 

U n m i t t e l b a r m ö c h t e m a n a n n e h m e n , d a ß d i e U n t e r s c h e i d u n g 

m i t d e r U n t e r s c h e i d u n g z w i s c h e n ' r e i n e m ' u n d ' a n g e w a n d t e m ' 

W i s s e n i d e n t i s c h s e i . D a s s t i m m t n i c h t g a n z . E r s t e n s m a g 

s e l b s t v e r s t ä n d l i c h ' t h e o r e t i s c h e s ' W i s s e n s e h r a n w e n d b a r 

s e i n , o b w o h l e s u m s e i n e r s e l b s t w i l l e n e r w o r b e n w u r d e -

e s g i b t b e k a n n t l i c h ' n i c h t s p r a k t i s c h e r e s a l s e i n e T h e o r i e ' 3 ) . 

Z w e i t e n s , u n d w e n i g e r d i s k u t i e r t , g i b t e s a u c h ' r e i n e ' A u s 

w ü c h s e d e r s u b w i s s e n s c h a f t l i c h e n T r a d i t i o n e n - b e s o n d e r s 

a u f f ä l l i g i m G e b i e t d e r s u b w i s s e n s c h a f t l i c h e n M a t h e m a t i k . 

S i e g e h e n u n t e r d e n N a m e n v o n ' S c h e r z a u f g a b e n ' o d e r ' U n t e r 

h a l t u n g s m a t h e m a t i k ' . 

A n d e r e r s e i t s s i n d ' w i s s e n s c h a f t l i c h e r e i n e M a t h e m a t i k ' u n d 

' s u b w i s s e n s c h a f t l i c h e r e i n e M a t h e m a t i k ' i n d e m U r s p r u n g 

i h r e r F r a g e n v ö l l i g v e r s c h i e d e n . A l s P a r a d i g m a d e r e r s t e n 

k a n n m a n n o c h m a l s d a s 1 0 . B u c h d e r Elemente i n Z u s a m m e n h a n g 

m i t d e r v o r e u k l i d i s c h e n G e s c h i c h t e d e r g r i e c h i s c h e n I r r a 

t i o n a l i t ä t s t h e o r i e e r w ä h n e n . D i e E n t d e c k u n g d e r I n k o m m e n -

s u r a b i l i t ä t f ü h r t e z u r F o r m u l i e r u n g b i s h e r u n g e a h n t e r F r a 

g e n : W i e k a n n m a n S t r e c k e n k o n s t r u i e r e n , d i e m i t e i n e r g e 

g e b e n e n S t r e c k e ( o d e r d e r e n Q u a d r a t m i t e i n e m g e g e b e n e n 

2) Aus d i e s e r D e f i n i t i o n f o l g t , daß ' w i s s e n s c h a f t l i c h e s W i s s e n ' g e g e 
b e n e n f a l l s wen iger i n h a l t r e i c h und s c h l e c h t e r o r g a n i s i e r t s e i n mag 
a l s ' s u b w i s s e n s c h a f t l i c h e s W i s s e n ' - man v e r g l e i c h e z . B . Nikomachos 1 

z i e m l i c h t r i v i a l e n e u p y t h a g o r e i s c h e A r i t h m e t i k m i t der b a b y l o n i s c h e n 
' A l g e b r a ' , d i e unten b e s c h r i e b e n w i r d . 

3) Nach d e r Ents tehung der I n g e n i e u r w i s s e n s c h a f t e n im 19 .Jahrhunder t 
und d e r V e r w i s s e n s c h a f t l i c h u n g v i e l e r s o z i a l e r P r a k t i k e n im 2 0 . J a h r 
hundert w i r d d e s h a l b auch d i e D i s t i n k t i o n z i e m l i c h s i n n l o s . I h r e 
R o l l e i s t , d i e A n d e r s a r t i g k e i t f r ü h e r e r W i s s e n s o r g a n i s a t i o n e n v e r 
s t ä n d l i c h zu machen. 
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Q u a d r a t ) i n k o m m e n s u r a b e l s i n d ? W e l c h e A r t e n v o n G r ö ß e n 

g i b t e s d e n n ü b e r h a u p t ? U n d w i e v e r h a l t e n s i e s i c h z u 

e i n a n d e r ? D i e e r s t e n z w e i F r a g e n w e r d e n s c h o n i n P i a t o n s 

Theaitetos 4 ) b e a r b e i t e t ; a l l e d r e i l i e g e n h i n t e r d e r 

E u k l i d i s c h e n I r r a t i o n a l i t ä t s t h e o r i e . D i e E n t w i c k l u n g 

theoretischer reiner Mathematik e n t s t e h t a l s o a l s Ant

wort auf offene Fragen; u m d i e s e A n t w o r t m ö g l i c h z u m a 

c h e n , m ü s s e n o f t ( w i e a u c h i m e b e n e r w ä h n t e n B e i s p i e l ) 

n e u e M e t h o d e n u n d B e g r i f f e g e s c h a f f e n w e r d e n . 

D i e s e s V e r h ä l t n i s v o n M e t h o d e u n d F r a g e w i r d i n d e r 1 s u b 

w i s s e n s c h a f t l i c h e n r e i n e n M a t h e m a t i k 1 , d . h . i n d e r U n t e r 

h a l t u n g s m a t h e m a t i k , u m g e k e h r t . H i e r w e r d e n schon vorhan

dene Methoden a u s g e n u t z t , u m z u z e i g e n , w a s m a n d a m i t 

a l l e s m a c h e n k a n n - auch über das Notwendige hinaus. D e r 

Z w e c k i s t , b e i a n d e r e n E r s t a u n e n o d e r B e w u n d e r u n g o d e r b e i 

s i c h d a s G e f ü h l e i g e n e r G e i s t e s s t ä r k e z u w e c k e n ; d e m 

S c h ü l e r p r o f e s s i o n e l l e s S e l b s t b e w u ß t s e i n e i n z u f l ö ß e n ; o d e r 

s e i n e F ä h i g k e i t i n d e r A u s ü b u n g s e i n e r P r o f e s s i o n n a c h z u 

p r ü f e n : M i t e i n e m W o r t , Virtuosität v o r z u f ü h r e n 5 ) . U m 

d i e s e s Z w e c k s w i l l e n w e r d e n P r o b l e m e a u f g e s u c h t , d i e m i t 

d e n v o r h a n d e n e n M e t h o d e n z w a r l ö s b a r s i n d , a b e r v i r t u o s e 

B e h e r r s c h u n g d i e s e r M e t h o d e n f o r d e r n 6 ) . 

4 ) 1 4 7 c 7 - 1 4 8 d 7 ( e d . , t r a n s i . F o w l e r 1 9 7 7 ) . W a s T h e o d o r o s d a m a c h t , 
i s t v o n d e r e r s t e n F r a g e i n s p i r i e r t , w ä h r e n d d e r j u n g e T h e a i t e t o s 
( a l s e r s t e r , muß m a n n a c h d e m T e x t g l a u b e n ) d i e z w e i t e a n g r e i f t . 

5 ) D a s w i r d g a n z d e u t l i c h v o n C h r i s t o p h R u d o l f f i n Künstliche rech-
nung mit der Ziffer . . . ( 1 5 4 0 ) e r k l ä r t . D a s K a p i t e l 1 S c h i m p f r e c h -
n u n g ' b e g i n n t m i t d e r E r k l ä r u n g , w i e ' D u r c h r e c h n u n g , auch nit on 
sonders auffmercken der unwissenden, z u e r g r ü n d e n w i e u i l e i n e r 
p f e n n i n g , c r e u t z e r , g r o s c h e n o d e r a n d e r m ü n t z v o : i m l i g e n h a b e 
. . . " ( h e r v o r h e b u n g J H ) . 

6 ) E s i s t c h a r a k t e r i s t i s c h , d a ß d i e S a m m l u n g a r i t h m e t i s c h e r E p i g r a m m e 
i m X I V . B u c h d e r s p ä t a n t i k e n Anthologia graeca s o w o h l A u f g a b e n u n 
t e r h a l t u n g s m a t h e m a t i s c h e r A r t w i e e i g e n t l i c h e , n i c h t m a t h e m a t i s c h e 
R ä t s e l e i n s c h l i e ß t ( e d . P a t o n 1 9 7 9 : V , 2 5 - 1 0 7 ) . 
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DA D I E A U F G A B E N D E S P R A K T I S C H E N P R O F E S S I O N E L L E N A L L T A G S 

DEM G E Ü B T E N P R A K T I K E R S C H N E L L T R I V I A L WERDEN, FÜHRT DER 

B E D A R F AN VORWÄNDEN FÜR V I R T U O S I T Ä T ZUR K O N S T R U K T I O N VON 

PROBLEMEN J E N S E I T S D E S P R A K T I S C H E N , D . H . ZUR E N T W I C K L U N G 

E I N E R NICHTANWENDBAREN ' R E I N E N 1 M A T H E M A T I K , DEREN A U F B A U 

ABER VON I H R E N METHODEN UND N I C H T VON I H R E N PROBLEMEN B E 

S T I M M T W I R D . 

S Y S T E M A T I S C H B E T R I E B E N E ' W I S S E N S C H A F T ' I N D I E S E M S I N N I S T 

E I N E E R R U N G E N S C H A F T DER G R I E C H I S C H E N A N T I K E UND F O R D E R T E 

WOHL I N IHREM ANFANG DAS B E S O N D E R E G E I S T I G E K L I M A DER 

G R I E C H I S C H E N KULTUR M I T I H R E R K O P P L U N G VON R A T I O N A L I T Ä T , 

HOCHACHTUNG FÜR Z I V I L I S I E R T E MUßE UND V E R A C H T U N G FÜR D I E 

N I E D R I G E R E N P R O F E S S I O N E N . D I E ' W I S S E N S C H A F T E N ' DER B R O N Z E 

Z E I T K U L T U R E N WURDEN VON DEN P R A K T I S C H E N P R O F E S S I O N E N G E 

T R A G E N UND WAREN DAHER VON S U B W I S S E N S C H A F T L I C H E M C H A R A K T E R . 

DAS G I L T AUCH FÜR D I E M A T H E M A T I K DER B A B Y L O N I S C H E N UND 

Ä G Y P T I S C H E N S C H R E I B E R UND S C H R E I B E R S C H U L E N - UND G I L T FÜR 

D I E S E AUCH I M S I N N E , DAß I H R E ' R E I N E ' E B E N E VON I H R E N V O R 

HANDENEN METHODEN UND N I C H T VON T H E O R E T I S C H E R ERFORSCHUNG 

Z E N T R A L E R PROBLEME B E S T I M M T WURDE. 

E S V E R S T E H T S I C H UNTER D I E S E N UMSTÄNDEN F A S T VON S E L B S T , 

DAß D I E E I N Z I G E I N DER B R O N Z E Z E I T M A T H E M A T I K S P Ü R B A R E A R T 

A L G E B R A I S C H E R D E N K W E I S E N D I E problemlos ende I S T UND DAß 

K E I N I N T E R E S S E AN L Ö S B A R K E I T S - ODER S T R U K T U R T H E O R I E N S I C H 

UNS Z E I G T . MAN F I N D E T I N DER B A B Y L O N I S C H E N MATHEMATIK 

V I E L E G L E I C H U N G E N , UND AUCH (WIE S I C H UNTEN Z E I G E N W I R D ) 

V I E L E B E G R Ü N D E T E A U F L Ö S U N G E N VON G L E I C H U N G E N - V I E L L E I C H T 

AUCH E X P L I Z I T E ERWÄHNUNG B E S T I M M T E R M E T H O D E N . MAN F I N D E T 

ABER WEDER H I E R NOCH I N DEN Ä G Y P T I S C H E N Q U E L L E N ODER I N DER 

S P Ä T E R E N U N T E R H A L T U N G S M A T H E M A T I K I R G E N D W E L C H E SPUR VON 

GLEICHUNGST/ze02?-£Ö. 

E I N L I E B L I N G S V E R F A H R E N FÜR D I E K O N S T R U K T I O N K O M P L I Z I E R T E R 

A U F G A B E N WAR D I E ' U M K E H R M E T H O D E ' : E I N E A U F G A B E AUS DEM 

P R A K T I S C H E N G E B I E T WURDE GENOMMEN; S T A T T E I N E R DER I M A L L -
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t a g b e k a n n t e n G r ö ß e n w u r d e a b e r d a s R e s u l t a t a l s b e k a n n t 

a n g e n o m m e n - i m e i n f a c h s t e n F a l l w a r e n a l s o L ä n g e u n d 

F l ä c h e e i n e s r e c h t e c k i g e n F e l d e s s t a t t L ä n g e u n d B r e i t e 

b e k a n n t . D i e L ö s u n g f o l g t e d a n n ( j e d e n f a l l s i n d e n k o m 

p l i z i e r t e r e n F ä l l e n ) d u r c h V e r w e n d u n g e i n e r ' a n a l y t i s c h e n ' 

M e t h o d e 7 ) : D i e u n b e k a n n t e G r ö ß e w u r d e a l s g a n z n o r m a l e 

G r ö ß e a n g e s e h e n , u n d m i t i h r w u r d e w i e m i t a n d e r e n G r ö ß e n 

u m g e g a n g e n , b i s s i e a u s i h r e r V e r k n ü p f u n g m i t a n d e r e n 

G r ö ß e n h e r a u s g e l ö s t w a r . D a s i s t g e n a u , w a s m a n a u c h j e t z t 

b e i d e r A u f l ö s u n g e i n e r a r i t h m e t i s c h e n G l e i c h u n g m a c h t ; 

d a m i t w i r d w o h l m i t R e c h t s e i t V i ê t e d i e s e a n a l y t i s c h e 

M e t h o d e a l s z e n t r a l e ' a l g e b r a i s c h e D e n k w e i s e ' a n g e s e h e n . 

A l t b a b y l o n i s c h e ' A l g e b r a ' 

D i e f r ü h e s t e n b e l e g t e n B e i s p i e l e v o n U m k e h r p r a k t i s c h e r 

A u f g a b e n s i n d s u m e r i s c h u n d g e h e n a u f d i e M i t t e d e s 

3 . J a h r t a u s e n d s z u r ü c k . S i e b a u e n a u f u m g e k e h r t e n M u l t i p l i 

k a t i o n e n u n d b e r e c h n e n z . B . a u s e i n e r G e s a m t v e r s o r g u n g v o n 

1 1 5 2 0 0 0 s i l a G e r s t e ( 1 s i l a » l i t e r ) u n d e i n e r T a g e s r a t i o n 

e i n e s A r b e i t e r s v o n 7 s i l a d i e A n z a h l d e r A r b e i t s t a g e ( n ä m 

l i c h 1 6 4 5 7 1 T a g e m i t e i n e m R e s t v o n 3 sila) , o d e r a u s d e r 

b e k a n n t e n F l ä c h e u n d B r e i t e d i e u n b e k a n n t e L ä n g e e i n e s 

r e c h t e c k i g e n F e l d e s . D a r i n l i e g t s c h o n e i n m ö g l i c h e r r u d i 

m e n t ä r e r A n s a t z f ü r d i e s p ä t e r e a n a l y t i s c h e M e t h o d e ; e r 

s t e n s a b e r n u r e i n rudimentärer A n s a t z u n d z w e i t e n s ( w e i l 

d i e T e x t e n u r w e n i g e u n d z w e i f e l h a f t e S p u r e n d e r D e n k a r t 

7) Der Name und d i e D e f i n i t i o n gehen auf d i e g r i e c h i s c h e Mathematik z u 

r ü c k . S i e h e d i e E i n l e i t u n g zum 7.Buch von Pappos ' Collectio ( e d . 
H u l t s c h 1876, t r a n s i . Ver Eecke 1 9 3 3 ) . 
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8 ) D i e e t w a 2 5 0 0 v . u . Z . d a t i e r b a r e G e r s t e a u f g a b e , wo e i n F e h l e r i n 
e i n e m v o n z w e i P a r a l l e l - e x e m p l a r e d a s V e r f a h r e n h e r v o r t r e t e n l ä ß t , 
w i r d i n m e i n e m [ 1 9 8 2 ] n a c h M e t h o d e u n d D e n k a r t a n a l y s i e r t . I n d i e 
s e m F a l l z u m i n d e s t i s t d i e M e t h o d e n u r i m r u d i m e n t ä r s t e n S i n n a n a l y 
t i s c h , e h e r e i n e g e s t u f t e A b z a h l u n g . A n d e r e A u f g a b e n a u s d e m S . J a h r 
t a u s e n d w u r d e n v o n P o w e l l ( 1 9 7 6 ) ü b e r s e t z t u n d i n h a l t l i c h d i s k u 
t i e r t . 

147 

v e r r a t e n ) h ö c h s t e n s e i n möglicher A n s a t z 8 ) . I n t e r e s s a n t 

u n d i n D e t a i l s v e r f o l g b a r w i r d e r s t d i e a l t b a b y l o n i s c h e 

' A l g e b r a ' • 

D i e a l t b a b y l o n i s c h e P e r i o d e g e h t v o n e t w a 1 9 0 0 v . u . Z . b i s 

e t w a 1 6 0 0 v . u . Z . , u n d d i e ' a l g e b r a i s c h e n ' T e x t e s t a m m e n 

e t w a a u s d e r z w e i t e n H ä l f t e d i e s e r P e r i o d e . S i e l ö s e n 

s c h o n v o n A n f a n g a n k o m p l i z i e r t e A u f g a b e n z w e i t e n G r a d e s 

u n d m ö g e n d e s h a l b a u f e i n e ä l t e r e T r a d i t i o n b a u e n ; e i n e 

s o l c h e i s t j e d o c h n i c h t b e l e g t , u n d i h r e E x i s t e n z i s t 

d u r c h a u s h y p o t h e t i s c h . W i r w e r d e n d e s h a l b w i e d i e Q u e l l e n 

in médias res a n f a n g e n . 

D i e a l t b a b y l o n i s c h e ' A l g e b r a ' w u r d e s e i t i h r e r E n t d e c k u n g 

u m 1 9 3 0 a l s ' a r i t h m e t i s c h ' a n g e s e h e n : D . h . , e s w u r d e 

a n g e n o m m e n , d a ß d i e d a r i n v o r f i n d l i c h e n G r ö ß e n a l s Zahlen 

v e r s t a n d e n w u r d e n ; d a ß i h r e V e r k n ü p f u n g e n a l s a r i t h m e t i 

s c h e A d d i t i o n e n , S u b t r a k t i o n e n u n d M u l t i p l i k a t i o n e n b e 

t r a c h t e t w u r d e n ; u n d d a ß d i e b e i d e r A u f l ö s u n g v e r w e n d e 

t e n O p e r a t i o n e n e b e n f a l l s a l s r e i n e Z a h l e n o p e r a t i o n e n a n 

g e s e h e n w u r d e n . E i n e g e n a u e i n h a l t l i c h e , p h i l o l o g i s c h e u n d 

s t r u k t u r e l l e A n a l y s e d e r T e x t e z e i g t j e d o c h , d a ß d i e s e 

I n t e r p r e t a t i o n n i c h t k o r r e k t s e i n k a n n . Z u m B e i s p i e l g i b t 

e s m e h r e r e a d d i t i v e O p e r a t i o n e n , m e h r e r e s u b t r a k t i v e O p e 

r a t i o n e n u n d m e h r e r e s c h e i n b a r m u l t i p l i k a t i v e O p e r a t i o n e n , 

d i e s t r e n g a u s e i n a n d e r g e h a l t e n w e r d e n , u n d s i c h d e s h a l b 

n i c h t e i n f a c h a l s s y n o n y m e T e r m e v e r s t e h e n l a s s e n ( B e i 

s p i e l e w e r d e n u n t e n g e g e b e n ) . D i e G e s a m t a r g u m e n t a t i o n f o r 

d e r t k o m p a r a t i v e W o r t - f ü r - W o r t - A n a l y s e v i e l e r T e x t e u n d 
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l ä ß t s i c h n i c h t i n d e m h i e s i g e n R a h m e n d u r c h f ü h r e n 9 ) . 

S t a t t d e s s e n m ü s s e n w i r u n s m i t e i n e r Ü b e r s i c h t ü b e r 

d i e H a u p t r e s u l t a t e u n d m i t e i n i g e n t y p i s c h e n B e i s p i e l e n 

b e g n ü g e n . 

E i n e i n f a c h e r T e x t 1 0 ) l ä u f t w i e f o l g t i n w ö r t l i c h e r 

Ü b e r s e t z u n g : 

1. Die Fläche und das Entgegengestellte habe ich zu
sammengelegt: 0;45 i s t es, 

2. 1 das Herausragende setzt Du. 

3. Den halben Teil von 1 brichst Du entzwei, 0;30 und 
0;30 läßt Du einander [wie zusammenstoßende Seiten 
eines Rechteckes] halten. 

4. 0;15 fügst Du zu 0;45 hinzu: 1 macht 1 gleich
s e i t i g . 

5. 0;30, das Du [einen Rechteck] halten gelassen hast, 
reißt Du vom Leibe von 1 heraus: 0;30 i s t das Ent
gegengestellte. 

F a s t j e d e s W o r t m u ß h i e r e r k l ä r t w e r d e n . E r s t e n s d i e Z a h 

l e n . D i e B a b y l o n i e r v e r w e n d e t e n i n i h r e n m a t h e m a t i s c h e n 

T e x t e n e i n S t e l l e n w e r t s y s t e m m i t G r u n d z a h l 6 0 ( e i n ' S e x a -

g e s i m a l s y s t e m 1 ) o h n e N u l l u n d o h n e A n g a b e v o n a b s o l u t e m 

S t e l l e n w e r t ( d e m Z a h l s y s t e m e i n e s R e c h e n s c h i e b e r s i n l e t z 

t e r e r H i n s i c h t a l s o ä h n l i c h ) . D e r V e r s t ä n d l i c h k e i t h a l b e r 

w e r d e n i n d e r T r a n s k r i p t i o n s o w o h l d i e f e h l e n d e n N u l l e n 

a l s a u c h d i e a b s o l u t e G r ö ß e n o r d n u n g a n g e g e b e n ; d i e N o t a 

t i o n a , b ; d , e . . . s o l l d e m n a c h 

a'6Q1+b*60x+c'60*+d'60~x+e'6Q~1+f*60~*+... b e d e u t e n ; 0;30 

s t e h t a l s o f ü r 1/2 u n d 0;15 f ü r 1/4. 

9) Ein v o r l ä u f i g e r und wenig ü b e r s c h a u b a r e r B e r i c h t über d i e U n t e r 
suchung i s t mein [ 1 9 8 5 ] , E ine b e s s e r e P r ä s e n t a t i o n w i r d s i c h in 
meinem [1987] f i n d e n . 

10) Aufgabe N r . l auf d e r T a f e l BM 13901. P u b l i z i e r t i n MKT I I I , S . l . 
Die Überse tzung i s t (wie a l l e f o l g e n d e n , wo n i c h t s a n d e r e s g e s a g t 
wird) meine e i g e n e . D i e Numerierung i s t h i n z u g e f ü g t ; s i e i s t m i t 
der L i n i e n z ä h l u n g n i c h t i d e n t i s c h . 
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Zweitens die Fachterminologie. Das 'Entgegengestellte 1 

Cmit partum) bedeutet als Figur ein Quadrat; seine Zah
lengröße aber ist die Länge der Quadratseite (die ja 
ihresgleichen entgegengestellt wird). Wir können es als 
einen Begriff verstehen, wenn wir es als Quadrat, be

stimmt von (und deshalb auch mehr oder weniger begriffen 

als) seiner charakteristischen Seite, auffassen - wie 
wir heute das Quadrat als Flächenmaß und Fläche zugleich 

bestimmen und begreifen. 

'Zusammenlegen' (kamärum) ist eine symmetrische addi
tive Operation, wo beide Addenden in ihre Summe aufge
hen. Vermutlich muß sie öfters als eigentlich arithmeti
sche Addition von Meßzahlen verstanden werden. 

'Das Herausragende' (wäsitum) ist ein architektonisch
geometrischer Begriff. In diesem Zusammenhang bezeichnet 
es eine geometrische Breite von 1 , die, wenn sie an eine 
Strecke x angelegt wird, daraus eine rechteckige Fläche 
x • 1 = x macht. 

Der Sinn von 'setzen' (sakänum) ist nicht ganz klar, und 
das Wort scheint nicht ganz eindeutig zu sein. Das 'Setzen' 
einer Größe dürfte jedoch immer ein materielles Festhalten 
sein, u.a. durch Eintragung in Ton (aber auch andere ma
terielle Repräsentation scheint möglich zu sein). Festhal
ten im Gedächtnis wird dagegen als 'den Kopf halten lassen' 
bezeichnet. 

'Entzweibrechen (fyîpum) ist eine Operation, die eine kon
krete Größe in zwei gleiche, ebenfalls konkrete 'halbe 
Teile' (bämtum) teilt oder (wie hier) aus einer Größe 
einen der 'halben Teile' abtrennt. 

'Einander [wie zusammenstoßende Seiten eines Rechteckes] 
halten lassen' ist eine etymologisch nicht ganz gesicherte 
Ubersetzung von der kausativ-reziproken Verbalform 
sutäkulum. Inhaltlich 'halten' jedenfalls a und b einander. 
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wenn ein Rechteck mit zusammenstoßenden Seiten a und b 

'gebaut 1 (banûm), d.h. konstruiert w i r d 1 1 ) . 

'Hinzufügen 1 (wasäbum) ist eine asymmetrische additive 

(oder eher quasi-additive) Operation, wo unter Hinzu

fügung der konkreten Größe b an die ebenfalls konkrete 

Größe a die Identität letzterer bewahrt wird (wie die 

Identität eines Kapitals trotz Hinzufügung von Zinsen 

bewahrt wird - Zinsen, die übrigens auf babylonisch ge

nau 'das Hinzugefügte' heißen). 

'Gleichseitig machen' (i b - s i g) ist eine Wurzelaus-

ziehungsoperation auf geometrischer Grundlage. 'Das 

Gleichseitige' kann wie 'das Entgegengestellte' das mit 

seiner Seite identifizierte Quadrat bedeuten. Der Satz 
9A macht b gleichseitig' bedeutet also, daß die Fläche A 

als Quadrat vorkommend die Seite b hat, d.h. / ~ T = b . 

'Herausreißen' (nasähum) ist die subtraktive ümkehropera-

tion von 'Hinzufügen', also ein konkretes Wegnehmen, wor

unter die Identität der zu vermindernden Größe bewahrt 

wird. Der Ausdruck 'vom Leibe' (libba, eigentlich 'Herz' 

oder 'Eingeweide'J zeigt, daß die zu vermindernde Größe 

eine sehr konkrete Fülle besitzt und deswegen keine ab

strakte Zahl sein kann. 

Die Aufgabe handelt also von einem Quadrat, wo die Summe 

der Meßzahlen von Fläche und Seite gleich 3/4 ist. Die 

Seite ('das Entgegengestellte') wird zuerst mit einer 

•herausragenden' Breite 1 versorgt, so daß sie in ein 

Rechteck verwandelt wird. Damit ermöglicht sich der Rech

ner eine geometrische Interpretation des Zusammenlegens 

11) Ein i r r e g u l ä r e s V i e r e c k kann j e d o c h auch von zwe i entgegengestell
ten S e i t e n ' g e h a l t e n ' werden. Das i s t g e o m e t r i s c h e i n l e u c h t e n d , 

obwohl i n d iesem F a l l n a t ü r l i c h d i e F i g u r n i c h t dadurch e i n d e u t i g 

bes t immt w i r d . Von ' m u l t i p l i k a t i v e m * Prozeß i s t s e l b s t v e r s t ä n d l i c h 

dann überhaupt k e i n e Rede mehr. 
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F i g u r 1 ; D e r L ö s u n g s v o r g a n g i n BM 1 3 9 0 1 N r . l , 
1 Q u a d r a t f l ä c h e + S e i t e = 0 ; 4 5 * 

(s.Figur 1) und schafft sich eine Unterlage für ein ana
lytisches Verfahren. 

Die geometrische Summe ( = 3/4) ist nämlich aus einem 
Quadrat und einem Rechteck zusammengesetzt, wobei die 
Länge des letzteren als 1 bekannt ist und seine Breite 
gleich der Seite des Quadrates. Die ganze Figur kann des
halb nach Zerschneidung in einen Gnomon umgelegt werden, 
wo das fehlende Quadrat von den zwei 'halben Teilen' der 
'Herausragenden' 1 gehalten wird und daher als 
1/2*1/2 - 1/4 bekannt ist. Wird es hinzugefügt, ist die 
Fläche des ergänzten Quadrates 3/4 +1/4 = 1, und seine Seite 
also / T r l . Wird der hinzugefügte 'halbe Teil' wieder 
weggenommen, bleibt die Seite des ursprünglichen Quadrates, 
das 'Entgegengestellte'. 

Das ist genau das Verfahren, das im Text beschrieben wird. 
Seine Korrektheit ist intuitiv ganz einleuchtend, wird aber 
nicht ausdrücklich kommentiert. Da die Figur trotz ihrer 
unbekannten Breite in der ganzen Operation als ganz konkret 

vorhanden behandelt wird, ist der analytische Charakter des 
Verfahrens außer Zweifel - man könnte mit einem gewissen 
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Recht von naiver geometrischer Analyse sprechen ('naiv', 
weil die bloße Möglichkeit des Anzweifeins abwesend ist). 

Außerdem wird man bemerken, daß der Text zwischen einer 
geometrischen Größe und ihrer Meßzahl keinen Unterschied 
macht; besonders auffallend ist die Konstruktion des Er
gänzungsquadrates, das dann einfach als 0;15 bezeichnet 
wird. Andere Texte gehen noch weiter und zeigen uns ganz 
klar, daß die Meßzahlen im Unterricht als i d e n t i f i z i e r e n 

de Namen verwendet wurden - also 'dieses 0;Z0* , wo wir in 
derselben Absicht von 'der Strecke AB1 oder 'der Länge x% 

reden würden. Das ist problemlos, solange nur. bekannte 
Größen so identifiziert werden; in Fällen, wo mehrere 
Größen numerisch gleich sind, wird weitere Identifika
tion durch Hinweise auf die frühere Rolle der einzelnen 
Größe geschaffen (wie das *0;30, das Du halten gelassen 
hast' unseres Textes). Schließlich gibt es sogar noch 
Fälle, wo eine im Prinzip unbekannte Große mit ihrer Meß
zahl bezeichnet wird, ohne daß dieser 'unbekannte1 Wert 

jedoch im Argument benutzt wird (und wo somit die Zahl 
nur die Funktion eines modernen x ausfüllt und ein Unter
schied also zwischen der Zahl als Name und als Ergebnis 

der Rechnungen gemacht wird). Das wäre in einer praktisch 
benutzten Kalkulation ein Unding; wir müssen uns aber klar 
machen, daß alle (oder mindestens alle uns bekannten) 
'Algebra'-Texte Schultexte sind. Sie lehren eine Methode 

und lösen keine bisher ungelösten Probleme - im Gegenteil 
sind die Probleme so zugeschnitten, daß sie mit der zu leh
renden Methode lösbar sind 1 2* . übrigens wird die Lösung, 
auch wenn sie nicht ausdrücklich im Text erwähnt wird, nor
malerweise vorher den Schülern bekannt gewesen sein -

12) Das i s t b e i den Problemen z w e i t e n Grades n i c h t immer e i n d e u t i g aus 
den T e x t e n zu s e h e n , da d i e B a b y l o n i e r alle s o l c h e n Probleme l ö s e n 
konnten . Wenn man zu Problemen d r i t t e n o d e r höheren Grades ü b e r 
g e h t , w i r d e s aber u n w i d e r r u f l i c h k l a r - v g l . u n t e n . 
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öfters wird eine und dieselbe Figur als Unterlage für 
eine ganze Reihe von Aufgaben benutzt. Auch das kommt 
uns merkwürdig vor, da wir uns das Problem im Prinzip 
primäry weil noch ungelöst, und die Methode sekundär und 

dem Problem zugeschnitten denken. Kein babylonischer 
Schreiber war aber je auf ein praktisches Problem zweiten 
Grades gestoßen; die Lösung solcher Probleme in der Schule 
sollte, wie oben diskutiert, nicht der kalkulierenden Pra
xis, sondern dem Vorzeigen oder der Übung von Virtuosität 
dienen. 

Oft spricht man von 'Gleichungen 1 in Verbindung mit der 
babylonischen 'Algebra'. Der obige Text zeigt uns, in wel
chem Sinn das verstanden werden muß : Eine mehr oder weni
ger komplizierte konkrete Größe wird konstruiert und ihre 
Meßzahl dann angegeben; zuweilen wird es gesagt, daß eine 
Größe 'wie' eine andere ist, d.h., daß die Meßzahlen die
selben sind. Wenn wir das Nichtunterscheiden zwischen Größe 
und 'Zahlenwert' so verstehen, daß Wörter wie 'Länge', 
'Breite' usw. als 'Repräsentanten' sowohl für die Größen 
als auch für ihre unbekannten Werte aufzufassen sind, wird 
daraus in beiden Fällen eine Gleichung in fast modernem 
Sinn. Überall, wo im folgenden von babylonischen 'Gleichun
gen' gesprochen wird, sind solche Größengleichheiten gemeint. 

Die Identifizierung von Größe und Meßzahl könnte weiter dazu 
führen (und hat gewöhnlich dazu geführt), daß der Text als 
ausschließlich arithmetisch gelesen w i r d 1 3 ) . Tut man das, ent
steht der Eindruck von ganz moderner Schulalgebra. Alle Ein
zelschritte unseres Textes sind ja in moderne Gleichungs-

1 3 ) D i e g e o m e t r i s c h e D e u t u n g d e r o p e r a t i v e n T e r m i n i w i r d u n s n ä m l i c h 
( m i t A u s n a h m e e i n z e l n e r f r ü h e r n i c h t b e m e r k t e r b z w . n i c h t v e r s t a n 

d e n e r W o r t e w i e Leibe u n d Herausragende) n u r d u r c h e i n e v e r g l e i 
c h e n d e L e s u n g v o n s e h r v i e l e n T e x t e n a u f g e z w u n g e n ; e i n e u n m i t t e l 
b a r e L e s u n g d e s E i n z e l t e x t e s k ö n n t e e b e n s o g u t a r i t h m e t i s c h w e r d e n , 
w e n n n u r d i e s e i s o l i e r t e n W o r t e a l s ü b e r f l ü s s i g o d e r u n v e r s t ä n d l i c h 
ü b e r s p r u n g e n w e r d e n . 
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X 2 + x = 3 /4 -> X 2 + x*1 = 3 / 4 «> 
x 2 + 2 ' X*1/2 + (1/2) 2 = 3/4 + 1/4 = 1 •» 
(x+1/2) 2 = 1 •> X + 1/2 = / T = 1 -> X = 1 - 1/2 = 1/2 

Dem grundlegenden ontologischen Unterschied zwischen einer 
Algebra abstrakter Zahlen und einer 'Algebra' gemessener 
Strecken zum Trotze war also letztere in diesem elementaren 
Fall der ersten praktisch gleichwertig und pädagogisch viel
leicht überlegen. Das gilt auch in vielen komplizierten 
Fällen. Für solche wird jedoch für alle Koeffizientenreduk
tionen noch eine Operation benötigt, die sogenannte 'Hebung' 
(nasum). Sie bezeichnet eine eigentliche Berechnung einer 

konkreten Größe durch Multiplikation^ , vermutlich durch 
irgendeine intuitive Proportionalitätsbetrachtung. Daß 
'heben' etwas mit Proportionalität oder Multiplikation zu 
tun hat, scheint uns wohl kaum einleuchtend; eine mögliche 
Erklärung finden wir in der Verwendung der Operation unter 
anderem für die Höheberechnung einer Rampe und die Berech
nung der Ziegelanzahl einer Mauer - siehe Figur 2 . 

.4-T]-*««-T|-*.<«-7)-><«-T] - • 

1 1 

F i g u r 2 ; W i e d a s E r h e b e n e i n e r R a m p e u n d e i n e r M a u e r a l s M u l t i p l i k a -
t i v e r P r o z e ß a u f g e f a ß t w e r d e n k a n n 

1 4 ) N o c h e i n e a n d e r e m u l t i p l i k a t i v e O p e r a t i o n w i r d m i t a - r à b e z e i c h 
n e t , p a - r à g ( * p s c h r i t t e v o n g ' ) i s t e i n e n u m e r i s c h e M u l t i p l i 
k a t i o n d e r Z a h l p m i t d e r Z a h l g ; d i e O p e r a t i o n f i n d e t s i c h d e s 
h a l b i n d e n M u l t i p l i k a t i o n s t a b e l l e n . G e l e g e n t l i c h f i n d e t m a n s i e 
a u c h i n d e n ' a l g e b r a i s c h e n ' T e x t e n , z . B . i n g e w i s s e n s e l t e n e n F ä l l e n , 
wo e i n e r e c h t e c k i g e F l ä c h e z u e r s t ' g e b a u t ' u n d i h r e M e ß z a h l d a n a c h 
i n e i n e m z w e i t e n , s e p a r a t e n S c h r i t t d u r c h M u l t i p l i k a t i o n d e r M e ß z a h 
l e n d e r S e i t e n b e r e c h n e t w i r d . 

O p e r a t i o n e n d i r e k t ü b e r s e t z b a r : 
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Auch die Division scheint uns notwendig für die meisten 
komplizierteren Algebraaufgaben. Eine eigentliche Divi
sion gibt es aber trotzdem bei den Babyloniern nicht. 

Statt dessen multiplizieren sie, wenn es möglich ist 
(d.h. wenn der Divisor eine Potenz von 60 teilen kann -
in anderen Worten, wenn er die Form 2p»3(**5r hat) 
mit dem reziproken Wert des Divisors (sein i g i ge
nannt; den i g i zu finden wird als 'Abspaltung 1 

[patärum, nämlich aus der Einheit] aufgefaßt); wenn kein 
i g i existiert, stellt der Text die Frage, 'was soll ich 
zu a setzen, das mir b gibt?' und führt unmittelbar 
danach die Antwort an - daß eine Antwort immer gegeben 
werden kann, entweder als ganze Zahl oder in Form eines 
endlichen Sexagesimalbruchs, folgt aus der Konstruktion 
der Aufgaben aus bekannten Situationen. 

Ein 'praktisches' Problem zweiten Grades 

Mit diesen einfachen Techniken und Operationen haben die 
Babylonier viele verwickelten Aufgaben gelöst. Ein cha
rakteristisches Beispiel (auch charakteristisch, weil 
scheinbar aus der alltäglichen Praxis des Landmessers 
genommen, bei genauerem Anblick allerdings ganz künstlich) 
ist die Aufgabe auf der Tafel VAT 7532 1 5> (die Übersetzung 
ist nur in den mathematischen Teilen völlig wörtlich): 

1. Ein trapezförmiges Feld. Ein Schilfrohr habe ich 
abgeschnitten und als Meßrohr genommen. 

2. Während es ganz war, bin ich 1 Sechzig Schritte die 
Länge entlang gegangen. 

3. Sein 6er Teil i s t mir abgebrochen, 1,12 Schritte ließ 
ich auf der Länge folgen. 

1 5 ) P u b l i z i e r t i n MKT I , S . 2 9 4 f . 
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4. Weiter ist mir 1/3 des Rohres und 1/3 Elle abge
brochen, in 3 Sechzig Schritte bin ich die obere 
Breite gegangen. 

5. Mit dem, was mir [zuletzt] abgebrochen ist, habe ich 
das Rohr wieder vergrößert, und in 36 Schritten habe 
ich die untere Breite durchgemacht. 

6. Die Fläche ist 1 bur. Was ist die ursprüngliche 
Länge des Rohres? 

7. Du, bei Deinem Verfahren : Das Rohr^ das Du nicht 
kennst, setze als 1 . 

8. Seinen 6en Teil brich ab, dann bleiben Dir 0;S0. 

9. Seinen igi spalte ab, das [darauskommende] 1;12 
hebe zu 1 Sechzig. 

10. Das [darauskommende] 1,12 zu <1,12> füge hinzu: 
es gibt 2,24, die falsche Länge. 

11. Das Rohr, das Du nicht kennst, setze als 1 . 

12. Sein 1/3 brich ab, 0;40 zu 3 Sechzig, der oberen 
Breite, hebe; 2,0 gibt es. 

13. 2,0 und 36 , die untere Breite, lege zusammen. 

14. 2,36 zu 2,24, die falsche Länge, hebe; 6,14,24 ist 
die falsche Fläche. 

15. Verdopple bis 2-mal die Fläche, das ist 1,0,0. 
Hebe es an 6,14,24; es gibt 6,14,24,0,0 , 

16. und 1/3 Elle, die Du abgebrochen hast, hebe zu 3 
Sechzig. 

17. Das [darauskommende] 5 hebe an 2,24 , die falsche 
Länge; es ist 12,0. 

18. Die Hälfte von 12,0 brich entzwei, entgegenstelle. 

19. Füge das [darauskommende] 36,0,0 zu 6,14,24,0,0; 
es gibt 6,15,0,0,0 . 

20. 6,15,0,0,0 macht 2,30,0 gleichseitig. 

21. 6,0, das Du zurückgelassen hast, zu 2,30,0 füge 
hinzu; es gibt 2,36,0. 

22. Der igi von 6,14,24, die falsche Fläche, läßt sich 
nicht abspalten. Was soll ich zu 6,14,24 setzen, das 
2,36,0 gibt? 

23. Setze 0;25 . 

24. Weil der 6te Teil [...] abgebrochen ist, schreib 6, 1 
lasse weggehen ; 5 läßt Du zurück. 
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25. <der igi von 5 ist 0;12; 0;12 hebe zu 0;25; 
0;05 gibt es> 16> 

26. 0;05 zu 0;25 füge hinzu, 1/2 nindan gibt es Dir 
als ursprüngliches Rohr. 

Die Verbindung zur (feldmesserischen) Praxis läßt sich 
nicht nur in der äußeren Einkleidung des Problems sehen, 
sondern auch in den Zahlenangaben und den Einheiten. Das 
%1, Sechzig1 wird im gewöhnlichen, 'absoluten' System ge
schrieben, nicht im Stellenwertsystem der mathematischen 
T e x t e 1 7 ) . Die Einheit aller Längen ist der nindan, der 
gleich 12 'Ellen' ist (letztere ist etwa 50 cm, ersterer 
also etwa 6 m ; diese Einheit muß übrigens auch in der 
vorigen Aufgabe mitgedacht werden - babylonische Geometrie 
auch wenn Grundlage für 'Algebra', handelt nie von abstrak 
ten Längen). Der b u r ist eine der gewöhnlichen Feld
messungseinheiten und ist gleich 30,0 nindan 2 . 

Dieser Verbindung zum Trotze macht der ganze Gang der Auf
gabe uns deutlich klar, daß wir weit von der Praxis ent
fernt sind und uns im Feenland der Rätsel befinden; dort 
nämlich - und nicht im Alltag - trifft der Feldmesser auf 
Probleme zweiten Grades. 

Versuchen wir, dem Gang der Rechnungen zu folgen (vgl. 
Fig.3) . In 7-9 werden die 60 Schritte mit dem ursprüng
lichen Rohr in 1,12 Schritte mit dem einmal gekürzten Rohr 
umgesetzt und die ganze Länge des Feldes demnach als 2,24 
Schritte mit diesem angegeben. Das nur halbwegs explizite 
Argument scheint von dem Typus 'einfacher falscher Ansatz' 
zu sein (in der Tat findet das Wort 'falsch' (lui) sich 

16) Vervollständigung nach Parallelstellen in verwandten Texten. 
17) Das ist jedenfalls die natürliche Lesung. Man kann jedoch auch 

xl,0 , von der Größenordnung Sechzig1 lesen, wo 1,0 eine Stel 
lenwertzahl ist (da diese einfach als 1 mit der Eins des ab
soluten Systems geschrieben wird). 
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Figur 3; Das trapezförmige Feld aus VAT 7532. Oben wie auf der Tafel 
gegeben (gewisse geschädigte Zahlen sind nach Paralleltex
ten rekonstruiert). Unten links in korrekten Proportionen, 
unten rechts verdoppelt. 

ja auch im Text): Wenn das Rohr die ursprüngliche Länge 1 

gehabt hätte, wäre die gekürzte Länge 
1-1/6 = 1 - 0;10 = 0;50 . Die ganze mit dem ungekürzten 
Rohr durchgegangene Strecke wäre 60 , die dann mit dem 
gekürzten Rohr in 60/0;50 - 1,12 Schritten durchschrit
ten werden könnte 1 8 ) . 

18) Man bemerkt, daß wir hier die Repräsentation einer unbekannten Größe 
durch eine bekannte Zahl wiedertreffen. In diesem Fall ist allerdings 
der Repräsentant von dem wahren Wert der Größe verschieden. Die Me
thode des einfachen falschen Ansatzes kann deshalb benutzt werden, um 
wirkliche Probleme zu lösen (und wurde auch von praktischen Rechnern 
so benutzt bis zur Renaissance). Die Rolle der 1 als 'x des armen 
Mannes* in einer wahrhaftig analytischen Argumentation ist unverkenn
bar. 
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In 11 wird ein neuer Ansatz gemacht. Erstens wird nur 
die Kürzung von 1/3 in Betracht gezogen, und die 3,0 
Schritte mit dem so nochmals gekürzten Rohr werden in 12 
in 2,0 Schritte mit dem einmal gekürzten umgesetzt. Eine 
•falsche Fläche 1 von 2,24• ( 2,0 + 36) wird dann in 13-14 
gefunden, und zwar das Rechteck, das durch Verdoppelung 
des Trapezes entstehen würde, wenn das einmal gekürzte 
Rohr die Länge 1 hätte und wir von der abgebrochenen 
1/3 Elle absehen. Daß eine eigentliche physische Verdop
pelung stattfindet, wird in 15 klargemacht, wo die 'wahre 1 

Fläche in ähnlicher Weise verdoppelt wird ('bis n-mal ver
doppeln' ist eine n-malige konkrete Wiederholung). 

Was weiter geschieht, ist nicht direkt Zeile für Zeile ver
folgbar, wird aber durch Vergleich mit Standardaufgaben von 
ähnlicher Struktur verständlich. Es geht etwa so: 

Wir betrachten das einmal gekürzte Rohr als 'Entgegenge
stelltes', d.h. als unbekannte Seite eines Quadrates. Wenn 
wir von der 1/3 Elle absehen, ist die verdoppelte wahre 
Fläche gleich 2,24 • (2,0+36) = 6,14,24 mal dieses Quadrat. 
Nun müssen wir aber die 1/3 Elle mitdenken. Jedesmal, wenn 
wir mit dem zum zweitenmal gekürzten Rohr einen Schritt ge
macht haben, fehlt uns 1/3 Elle, alles in allem 
3,0 • 1/3 Ellen = 3,0 • 1/3 • 1/12 nindan = 1,0 • 1/12 nindan = 
S nindan . Insgesamt haben wir also einen Streifen der Breite 
5 nindan und der Länge gleich 2,24 mal das einmal gekürzte 
Rohr, d.h. ein Rechteck von 12,0 nindan mal die Seite des 
unbekannten Quadrates zu viel genommen; in Wirklichkeit ist 
deshalb die verdoppelte wahre Fläche nur 6,14,24 mal das un
bekannte Quadrat minus 12,0 mal seine Seite (selbstverständ
lich mit einem 'Herausragenden' von 1 nindan versorgt). 
Als babylonische Standardaufgabe könnte man das in folgender 
Weise formulieren: 12,0 mal das Entgegengestellte habe ich 

aus 6,14,24 mal der Fläche herausgerissen: 1*0,0 ist es. 

Wir würden jetzt die ganze Gleichung mit 6,14,24 teilen, um 
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eine normalisierte Gleichung zu erhalten. Das kann der baby
lonische Rechner nicht, da 6,14,24 = 26 • 33 • 13 keinen 
i g i besitzt. Statt dessen betrachtet er stillschweigend 
6,14,24 mal die ursprüngliche Seite als Seite eines neuen 
Quadrates, das dann 6,14,24 mal so groß wie das Rechteck mit 
einer Länge gleich 6,14,24 'Entgegengestellten 1 und einer 
Breite gleich dem 'Entgegengestellten' sein muß 1 9) . Auch 
12,0 mal die neue Seite muß 6,14,24 mal so groß sein wie 12,0 

mal die ursprüngliche Seite - und also ist das neue Quadrat 
minus 12,0 mal seine Seite 6,14,24 mal so groß wie die ur-

As-Bs 

As 

î 
B u 

As 

As As 

F i g u r 4a; Zwei Methoden, das Problem As - B s = C in (As) - B # (As) - AC 
zu verwande ln : Entweder durch M u l t i p l i k a t i o n der h o r i z o n 
t a l e n Dimension m i t A ( h i e r 4) , o d e r durch M u l t i p l i k a t i o n 
d e r h o r i z o n t a l e n M e ß e i n h e i t m i t A""1 

19) Die Vergrößerung des Q u a d r a t e s könnte e i n e p h y s i s c h e Vergrößerung 
s e i n ; e s könnte s i c h a b e r ebensowohl um e i n e b l o ß e Vergrößerung 
d e r Meßzahl h a n d e l n , d i e aus e i n e r Änderung der M e ß e i n h e i t ( i n 
e i n e r d e r zwei Dimensionen) f o l g t e . L e t z t e r e M ö g l i c h k e i t ( d i e g e o 
m e t r i s c h e i n f a c h e r w ä r e , da a l l e s dann auf d e r s e l b e n F i g u r gemacht 
o d e r g e d a c h t werden könnte ) wäre z . B . d e r Umrechnung i n 7-10 
s e h r ä h n l i c h . Aus d iesem und anderen Gründen f i n d e i c h s i e p l a u 
s i b l e r (Die b a b y l o n i s c h e n Rechner waren daran gewöhnt , v e r s c h i e 
dene Dimensionen e i n e r F i g u r i n v e r s c h i e d e n e n E i n h e i t e n zu messen , 
w e i l h o r i z o n t a l e Ausdehnungen i n n indan g e r e c h n e t wurden, v e r t i 
k a l e Ausdehnung a b e r i n E l l e n ) . 
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—i 

+S-B-X-B-+ 

F i g u r 4 b ; D i e L ö s u n g d e s P r o b l e m s S 2 - B S = C w i e i n V A T 7 5 3 2 
b e s c h r i e b e n 

2 0 ) M a n k a n n b e m e r k e n , d a ß d i e g e o m e t r i s c h e S i t u a t i o n u n d d i e O p e r a t i o 
n e n d i e s e l b e n s i n d w i e i n F i g u r 1 . N u r i s t d i e s m a l d i e g e s u c h t e 
G r ö ß e d i e L ä n g e u n d n i c h t d i e B r e i t e d e s R e c h t e c k s . 

/ 
161 

sprünglichen 1,0,0 [nindan 2] und somit 6,14,24,0,0 [nindan 2] 
(vgl. Fig.4a) . Damit ist dann die Aufgabe auf folgende 
normalisierte Standardaufgabe reduziert worden: 12,0 mal 

das Entgegengestellte habe iah aus der Fläche herausge

rissen: 6,14,24,0,0 ist es. Sie wird mit einem geome
trischen Standardverfahren gelöst - siehe Figur 4b: Die 
ganze Fläche von 6,14,24,0,0 (Quadrat minus 12,0 Seiten) 
ist ein Rechteck, dessen Länge die Breite mit 12,0 über
steigt. Dieser Überschuß wird halbiert und die äußere Hälfte 
so umgelegt, daß die zwei Stücke von 6,0 als Ecke eines 
Ergänzungsquadrates entgegengestellt werden. Das ergänzte 
Quadrat ist dann 6,14,24,0,0+36,0,0 = 15,0,0,0 und seine 
Seite also 30,0. Die ursprünglich zurückgelassene Hälfte 
6,0 des Uberschusses wird (in 21) zur rechten Seite der 
zuerst umgelegten hinzugefügt, wodurch die volle Breite des 
verminderten Quadrates restituiert und als 36,0 gefunden 
wird. Diese Zahl war um einen Faktor 6,14,24 größer als das 
einmal verminderte Rohr, das dann (22-23) durch Division 
als 0;25 gefunden w i r d 2 0 ) . Schließlich wird mit einem 
letzten 'falschen Ansatz 1 die Länge des ungekürzten Rohres 
als 1/2 nindan gefunden. 
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Das läßt sich natürlich viel einfacher in modernem Buch
staben Symbolismus ausdrücken, wenn man nur im Besitz 

dieses Symbolismus ist und damit vertraut umgeht: 

z = 5/6x und 1/2 *(1,0'X+1,12*z) ((2/3 • z-1/36) • 3,0+36» z) - 30,0 

-» (1,12+1,12) • z • ((2,0+36) • z- 5) = 1,0,0 -> 

2,24 • 2,36z2 - 2,24 • 5z = 1,0,0 •> 6,14,24 • s 2 - 12,0 • 3 - 2 , 0 , 0 

Setzen wir jetzt Z - 6,14,26 • g , kriegen wir 

Z2-12,0 • Z = 6,14,24* 1,0,0 -> Z2 - 12,0 * Z = 6,14,24,0,0 >*> 

Z2 - 2 • 6,0 • Z+ (6,0)2 = 6,14,24,0,0+ 36,0,0 = 6,15,0,0,0 -> 

Z-6,0 - V 6,15,0,0,0 - 2,30,0 Z = 2,30,0+ 6,0 - 2,36,0 => 

6,14,24 • 3 r 2,36,0 => z = 0;25 => 

a; - (6/(6-1))z - ([( 6-D+l]/( 6-1) )z = z + (l/5)z = 
0;25 + 0,05 = 0;30 

Das Verwunderliche ist nicht, daß die babylonische Berech
nung sich in algebraischen Symbolismus übersetzen läßt. 
Verwunderlich ist es dagegen, daß diese Übersetzung der 
modernen Lösungsweise so nahe kommt. In der Tat haben die 
Babylonier mit ihrem geometrischen und sehr konkreten Ge
dankengang in fast denselben Schritten gearbeitet, wie wir 
es tun würden (abgesehen von den besonderen Schritten, die 
aus ihrem eigenartigen Divisionsverfahren folgen und die 
nicht in Symbole mitübersetzt wurden). 

Der erste Grad 

Die Reduktion der ' Standardgleichung 1 zweiten Grades ist, 
wie wir sehen, ganz standardisiert. Dagegen scheinen die 
Operationen ersten Grades in ganz improvisierter Weise be
handelt zu werden, meistens mit verschiedenen Varianten 
des einfachen 'falschen Ansatzes'. Es gibt jedoch auch sehr 
standardisierte Behandlungen von 'Gleichungen' ersten Grades. 
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Ein Beispiel, das uns auch einen besseren Einblick in die 
oralen und didaktischen Aspekte des Unterrichts gibt als 
die meisten Texte, ist TMS XVI 2 1* . Der erste von zwei 
parallelen Teilen läuft wie folgt: 

1. Ein 4tel von der Breite ist von Länge und Breite 
herauszureißen, 45 . 

2. Du, hebe 45 zu 4; 3,0 siehst Du. 3,0, was ist das? 

3. Setze 4 und 1; setze 50 und 5, das herauszureißen ist. 

4. 5 zu 4 hebe, 1 Breite. 

5. 20 zu 4 hebe; 1,20 siehst Du, 4 Breiten. 

6. 30 zu 4 hebe; 2,0 siehst Du, 4 Längen. 

7. 20, 1 Breite, die herauszureißen ist, von 1,20 , die 
4 Breiten, reiße heraus; 1,0 siehst Du. 

8. 2,0, die Längen, und 1,0, die 3 Breiten, lege zu
sammen; 3,0 siehst Du. 

9. Den igi von 4 spalte ab; 0;15 siehst Du. 

10. 0;15 zu 2,0 , die Längen, hebe; 30 siehst Du, 
30 die Länge. 

11. 0;15 zu 1,0 hebe; 15 ist der Beitrag der Breite. 

12. 30 und 15 behalte (?). 

13. Da er 1 ein 4tel der Breite ist herauszureißen* gesagt 
hat, von 4 reiße 1 heraus; 3 siehst Du. 

14. Den igi von 4 spalte ab; 0;15 siehst Du. 

15. 0;15 zu 3 hebe; 0;45 siehst Du. 0;45 ist so viel es 
von Breiten gibt. 

16. 1 ist so viel es von Längen gibt. 

17. Nimm 20, die wahre Breite. Bebe 20 zu 1 , 20 siehst Du. 

18. 20 zu 0;45 hebe; 15 siehst Du. 

19. 15 von 3 0 i 5 ziehe heraus; 30 siehst Du, 30 die Länge. 

Was uns hier vorgezeigt wird, ist keine Aufgabenlösung, son
dern die didaktische Erklärung der Transformation einer 
'Gleichung'. Wir können diese Gleichung entweder graphisch 

2 1 ) P u b l i z i e r t i n B r u i n s & R u t t e n 1 9 6 1 ; 9 2 . K o r r e k t i o n e n , Ü b e r s e t z u n g 
u n d I n t e r p r e t a t i o n i n m e i n e m [ 1 9 8 7 , 8 3 f . ] . 
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X 
HT 

Y 
7IR 

X+Y-Y/4 
45 

30 30 30 30 20 

4X 

20 

3Y 

20 20 
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2,0 1,0 

4X+3Y 

20 

T7Ö" 

Figur 5: Graphische Repräsentation der Gleichungstransformation 
in TMS XVIA 

(vgl. Fig.5) oder symbolisch übersetzen - letzteres als 

(x+y) - 1/4 y =45 

wo x die Länge und y die Breite ist. Wie es klar wird 
in 3 , sind die Länge schon voraus als 3 0 , die Breite 
als 2 0 , ihre Summe als 50 und das 4 t e l der Breite als 5 
bekannt. Die Transformation, die erklärt wird, ist eine 
Multiplikation mit 4 , die die rechte Seite in 3,0 ver
wandelt, nach deren konkreter Erklärung dann (in 2) ge
fragt wird. 

Erstens werden in 3 außer den ursprünglichen Größen die 
Multiplikatoren 1 und 4 (für die ursprüngliche bzw. die 
multiplizierte 'Gleichung 1), die Summe 50 und das heraus
zureißende 5 'gesetzt', d.h. irgendwie materiell notiert 
(im Gedächtnis etwas zu notieren heißt, wie wir uns erin
nern, 'seinen Kopf es halten zu lassen') . 

In 4 bis 6 werden dann das Herauszureißende 5 , die Breite 
2 0 und die Länge 30 mit 4 multipliziert und die heraus
kommenden Zahlen als jeweils 1 Breite, 4 Breiten und 4 Län
gen erklärt. In 7 wird das Herauszureißende 2 0 aus dem 
1,20 gerissen, welches 1,0 zurückläßt (in 8 als 3 Breiten 
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erklärt). In 8 sehen wir schließlich die Erklärung des 3,0 

als die Summe von 2,0 , das von den 4 Längen herrührt, und 
1,0 , das mit 3 Breiten identisch ist. 

Die nächste Stufe kehrt jetzt alles um und multipliziert 
alles mit 1/4 - 0;15 , dem i g i von 4 . 1/4 von 2,0 ist 
30 , also eine Länge (10); 1/4 von 1,0 ist 15 , das dann 
als 'Beitrag der Breite' präsentiert wird (11; im selben 
Sinn ist also der 'Beitrag der Länge' 30 , d.h. eine Länge). 
Im unklar geschriebenen 12 wird der Schüler vermutlich auf
gefordert, diese zwei Beiträge im Kopf zu behalten. 

Der letzte Teil des Textes ist dann die Erklärung der zwei 
'Beiträge'. Erstens wird in 13-15 der Koeffizient der Breite 
('so viel es von Breiten gibt') als 1-1/4 - 1-0;15 = 0;4 5 

gefunden. Von Anfang an ist es klar, daß der Koeffizient der 
Länge 1 ist (16) . In 17 wird eine 'wahre' Breite (wohl 
die Breite einer Figur) in die damit gleich große formal 
angesetzte 'Breite' der hier durchgegangenen Hilfsberechnung 
durch Multiplikation mit 1 umgesetzt; in 18 wird diese mit 
ihrem Koeffizienten 0;45 multipliziert, was natürlich den 
'Beitrag der Breite' gibt; wenn er in 19 aus der Summe her
ausgerissen wird, bleibt 30 , der Beitrag der Länge, d.h. die 
Länge selbst. 

Das kann, in Worten gesagt, ein wenig undurchsichtig vorkom
men. Wir müssen es uns aber (nach dem 'setze' in 3) als eine 
begleitende Erklärung vorstellen, während die Operationen 
gleichzeitig in irgendeiner materiellen Repräsentation voll
zogen wurden, z.B. in einer Zeichnung im Sande des Schul
hofes 2 2) , vgl. Figur 5 . Um uns in die Situation der Schüler 
zu setzen, kann man versuchen, dem Gang der Operationen auf 
dieser Figur zu folgen. 

22) Auch im elementaren Schreibunterricht wurde dieses Schreibmaterial 
vermutlich benutzt - vgl. Tanret 1982. 
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Kombinierte Probleme zweiten Grades 

Eine Aufgabe voll zu übersetzen, wo eine Transformation 
der eben vorgestellten Art benutzt wird, würde zu weit 
führen. Statt dessen können wir eine symbolische Uber
setzung der ersten Aufgabe der Tafel VAT 8520 2 3> betrach
ten - wobei man allerdings daran erinnern muß, daß der 
eigentliche Text konkret und geometrisch ist im selben 
Sinn wie die vorigen (ungeachtet, daß die unbekannten 
Größen hier als zusammengehörendes Zahlpaar der Rezipro-
kentafel vorgestellt werden). In symbolisch-arithmetischer 
Übersetzung wird daraus folgendes: 

x - 6/13 • (x+y) - 0t30 und x • y = 1 

Die erste Gleichung wird nach den oben gelehrten Prinzipien 
mit 13 multipliziert und wird so zu 

7x- 6y = 6; 30 , während 7x • 6y = 42 

Setzen wir jetzt X = 7x , Y - 6y , kriegen wir 

X - Y = 6;30 und X • Y - 42 

geometrisch also ein Rechteck mit bekannter Fläche, wo 
auch der Uberschuß der Länge über die Breite bekannt ist. 
Diese Konfiguration kennen wir schon als Standardkonfigu
ration aus den ersten zwei Aufgaben (s. Fig.1 und 3) , 
und die Lösung x = 1;30$ y - 0;40 folgt in ähnlicher 
Weise. 

Von Aufgaben dieser Art, wo die Seiten eines Rechteckes 
mit bekannter Fläche eine (oft ziemlich komplizierte) 

23) In MKT I, 346 f. publiziert. 
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'Gleichung' ersten Grades befriedigen, gibt es in den so
genannten 'Serientexten' hunderte 2 4). Sie macht damit die 
am besten repräsentierte 'algebraische' Aufgabengattung 
aus. Die wenigen hier vorgeführten Aufgaben sind damit 
für die Haupttypen babylonischer 'Algebraaufgaben' zwei
ten Grades ziemlich repräsentativ 2 5). Man soll jedoch wis
sen, daß es sehr viele Aufgaben gibt, die außerhalb der 
Haupttypen fallen und recht kompliziert sein können. Oft 
werden dann für die Lösung Richtwege benutzt, die man bei 
der Verwendung von symbolischer Algebra kaum entdecken 
würde, die aber für die ursprüngliche naiv-geometrische 
Methode einleuchtend sind. In diesen Fällen unterscheidet 
sich dann die babylonische Lösung - zu ihrem Vorteil -
vom modernen Standardverfahren. 

2 4 ) D i e L ä n g e i s t d a n n i m m e r 3 0 u n d d i e B r e i t e 2 0 , w i e i n d e r o b e n 
e r k l ä r t e n G l e i c h u n g x+y- 1/4 y * 45 . D i e e i n z e l n e n P r o b l e m e 
s i n d s e h r s y s t e m a t i s c h a u f g e s t e l l t , u n d z w a r n a c h e i n e m m e h r d i m e n 
s i o n a l e n S c h e m a . So w e r d e n i n T a f e l YBC 4 6 6 8 , N r . C 3 8 b i s C 5 3 , 
a u s d e r ' G l e i c h u n g ' a + 1/19 (a-$) s A d u r c h s y s t e m a t i s c h e n u n d 
u n a b h ä n g i g e n A u s t a u s c h d e s Z ä h l e r s m i t 2 , d e s e r s t e n + m i t - , 
d e s e r s t e n a m i t 6 u n d d e s N e n n e r s m i t 7 i n s g e s a m t 2 1 * = 1 6 v e r 
s c h i e d e n e ' G l e i c h u n g e n ' h e r v o r g e b r a c h t ( s . MKT I , p . 4 6 2 ) . a i s t 
h i e r x • x/y, 3 i s t y • y/x (x s t e h t w i e s c h o n v o r h e r f ü r 
d i e ' L ä n g e ' u n d y f ü r d i e ' B r e i t e ' e i n e s R e c h t e c k e s ) . D i e a n d e r e 
' G l e i c h u n g ' i s t x* y = 1,0 , w e s h a l b a u c h 8 = 1 0 , 0 ; d a s G e 
s a m t s y s t e m i s t a l s o g e n a u v o n d e r e b e n d i s k u t i e r t e n A r t u n d n u r 
f o r m e l l v o m s e c h s t e n G r a d ( a u s a u n d 8 s i n d x u n d y l e i c h t 
z u f i n d e n , d a a / $ - (x/y)*) . 

2 5 ) N u r f e h l t d e r A u f g a b e n t y p u s , wo n a c h R e d u k t i o n a u ß e r d e r F l ä c h e 
e i n e s R e c h t e c k s a u c h d i e Summe v o n L ä n g e u n d B r e i t e g e g e b e n i s t . 
I m F a l l , wo e s s i c h um e i n e A u f g a b e m i t z w e i U n b e k a n n t e n h a n d e l t , 
b r i n g t s i e u n s n i c h t s b e s o n d e r e s . I n d e n w e n i g e n F ä l l e n , w o eine 
u n b e k a n n t e G r ö ß e g e s u c h t w i r d u n d wo e s a l s o i m P r i n z i p e i n e D o p 
p e l l ö s u n g g e b e n k a n n , f i n d e n d i e B a b y l o n i e r n u r d i e e i n e . D a s k ö n n 
t e u n s w u n d e r n , w e n n w i r n i c h t w ü ß t e n , d a ß d i e L ö s u n g i m m e r v o n 
v o r n h e r e i n b e k a n n t i s t ; d i e g e o m e t r i s c h e A n a l y s e w i r d d a n n n a t ü r 
l i c h i m m e r d i e j e n i g e d e r z w e i Z e r s c h n e i d u n g e n d e s R e c h t e c k s b e n u t 
z e n , d i e m i t d e r b e k a n n t e n L ö s u n g ü b e r e i n s t i m m t . 
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Schlagende Beispiele dafür finden wir in den ersten drei 
Aufgaben des Textes YBC 6504 2 6 ) , während die vierte Auf
gabe die Gefahr der naiven Verfahren zeigt. Alle vier 
Aufgaben handeln von einem Rechteck x • y , wo 
x • y - (x-y)2 = 8,20 . Außerdem ist gegeben, daß 
x - y - 10 (Aufgabe 1) , x+y - SO (Aufgabe 2) , x - 30 

(Aufgabe 3) , und y = 20 (Aufgabe 4) . Die Reduktions
verfahren werden in Figur 6a-d skizziert. In Aufgabe 1 
ist ja die Seite des herausgerissenen Quadrates bekannt; 
seine Fläche ist dann leicht berechenbar, und Seiten
summe und Fläche des Rechteckes sind also bekannt. Damit 
sind wir zurück in der Standardaufgabe x-y = A , 

x • y = B . In Aufgabe 2 wird die Summe von Länge und 
Breite als Seite eines Quadrates genommen. Die Fläche 
dieses Quadrates ist gleich viermal das Rechteck plus 
das herausgerissene (x-y)2 . Wird es zu dem 8,20 addiert. 

Figur 6a: Die geometrische Repräsentation der Aufgabe YBC 6504 Nr.l . 
Oben das amputierte Rechteck; unten die Zerschneidung, 
Gnomon-Umlegung und quadratische Ergänzung des Rechteckes 

26) Pulbliziert in MKT III, 22 f.; in meinem [ 1985 , 41 ff.] disku
tiert. Der Text ist u.a. durch seine Systematik mit den Serien
texten verwandt, gibt aber zum Unterschied von diesen die Lö
sungsverfahren an. 
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4 x •«—y—• 

t 
y 

x+y 

x+y-

F i g u r 6 b : D i e g e o m e t r i s c h e R e p r ä s e n t a t i o n d e r L ö s u n g v o n YBC 6 5 0 4 N r . 2 . 
O b e n i n k r ä f t i g e r A b g r e n z u n g d a s a m p u t i e r t e R e c h t e c k , u n t e n 
d a s Q u a d r a t a u f d e r Summe v o n L ä n g e u n d B r e i t e ( d i e z w e i T e i 
l e d e r F i g u r s i n d n u r z u f ä l l i g e r w e i s e h i e r z u s a m m e n s t o ß e n d 
g e z e i c h n e t ) 

Figur 6c: Die geometrische Repräsentation der Lösung von YBC 6504 Nr.3. 
Links wie die Figursubtraktion das Quadrat auf x - y und ein 
Rechteck mit Breite x-y und Länge 30 zurückläßt, rechts 
die Gnomon-Umlegung und die Ergänzung 
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F i g u r 6 d : D i e g e o m e t r i s c h e R e p r ä s e n t a t i o n d e r f e h l e r h a f t e n L ö s u n g 
v o n YBC 6 5 0 4 N r . 4 . O b e n i n v e r z e r r t e n P r o p o r t i o n e n , wo 
d e r F e h l e r d e u t l i c h w i r d , u n t e n i n d e n k o r r e k t e n P r o p o r 
t i o n e n , wo a l l e s p l a u s i b e l a u s s i e h t 

ist die Summe also fünfmal die Fläche des Rechteckes. 
Nochmals werden wir zu einer Standardaufgabe zurückge
bracht, nämlich zu x + y = A , x • y = B . In Aufgabe 3 

wird das Quadrat x • x konstruiert und das amputierte 
Rechteck herausgerissen. Zurück bleibt dann das Quadrat 
auf x - y und ein Rechteck mit der Breite x - y und 
der Länge [x = ] 30 . Das wird wie die Standardaufgabe 
2 2 + Az = B gelöst, mit z - x - y . In symbolischer 
Übersetzung sieht das wie ein eleganter, aber schwerlich 
durchschaubarer Variablenaustausch aus. Geometrisch kann 
natürlich die Strecke x - y genauso gut wie die Strecke 
y gefunden werden; von Austausch ist kaum zu reden. 

In Aufgabe 4 wird aber ein anscheinend geometrisch be
gründeter Fehlschluß gemacht. Weil in diesem konkreten 
Fall x - y - y- (x-y) , kann das amputierte Rechteck in 
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einem Gnomon umgelegt werden, wo das fehlende Quadrat die 

bekannte Seite y und deshalb auch eine bekannte Fläche 

besitzt. Der Text glaubt, daß die Ergänzung ein Quadrat 

der Seite x ergibt. Eine symbolische Durchrechnung (oder 

eine weniger visuell-naive geometrische Betrachtung) zeigt, 

daß tatsächlich ein Rechteck mit den Seiten x und 3y -x 

hervorgebracht wird. 

Das letzte Beispiel zeigt, daß die babylonischen Methoden 

im allgemeinen nicht besser sind als die ja unendlich 

flexibleren modernen symbolischen Verfahren - der schein

bare Vorzug des naiv-geometrischen Verfahrens in der zwei

ten und dritten Aufgabe der Tafel beruht einfach darauf, 

daß die Babylonier ihre Probleme nach der besonderen Lei

stungsfähigkeit ihrer vorhandenen Methoden auswählten. 

Das sieht man mit außerordentlicher Klarkeit in Fällen, wo 

ein nichtgeneralisierbares Verfahren verwendet wird - z.B. 

in der Behandlung von Problemen dritten Grades. Wenn diese 

nicht homogen sind und sich nicht auf Probleme ersten oder 

zweiten Grades reduzieren lassen, werden sie durch zufällig 

mögliche Faktorisierungen oder Übereinstimmung mit einem 

der verstreuten Tabellenwerte der Tabelle n3 + n2 gelöst 

(vgl. auch das in Anm.24 erwähnte Problem sechsten Grades). 

Wie Thureau-Dangin 2 7^ sagt, muß man 'admirer l'ingéniosité 

[...] mis en oeuvre', aber auch erkennen, daß dadurch 

schließlich 'les mathématiciens babylonies avouent [...] 

leur impuissance à résoudre l'équation du troisième degré'. 

Endlich kann man bemerken, daß sie anscheinend keinen we

sentlichen Unterschied gesehen haben zwischen einer eigent-

27) TMB, p. xxxviii . 
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28) Diese Einstellung ist nicht den Babyloniern vorbehalten. Sie folgt 
der ganzen subwissenschaftlichen Algebratradition bis ins 15 . 
(nachchristliche) Jahrhundert, wo 'the rules given [by Piero della 
Francesca, abacus master and painter] for solving equations of 
the third, fourth and fifth degree are valid only for special cases 
of these equations. The rule for solving the equation of the sixth 
degree is altogether false1 (Jayawardene, 1976, 2 4 3 ) . 

29) YBC 6967 (MCT, 129) und die oben erwähnte Tafel VAT 8520 (MKT I, 
346 f.). 

lieh mathematischen Methode und einem bloßen Trick 2 8) und 
also überhaupt keine Mathematiker im griechischen oder 

modernen Sinn sind. Babylonische 'Algebra 1 zweiten und 
höheren Grades ist eigentlich nicht als 'reine Mathema
tik' , sondern eher als 'reines, unangewandtes Berechnen' 
zu charakterisieren. 

Als 'algebraisch' kann man sie aber mit gutem Recht ver
stehen. Sie teilt viele der besonderen Merkmale moderner 
praktisch verwendeter Gleichungsalgebra trotz ihrer naiv
geometrischen Methode. Erstens ist sie ja analytisch. 

Zweitens ist ihre Identifikation von Größe und Meßzahl ge
nau parallel zu jener Art mathematischer Modellierung, die 
die Grundlage für alle Beschreibung realer Zusammenhänge 
in Gleichungen ist - vgl. z.B. das Hookesche Gesetz 
d = k • B , wo d als meßbare Dehnung, B als meßbare Be
lastung und k als meßbare Materialkonstante verstanden 
werden, die Gleichung aber unter der Voraussetzung gelöst 
wird, daß sie sämtlich arithmetisch verknüpfte Zahlen sind. 
Drittens, endlich, werden die 'Entgegengestellten', 'Län
gen' und 'Breiten' im allgemeinen nicht um ihrer selbst 
willen gefunden (obwohl das natürlich der Fall ist in der 
Einübung von Standardmethoden); sie stehen als Repräsen

tanten für andere Größen, deren gegenseitige Zusammenhänge 
mit denjenigen der repräsentierenden geometrischen Größen 
isomorph sind - seien es Zahlen mit bekannten Produkt und 
Differenz 2 9), seien es Kauf- und Verkaufspreise von Fein-
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30) Der Susatext TMS XIII (Bruins & Rutten 1961 , 8 2 , vgl. Korrektio
nen in Gundlach & von Soden 1983, 2 6 1 ) . 
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öl 3°) , seien es wie in der obigen Landvermessungsaufgabe 
'falsche 1 Längen, Breiten und Flächen, seien es endlich 
wie im erwähnten Serientext die mit ihrem Verhältnis zum 
Partner multiplizierten Längen und Breiten eines Recht
eckes. Wer die äquivoken Gänsefüßchen nicht mag, kann ru
hig von altbabylonischer Protoalgebra statt von babyloni
scher 'Algebra' reden. 

Die babylonische Spätentwicklung 

Gewöhnlicherweise sprechen die Mathematikgeschichten nicht 
von 'altbabylonischer', sondern von 'babylonischer' Mathe
matik/Algebra, keinen Unterschied machend zwischen der 
altbabylonischen und der nächsten mit mathematischen Tex
ten gut belegten Periode, d.h. der seleukidischen (etwa 
3.Jahrhundert v.Chr.). Solange die altbabylonische Proto
algebra ausschließlich arithmetisch gelesen und das strikte 
Auseinanderhalten der unterschiedlichen additiven bzw. 
multiplikativen Operationen nicht bemerkt wurden, waren 
die Verschiedenheiten der zwei Perioden auch nicht auf
fallend. 

Die naiv-geometrische Deutung der altbabylonischen Texte 
wälzt das ganz um. Während die Operationen der frühen Texte 
konkrete (und meistens geometrische) Bedeutung hatten, 
gehen die Operationen der Spätzeit ausschließlich mit ab
strakten Zahlen um. Es gibt nur eine, symmetrische Addi
tion; die Subtraktion ist eine Abzählungsoperation ' - in 
wievielen Schritten gehe ich von [der Zahl] a bis zur 
[Zahl] b hinauf; und die einzige Multiplikation ist 
a - r à (vgl. oben, Anm.14), die Multiplikation von Zahl 
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mit Zahl (die übrigens auch als 'multiples Gehen' aufzu
fassen ist) . 

Diese Arithmetisierung gilt auf der Ebene der mathemati
schen Operationen. Sie ist nicht in den 'Einkleidungen' 
der Aufgaben zu sehen, die noch geometrisch sind (da
durch wird die seit der altbabylonischen Zeit stattgefun
dene Entwicklung noch mehr verschleiert) Sie gilt viel
leicht auch nicht auf der Ebene der Methoden. Obwohl wir 

z.B. (a+b)*(a-b) = a2 - b2 als reine arithmetische 
Identität auffassen, können wir sie sehr wohl im elemen
taren Unterricht geometrisch vorführen - siehe Figur 7 . 

Mehreres spricht dafür, daß die seleukidischen 'Algebrai-
ker' dasselbe gemacht haben: Erstens sind nämlich die 
schwierigeren ihrer Aufgaben auf geometrische Methoden 
zugeschnitten; zweitens ist das in ihren Texten gängige 
Umgehen mit mehreren Unbekannten sehr kompliziert, wenn 
man nicht entweder eine geometrische oder eine symboli
sche Repräsentation vor sich hat 3 1) . 

a+6 H l 
«-a-6-* 

Figur 7; Geometrischer Nachweis, daß das Band (a+b)•(a-b) gleich 
dem Gnomon a2 - b 2 ist 

31) Aus genau diesem Grund bemüht sich eine 'rhetorische' Algebra 
auch immer, alle Unbekannten mittels Eliminierung durch eine 
Einzige zu ersetzen. Wenn bei Diophant die Summe von zwei Zahlen 
gleich 2A und ihr Produkt gleich B ist, werden sie als A plus 
arithmos und A minus arithmos aufgefaßt; in derselben Situa
tion würden die islamischen rhetorischen Algebraiker die eine Zahl 
als ein Ding (tfay* ) auffassen, die andere als 2A minus ein Ding. 
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Als Illustration können wir einen kurzen seleukidischen 
Text anschauen (BM 34568 Nr.18 3 2 ) : 

1. Länge, Breite und Diagonale addiert ist 1,0. 5,0 
die Fläche. 

2* Länge, Breite und Diagonale mal Länge, Breite und 
Diagonale nimm. 

3. Die Fläche mal 2 nimm, von <dem Quadrat von Länge, 
Breite und Diagonale> ziehst Du (es) ab. 

4. Was übrig bleibt, mal ein Halb nimm. Länge, Breite 
und Diagonale mal <was> als Faktor sollst Du nehmen? 

5. Die Diagonale ist der Faktor. 

In symbolischer Übersetzung wird das zu einer einfachen 
Formel statt (wie die altbabylonischen Lösungen) zur Be
schreibung einer analytischen Prozedur. Ist L die Länge, 
B die Breite und D die Diagonale, haben wir 

D = 1/2*{(L+B+D)2 - 2LB}/(L+B+D) 

Die Formel ist richtig und folgt aus L2 + B2 = D2 , sieht 
aber kaum einleuchtend aus. Daß sie mit rein rhetorischen 
Techniken abgeleitet worden sei, kommt unwahrscheinlich 
vor. Sie ist jedoch aus Figur 8 durch einfache Abzahlung 
und durch Ausnützung des Pythagoreischen Theorems leicht 
ableitbar (wo übrigens zu bemerken ist, daß diese Figur 
als Generalisierung von Figur 7 betrachtet werden kann; 
daß letztere mit Einzeichnung von Diagonalen zum Pythago
reischen Theorem führt; und daß ihre Konstruktion schon 
aus altbabylonischen Texten hervorgeht, vgl. Figur 6b) . 

Auf der Ebene der Methode war die seleukidische 'Algebra 1 

also vermutlich genauso geometrisch wie die altbabyloni
sche. Während letztere aber konstruktiv und analytisch war. 

3 2 ) P u b l i z i e r t i n MKT I I I , 1 6 f . ; i c h f o l g e d i e s m a l N e u g e b a u e r s Ü b e r 
s e t z u n g (ibid. p . 1 9 ) m i t s a m t s e i n e r K o r r e k t i o n e i n e s F o r m u l i e 
r u n g s f e h l e r s . D a s (es) i n 3 h a b e i c h d e r V e r s t ä n d l i c h k e i t h a l b e r 
h i n z u g e f ü g t . 
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Figur 8 ; Diagramm, aus dem hervorgeht, daß 
(L+B+D)2 - 2L-B = 2D*(L+B+D) , wenn D 2 = L 2 + B2 

s e h e n ( n i c h t n u r i n d i e s e m F a l l , s o n d e r n a l l g e m e i n ) d i e 

s e l e u k i d i s c h e n A u f g a b e n l ö s u n g e n w i e A r g u m e n t a t i o n e n a u f 

s c h o n g e m a c h t e n F i g u r e n a u s . S i e s i n d a l s o nicht analy

tisch, sondern eher synthetisch. D i e s e l e u k i d i s c h e ' A l 

g e b r a 1 i s t d a m i t , o b w o h l s i e z w e i f e l l o s v o n d e r a l t b a b y 

l o n i s c h e n a b g e l e i t e t i s t , m i t v i e l w e n i g e r R e c h t a l s j e n e 

a l s Protoalgebra o d e r a l s algebraisch in ihrer Denkweise 

z u c h a r a k t e r i s i e r e n . 

D a s N a c h l e b e n d e r b a b y l o n i s c h e n T r a d i t i o n 

D a r a u s i s t n i c h t z u s c h l i e ß e n , d a ß d i e a l t b a b y l o n i s c h e 

P r o t o a l g e b r a a l s S a c k g a s s e z u b e t r a c h t e n i s t . D a s w i r d 

i n e i n e m Liber mensurationum b e z e u g t , d e n G h e r a r d o d i 

C r e m o n a i m s p ä t e n 1 2 . J a h r h u n d e r t i n s L a t e i n i s c h e ü b e r 

s e t z t h a t u n d d e s s e n v e r l o r e n e s a r a b i s c h e s O r i g i n a l i m 

f r ü h e n 9 . J a h r h u n d e r t a b g e f a ß t s e i n m a g 3 3 ) . D i e e r s t e 
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3 3 ) Von Busard ( 1 9 6 8 ) kritisch ediert. Die hypothetische Datierung, 
der Inhalt und die ganzen Implikationen davon werden in meinem 
[ 1 9 8 6 ] ausführlich behandelt. 
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Hälfte des Traktats ist nicht nur eine Weiterführung der 
altbabylonischen Tradition, sondern dieser auch erstaun
lich nahe. Erstens ist die 'rhetorische Struktur' der 
Aufgaben dieselbe: Die Aufgabe ist in der ersten Person 
Perfekt formuliert (daß die Länge eines Rechteckes seine 
Breite mit soundsoviel überschreitet, wird jedoch in Prä
sens erklärt - wie schon 3000 Jahre früher). Dann kommt 
der Hinweis auf das Verfahren des Schülers, und schließ
lich die Vorschriften im Imperativ oder in der 2.Person 
Präsens (vgl. die oben übersetzten altbabylonischen Auf
gaben) . Zitate aus der Aufgabenformulierung werden mit 
den Worten 'Da er gesagt hat 1 begleitet - und selbst der 
Hinweis auf den Kopf/das Gedächtnis als Behälter für Re
sultate gewisser Art wird wiedergefunden. 

Zweitens gibt es, obwohl die Figuren selbst in der Uber
setzung verlorengegangen sind, ständige Hinweise auf Fi
guren als Begründung für die Richtigkeit der Lösungsver
fahren. Drittens sind die Distinktionen zwischen mehreren 
additiven, mehreren subtraktiven und mehreren multiplika-
tiven Operationen noch spürbar, wenn auch nicht im latei
nischen Text völlig aufrechterhalten. Viertens endlich 
sind nicht nur wichtige altbabylonische Aufgabentypen, 
sondern auch (was wesentlicher ist) ihre charakteristi
schen Lösungsverfahren wiederzufinden. 

Der Liber ist also viel näher an der altbabylonischen 
Quelle als die seleukidische Mathematik. Zurselben Zeit 
findet man im Liber Aufgaben, die auch in den seleukidi-
schen Tafeln vorkommen - zum Beispiel die eben erwähnte. 
Versucht man, einen Stammbaum zu konstruieren, wird die 
direkte Linie daher von der altbabylonischen Protoalgebra 
zum Liber gehen mit einer kurzen Nebenlinie zu den seleu-
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kidischen Tafeln 34). Die direkte Linie scheint von einer 

subwissenschaftlichen Tradition unter praktischen Geo-

metern (Landmessern, Architekten, Baumeistern u . a . ) ge

tragen worden zu sein. Die seleukidische Linie dagegen 

wurde, wie es aus Abschreiber- und Besitzerangaben auf 

den Tafeln deutlich hervorgeht, von den Priester-Gelehr

ten am astronomischen Zentrum in üruk hervorgebracht, 

deren hochentwickelter arithmetischen Astronomie wir 

vielleicht die Arithmetisierung auch der 'algebraischen* 

Operationen zu verdanken haben. 

Für viele seiner Aufgaben gibt der Liber außer seiner 

Hauptmethode einen modus secundum aliabram, ein 'Verfah

ren nach al-jabr* . Letztere Disziplin ist (etymologisch 

und genetisch) der Ursprung unserer Algebra und ist uns 

in seiner Form aus dem frühen 9.Jahrhundert von 

al-Khwârizmï bekannt. Sie war, bis al-Khwärizml und andere 

wissenschaftliche Mathematiker sie bearbeiteten, eine sub

wissenschaftliche Praktikertradition, anscheinend von 

Buchhaltern und anderen Rechnern getragen35) . Ihr Ansatz 

war daher algebraisch im problemlösenden, nicht im theo

retischen oder strukturellen Sinn. So weit war sie also 

der altbabylonischen Protoalgebra (und dadurch auch der 

Hauptmethode des Liber) ähnlich. Ihre Methode war aber 

meistens rhetorische und nie naiv-geometrische Analyse 

(vgl. Note 31); nur für ihre Lösung der drei normalisier

ten gemischten 'Gleichungen' zweiten Grades hatte sie we

der rhetorische noch geometrische Begründungen, nur feste, 

unbegründete Standardalgorithmen. 

34) Es scheint, daß die sehr wenigen Gleichungen zweiten Grades, die 
in der alexandrinisehen Tradition (einschließlich der lateini
schen Agrimensortradition) zu finden sind, auf diese Nebenlinie 
zurückzuführen sind. Das ist kaum verwunderlich, da die seleuki-
dischen Tafeln vom hellenisierten Uruk herrühren und die seleuki
dische praktische Geometrie nicht altbabylonische, sondern grie-
chische/alexandrinische Methoden benutzen. 

35) Auch diese Behauptung baut auf die Analysen meines [1986]. 
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Die Vorgeschichte der aZ-jafcr-Tradition ist uns unbekannt. 
Man hat an indische Inspiration gedacht, weil eine hoch
entwickelte 'synkopierte 1 Algebra 3 ß ) sich schon bei frühen 
indischen Autoren finden läßt. Leider ist sie so viel hö
her als die al-jabr entwickelt, daß eine Ableitung letzte
rer von der indischen wissenschaftlichen Mathematik kaum 
denkbar ist. Die frühen islamischen Algebraautoren geben 
uns keine Hinweise 3 7 ) und also auch keine Hinweise auf 
fremden Ursprung, während der indische Ursprung des dezi
malen Stellenwertsystems erklärt wird; es ist daher plau
sibel, daß sie die Tradition 'zu Hause' gefunden haben, 
irgendwo zwischen Irak und Turkestan - oder vielleicht 
überall im ganzen Gebiet von Syrien bis Indien. 

Auch die fernere Vorgeschichte der Disziplin ist unklar. 
Sie mag vielleicht die babylonische Protoalgebra unter 
ihre Stammütter zählen - wie schon Gandz 3 8) bemerkt hat, 
könnte der Name vom babylonischen gabrum hergeleitet sein, 
ein Wort, das in der Tat in den babylonischen Texten eine 
Rolle spielt (obwohl eine andere als die von Gandz vermu
tete) . Wenn das der Fall ist, ist doch nicht viel von der 
babylonischen Inspiration unverändert geblieben - eigent
lich nur die Vorliebe für wenig nutzbare 'Gleichungen' 
zweiten Grades und das analytisch-heuristische Vorgehen. 

Am besten nehmen wir also einfach die subwissenschaftliche 
al-jabr-Tradition zur Kenntnis, wie wir sie in den früh-

36) D.h. schematisch-stenographisch geschriebene rhetorische Algebra. 
Der Ausdruck geht (wie auch die 'rhetorische Algebra') auf 
Nesselmanns Algebra der Griechen (1842) zurück. 

37) Am nächsten kommt Thäbit ibn Qurra in seiner Verifizierung der 
Probleme der al-jabr durch geometrische Beweise, wenn er von 
einer offensichtlich subwissenschaftlichen Gruppe von 'Algebra
leuten* spricht (ed., transi. Luckey, 1 9 4 1 ) . 

38) Gandz, 1926. 
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islamischen Quellen treffen. In dieser Form ist sie jeden

falls Hauptgrundlage für die schnelle Entwicklung einer 

wissenschaftlichen Algebra. Diese Entwicklung beginnt zu 

dem Zeitpunkt, wo al-Khwârizmî und sein Zeitgenosse ibn 

Turk Abhandlungen über die bisher ohne Bücher tradierte 

Disziplin verfassen 3 9 ) und in dieser Verbindung auch die 

naiv-geometrischen 'Beweise' der altbabylonischen (und 

Liber mensurationum-) Tradition als Begründung für die 

Richtigkeit der bisher unbegründeten Standardalgorithmen 

der al-jabr benutzen. Damit beginnt ein neues Kapitel in 

der Geschichte der algebraischen Denkweisen, wo auch 

letztendlich vieles aus den unterhaltungsmathematischen 

Traditionen einbezogen bzw. überflüssig gemacht wird. 

Ägyptische und weitere Traditionen 

Im Anfang des Aufsatzes wurden ägyptische und babylonische 

Mathematik unter demselben Gesichtspunkt diskutiert, und 

dann wurde plötzlich alles babylonisch. Gibt es denn 

nichts in Verbindung mit dem alten Ägypten zu sagen? 

Ja und nein. Höhere 'Algebra' wie die babylonische gibt es 

in den ägyptischen Quellen nicht; Umkehraufgaben und ele

mentare analytische Denkweisen gibt es. Alle Beispiele 

werden mit einer von zwei Varianten des 'einfachen fal

schen Ansatzes' gelöst - entweder wird für die unbekannte 

Größe der Wert 1 genommen oder auch ein anderer, bequemer 

Wert, was dann am Ende der Berechnung eine weitere Propor

tionalitätsbetrachtung erfordert; und mit Ausnahme von 

einzelnen homogenen Problemen zweiten Grades sind alle 

Aufgaben von erstem Grad. 

39) Al-Khwârizmï's Werk wurde von F.Rosen (1831) herausgegeben und 
ins Englische übersetzt. Eine neue russische Übersetzung wurde 
von B.A.Rozenfeld in S.H.Sirazdinov 1983 veröffentlicht. Das 
überlieferte Fragment von ibn Turks Werk wurde von A.Sayili (1962) 
veröffentlicht und übersetzt. 
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Beide Varianten des 'einfachen falschen Ansatzes 1 kennen 
wir schon aus den altbabylonischen Texten, und zwar aus der 
Aufgabe vom gebrochenen Meßrohr; es ist daher überflüssig, 
hier nochmals ihre Prinzipien durchzugehen. Nur ist zu be
merken, daß diese wenig technische Betrachtungsweise in der 
ägyptischen Mathematik bis in die christliche Ära sehr be
liebt bleibt und daß sie auch im indischen und islamischen 
(und davon im lateinischen) Mittelalter verbreitet ist -
als leichtere Alternative zur rhetorischen Algebra. 

Alternative ist sie freilich nur für homogene Probleme. 
Für nichthomogene Probleme ersten Grades entwickelte sich 
jedoch aus ihr die sogenannte régula fal sis oder 'Regel 
des doppelten falschen Ansatzes'. Hier werden zwei Ansätze 
für die Unbekannte gemacht, der eine zu groß und der andere 
zu klein; der richtige Wert wird dann durch einen fixierten 
Algorithmus (dessen Prinzip eine lineare Interpolation ist) 
gefunden. Das ist an sich ganz unalgebraisch und somit ohne 
Interesse für eine Geschichte der algebraischen Denkweisen, 
ist aber illustrativ für einen Prozeß, der mehrmals in den 
subwissenschaftlichen Traditionen stattgefunden hat: Für 
die Lösung von Umkehrproblemen wird im Anfang eine heuri
stische, analytische Methode verwendet. Wenn sie vertraut 
und die erforderlichen Rechenschritte somit völlig bekannt 
geworden sind, wird sie automatisiert. Statt Analyse blei
ben dann Algorithmen, und statt analytischer Denkweise 
bleibt gedankenloses Auswendiglernen von Regeln. 

In den wissenschaftlichen Traditionen geschieht etwas ähn
liches, aber trotzdem verschiedenes. Das haben wir vermut
lich schon im seleukidischen Fall gesehen. Aus den altbaby
lonischen konstruktiven geometrischen Verfahren wurde an
scheinend, als die für die Beweise erforderlichen Standard
konstruktionen bekannt genug waren, synthetische Argumenta
tion auf schon vorhandenen Figuren. Ähnliches mag auch wäh
rend einer griechischen Transformation des altbabylonischen 
Materials stattgefunden haben. 
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Diese Hypothese muß im Zusammenhang mit der alten Frage 
der 'geometrischen Algebra' gesehen werden. Vor etwa hun
dert Jahren bemerkte Zeuthen, daß die Theorie der Elemente 

II als Theorie geometrisch ausgedrückter Lösung von Glei
chungen zweiten Grades gelesen werden kann, und vermutete 
daher, daß sie auch so gelesen werden soll 4 0) ; die Grie
chen hätten, um um die Probleme der Irrationalität herum
zukommen, ihre Algebra in geometrischer Form, in eine 
'geometrische Algebra' übersetzt. Als dann um 1930 die 
'babylonische (vermutet arithmetische) Algebra' entdeckt 
wurde, war der Gedanke naheliegend, daß die 'geometrische 
Algebra' eine geometrische Übersetzung einer übernommenen 
babylonischen Algebra sei. 

Seit 20 Jahren ist diese These unter heftigem Angriff, und 
es ist wohl jetzt klar, daß die 'geometrische Algebra' 
nicht als eine Algebra aufgefaßt werden darf - sie gehört 
in eine eigene und ganz andersartige theoretische Struktur. 
Sie ist kein Glied in irgendwelcher 'Kunst des Auffindens' 
und also keine Übersetzung arithmetischer Analyse 4 1) . 

Das wird nicht an sich anders, wenn der geometrische Cha
rakter der altbabylonischen (und daraus subwissenschaftlich 
fortgesetzten) Protoalgebra erkannt wird. Auf der anderen 
Seite sind die in Elemente II behandelten Figuren erstaun
lich nahe verwandt mit denjenigen, deren Konstruktion in 
den altbabylonischen Texten beschrieben wird. Es ist dann 
mindestens eine naheliegende Möglichkeit, daß griechische 
Mathematiker im 6. oder 5.Jahrhundert angefangen haben, die 

40) Das geschah in Verbindung mit einer Untersuchung der Apollonischen 
Kegelschnittlehre, wo in der Tat die Theorie als äquivalenter Er
satz für analytische Geometrie fungiert (Zeuthen, 1886, 5 ff.). 

41) Das wird nicht dadurch geändert, daß sie analytisch verwendet wer
den kann - wie z.B. in Apollonios1 Kegelschnittlehre. 
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Eigenschaften der aus den Nachbartraditionen bekannten 
Figuren theoretisch auszuforschen 4 2) - g a n z wie sie in 
derselben Zeit angefangen haben, die Eigenschaften der 
auf dem Abakus in Rechensteinen ausgelegten Zahlenmu
ster zu erforschen (die 'Lehre vom Geraden und Ungera
den') 4 3) . 

Aus der Erforschung der babylonischen Figuren und Figur
transformationen und der systematisch-theoretischen Wei
terbearbeitung der daraus entstandenen Probleme könnte 
dann letztendlich die synthetische Theorie der Elemente 

II hervorgegangen sein. Auf halbem Weg im Prozeß fän
den sich die Data Euklids. Ihre Propositionen beschäfti
gen sich nicht mit der Lösung generalisierter 'Gleichun
gen' 4 4) , sondern mit ihrer Lösbarkeit; jedenfalls können 
sie als Theorie geometrisch generalisierter Gleichungen 

betrachtet werden. Ihre Methode ist manchmal nicht ana
lytisch, sondern synthetisch - aber trotzdem werden sie 
in den antiken metatheoretischen Kommentaren als analy
tisch betrachtet 45), als ob eine analytische, 'gleichungs-
lösende' Vorgeschichte noch an ihnen klebte. 

42) Für diese Hypothese sprechen verschiedene Indizien, die ich in 
meinem [1985a] diskutiere - darunter eine Isomorphie zwischen 
dem babylonischen 'Entgegengestellten' und dem griechischen geo
metrischen dynamis-Begriff und Andeutungen, daß schon zu Piatons 
Zeit griechische Vorläufer für die von Diophant weiterentwickelte 
Algebra existierten. Solche Vorläufer wären vermutlich mit den 
nahöstlichen Algebratraditionen verbunden. 

43) Siehe Lefevre, 1981. 
44) In der Tat entsprechen, wenn wir von ihrer Identifikation von 

Größe und Meßzahl absehen, die babylonischen Gleichungen der 
ersten Definition der Data: ' D e r G r ö ß e n a c h g e 
g e b e n heißen Flächen, Linien und Winkel, zu denen wir uns 
gleiche verschaffen können.' (Übersetzung Thaer, 1962, 5) . 

45) Z.B. Pappos, Collectio VII - Hultsch, 1876, 636 1 8. Privates Ge
spräch mit C.M.Taisbak . 
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1 Babylonian "algebra" 
In a number of earlier publications, I have proposed a new understanding of 
the Old Babylonian mathematical technique known as "algebra", concen
trating on problems of the second and to some extent of the first degree.1 

As a background to the following investigation of a particular text dealing 
in part with problems of the third degree I shall need a summary of my 
methods and my main results. 

The Babylonian interest in apparently algebraic problems of the second 
degree was discovered around 1930.2 As natural, and as a first approxima
tion, the texts were interpreted through the conceptual framework of more 
recent algebra and arithmetic, with the result that the operations involved 
were understood as purely arithmetical operations, and the obviously ge
ometrical vocabulary ("length", "width", "area", etc.) was interpreted as 
nothing but a set of convenient labels (for "the first unknown", "the second 
unknown", "the product of the unknowns", etc.). . 

My reinterpretation was based on two methodological principles. One 
of these may be described as a "structural analysis", the other as "close 
reading". 

It had been observed already at an early moment that the Babylonians 
employed a whole set of distinct terms for addition, another set for sub
traction, and a third for multiplication. Grosso modo, the terms from each 
set were supposed to be synonymous, and no particular effort was spent to 
find possible differences between them. 

This comfortable creed was undermined by the structural analysis. It 
turned out that two different groups of supposedly additive terms are 
sharply distinguished. One of them, e.g., will normally not be used when 
(the measuring numbers of) a length and an area are added; the other 
is never employed for the operation of quadratic completion. The distinc
tion between the two groups is so sharp that two different operations and 
two different concepts must be involved. Similarly, two different subtractive 
operations exist, and no less than four "multiplications". 

lrThe most thorough presentation of my methods and results will be found in 
[ H 0 Y R U P 1990). A more concise exposition has been made in German [ H 0 Y R U P 1989], 
even this dedicated to Hans WussiNG as a delayed homage on the occasion of his 60th 
anniversary. ( 

2 A brief history of the historiography of Babylonian mathematics, taking precisely 
this discovery as its starting point, is [ H 0 Y R U P 1991]. 

190 
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These differentiations make no sense within the received arithmetical 
interpretation, but suggest instead a more literal understanding of the ge
ometrical vocabulary, which they fit. The "close reading" — close obser
vation of the variable contexts in which each term occurs and of the orga
nization of procedures compared to alternative possibilities which are not 
used3 — confirms this. 

The main outcome of the analysis is that Babylonian "second degree 
algebra" was organized around a pivotal technique which may be character
ized as "cut-and-paste geometry". This geometry is not critically reflective 
as, e.g., E u c l i d ' s Data. Nevertheless, the correctness of its procedures is 
intuitively obvious to anybody following the transformations (in the same 
way, say, as the correctness of the transformations of 2x + 4 = 6a; — 24 
successively into 6x — 2x — 24 = 4, Ax = 4 + 24 = 28, x = ^ = 7 is obvi
ous to anybody trained in elementary algebra); we might speak of "naive" 
geometry. 

Together with the geometrical technique goes a geometrical concep
tualization. While Medieval and present-day elementary algebra can be 
understood as the art of finding unknown numbers entangled in complex 
relations, the basic concern of Babylonian "algebra" is the disentanglement 
of measurable but unknown lines and areas. In both cases, this basic con
ceptualization may serve as a model for other structurally similar problems: 
The modern abstract numbers may stand for monetary values, geometrical 
lengths and areas, etc.; the Babylonian lines and areas, on the other hand, 
are used to represent prices, pure numbers, etc. 

Cut-and-paste techniques constitute the pivot of Babylonian second-
degree "algebra" but do not carry very far on their own. More complex 
problems therefore involve two auxiliary techniques, both of which are re
lated to familiar procedures employed since long by Babylonian calculators: 
An "accounting technique" used, e.g., to find "how much there is of lengths" 
— in other words, the coefficient of the "length"; and a "scaling technique", 
which can be assimilated to a change of measuring scale or unit, and which 
is used to "reduce coefficients to 1". 

2 E s s e n t i a l t e r m s a n d o p e r a t i o n s 

In the following I shall present and discuss the tablet BM 85200 + VAT 
6599 in the light of this reinterpretation of techniques and mode of thought. 
However, this will be most conveniently done if certain basic aspects of the 
terminology are presented in advance. 

"Algebraic" interest appears to have arisen in a new Akkadian scribe 
school during the earlier Old Babylonian epoch (which in total covers the 
period c. 2000 B.C. to 1600 B.C.): "Algebraic" problem texts form, like 
omen texts, a new literary genre, and early specimens (18th c. B.C.?) tend 

3 A similar principle has recently been advocated by Karine Chemla [Chemla 1991] 
as a tool for analyzing the methods of Ancient Chinese mathematics. 
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to be formulated in Akkadian, not in Sumerian, with the exception of some 
five terms which have their origin in traditional Sumerian mensuration and 
computation (length, width, area, part/reciprocal and "square root"/side 
of the square). As time went on, Sumerian word signs were increasingly used 
as "scholarly" abbreviations for the Akkadian words", but this was clearly 
a secondary development. As a result, however, each originally Akkadian 
term will have at least one Sumerographic equivalent4 — at times several. 

The terms and operations used in our tablet can be categorized and 
explained as follows: 

2.1 Additive procedures 

Of these there are two of major importance, both of which are used in 
our tablet. One is represented by the sign group UL.GAR, which is used 
logographically for kamärum, "to amass in a heap". It appears to designate 
a genuinely numerical addition, for which reason it can also be used to 
add the measuring numbers of, e.g., lengths and areas. It is symmetrical, 
connecting its addends by u, "and"; concomitantly, it conserves the identity 
of neither addend. I shall translate it "to accumulate". 

The other is designated by the Sumerian word dah (Akkadian wasa
bum), "to append". It operates on concrete entities, for which reason it only 
joins entities of the same kind and dimension. It is asymmetrical, connecting 
with the preposition ana, "to", and conserves the identity of that entity to 
which something else is appended while increasing its numerical value (as 
the identity of my bank account is unchanged when interest is added). 

The habitual terms for the sum by accumulation are absent from the 
text dealt with below, except for one plausible occurrence of UL.GAR as 
a logogram for kumurrum, "accumulation"; instead, the term nigin, the 
"total" of accounting texts, is used on two occasions. 

2.2 Subtractive procedures 

Even these form a couple. One is a comparison, stating (in its Sumero
graphic version) that UX u-gù Y D dirig", UX exceeds Y by D" or, in a 
word for word translation which I shall use in the following, "X over Y D 
goes beyond". The other is the reversal of appending. Our tablet uses the 
Sumerogram zi, which corresponds to Akkadian nasähum, "to tear out".5 

The palpably-concrete character of the operations of "appending" and 
"tearing out" is highlighted by the more complete phrase in which they 
are often embedded: a is not simply "appended to" or "torn out from Bn 

4In order to facilitate identification and linguistic classification, syllabically written 
Akkadian is ordinarily rendered as italics, while identified Sumerian words are given in 
spaced or normal writing. Signs with unidentified reading are written with their sign 
names (normally one of several possible readings) in small capitals. 

5 A few texts tend to distinguish nasähum, "to tear out", from harâsum, "to cut 
ofP, using the former preferentially when surfaces are involved and the latter for, linear 
entities — cf. [ H 0 Y R U P 1992], Our present tablet, however, exhibits nothing similar. 
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but "to/from the inside of Bn (libbum, literally "heart" or "bowels", but 
in mathematical texts apparently worn down to a bare indication that B 
is something possessing bulk or body). 

2.3 Multiplicative procedures 

Our text only makes use of two of the four multiplications. One of these, 
furthermore, is only obliquely present. It is referred to by the Sumerogram 
i-kü-kü, which normally corresponds to Akkadian sutäkulum, used when a 
"length" and a "width" are put in place so as to "span" a rectangle, en
tailing the creation of an area equal to the product of the two measuring 
numbers. In the present text, however, it stands as a logographic equiva
lence for Akkadian éutamhurum, "to make confront its counterpart", i.e., 
to position a single line together with its equal or "counterpart" as sides of 
a square.6 

The other operation is referred to by the Akkadian term nasum, "to 
raise" — the Sumerogram il is not used in the present text, nor are certain 
synonymous possibilities. It is used for the "scaling" technique mentioned 
above, and generally in all cases where considerations of proportionality 
lead to a multiplication; for the calculation of areas when this calculation 
is not the tacit by-product of a construction (e.g., for the computation of 
triangular and trapezoidal areas as average length times average width); for 
metrological conversions and similar multiplications by technical constants; 
and when divisions are performed through multiplication by a reciprocal. 
Below we shall discuss its use in the computation of volumes, which may 
provide us with the key to the etymology of the term and to the conceptu
alization of the operation.7 

Connected in the present text to "raising" is a specific term bal. It des
ignates a transformation factor, necessitated by the discrepancy between 
horizontal and vertical metrology (see below). THUREAU-DANGIN ([TMB], 
232, followed by [MEA], 45) reads the sign as a logogram for nabalku-
tum/nabalkattum, "to escalate"/"transgression". However, the alternative 
connection to the verb enum, "to change", appears much more suggestive; 
this implies that bal be understood as a "factor of change" or "conversion" 
(I shall use the latter translation). 

2.4 Squaring and square-root 

"Squaring" as a specific operation only occurs as a geometric operation, 
and is then designated by the verb sutamhurum just mentioned. Related 

6In still another text (YBC 4675, published in [MCT], 44f), the Sumerogram is used 
where "length and [a different] length" are made span, i.e., where a non-rectangular 
quadrangle is laid out. The semantic span of the term is obviously large, and based 
upon the construction of a quadrangle and not upon the computation of the area. 

7The other two multiplicative operations are designated by a-râ, a term derived from 
"going" and used in the tables of multiplications; and by esêpum/tab, which designates 
the concrete repetition of a palpable entity. None of them is used in the text to be treated 
below. 



320 J . H 0 y r u p 

to this verb is the verbal noun mithartum, which designates a situation 
characterized by a confrontation of equals — i.e., a square geometric con
figuration. In numerical terms, the mithartum is equal to the length of the 
side of the square.8 

On rare occasions the verb may be written (as in our present text) by 
means of the Sumerogram i-kü-kü. Also rare is the use of ib-si8, as is the 
employment of this term as an abbreviation for mithartum. Utterly common 
(unavoidable in fact, apart from minor variations ôf the expression)9 is, on 
the other hand, its use in connections where the arithmetical interpretation 
sees a square root. Properly speaking, the term is originally a Sumerian 
verbal form, meaning "makes equal" or (since sides are spoken of) "makes 
equilateral". That 11A makes r equilateral" means that the area A, when 
laid out as a square, makes r the side of this square figure — to which 
corresponds of course the numerical relation r = \J~Â. Secondarily, the 
term is used as a noun (which I shall translate "equilateral") designating 
this side. 

The originally geometrical character of the ib-si8 is made clear by texts 
where the ib-si8 is found and "posed" together with its "counterpart" 
(mehrum, another verbal noun related to sutamhurum), as two sides form
ing the angle of a square. But as we shall see below, the term may also be 
used in more generalized senses. 

2.5 Division, parts, and bisection 
Evidently, division as a problem was encountered regularly by Babylonian 
calculators. As a technique, however, division proper is absent from the 
texts. Instead, a problem of the type d = n • x is treated in one of two ways. 
If n is listed in the table of reciprocals, the text will ask that the "igi" of 
n be "detached" (dxijpatârum) and then "raise" this number to d. The 
term igi n is derived by abbreviation from the expression for the "n'th part 
[of something]" (igi n gal-bi), but so clearly kept apart from this original 
meaning that it must be regarded as a technical term for the reciprocal 
of n as tabulated in the table of reciprocals.10 (I shall retain the original 

8This may seem strange to us, who are accustomed to the idea that a square is its 
area (i.e.^is identified by and hence with this characteristic parameter) and has a side. 
A priori, however, the Babylonian conception of a square figure as being (i.e., being 
identified by and hence with) its side and possessing an area is no worse. The Greek 
mathematical term dynamis, moreover, appears to correspond to a similar conceptual 
structure (cf. [HOYRUP 1990a], as does perhaps an ancient Chinese mathematical term 
(JEAN-CLAUDE MARTZLOFF, private communication). 

9Some of these consist in homophonous substitution of syllables. More important is, 
however, the alternative ba-si8. Traditionally it has been suggested that the latter term 
stood for "cube root" and ib-si8 for square root, and the exceptions to this rule have 
been regarded as minor anomalies. As the number of exceptions has increased with the 
publication of further texts, this explanation of the difference between the terms must 
now be regarded as outdated. 

1 0igi n is "detached" because unity is imagined to be split and one n'th part is taken 
out, as demonstrated by the use of the verb "to tear out" in a variant expression. 
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term in the translation in order to stress the specifically Sumero-Babylonian 
character of this concept, connected as it is both to mathematical inversion 
and to the table). If n is not listed (which of course must happen when 
n is not sexagesimally regular, i.e., not of the form 2 P • 3 9 • 5 r), the text 
takes note of this fact and then asks "what shall I pose to n which gives 
me <f?" and give the answer immediately — easily done, in fact, since 
mathematical problems were constructed backwards and the solution thus 
both guaranteed and known in advance. 

Halving and division by 2 are treated as division by any other regular 
number, through multiplication by aigi 2". In certain cases, however, where 
the arithmetical interpretation sees nothing but a halving the Babylonians 
operated differently. This is the case when a "natural" or "customary" 
half is to be found, e.g., the radius from the diameter of a circle. Below 
we shall encounter this specific bisection designated hepûm, "to break", at 
the crucial point in the solution of second-degree problems where, in the 
arithmetical understanding, the coefficient of the first-degree term is halved 
— indeed a case where only exact bisection makes sense. 

2.6 Numbers 
The Babylonian place value notation for numbers is well-known among 
historians of mathematics. It was not the only system in use, and could 
not possibly be, since it did not indicate absolute place. The mathematical 
texts, however, make use almost exclusively of this system; so does the 
text to be discussed below. I shall therefore bypass the systems used in 
economical and administrative texts. 

The place value system was sexagesimal, i.e., its base was 60 — or, bet
ter perhaps, alternately 10 and 6. "Final zeroes" were never used, nor was 
any "sexagesimal point". A marker for intermediate empty places was occa
sionally used in a few texts from the outgoing Old Babylonian period, but 
mostly these were just indicated by increased distance between surrounding 
signs or left to contextual understanding. 

In my transliteration, I shall render each sexagesimal place by a cor
responding Arabic numeral (between 1 and 59); places are separated by 
commas. The translation introduces an indication of absolute place as de
rived from context. A number transliterated 21,15,23,6,19 and interpreted 
as 21 • 602 +15 • 601 + 23 • 60° 4- 6 • 60"1 +19 • 60~2 I shall thus translate as 21™ 
15" 23°6'19" (when it is not needed for understanding or as a separator, I 
shall leave out °). 

The distinction between "n'th part" and "reciprocal of n" is normally made as here 
described; so also in the text under discussion below. Another way to distinguish is that 
the reciprocal is "detached" while the n'th part is "torn out" — see [H0YRUP 1990], 54 
n. 69. 
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2.7 Metrology 

The only parts of Babylonian metrology which concern us here are the units 
for distance, area, and volume. 

The fundamental unit for horizontal extension is the nindan or "rod", 
equal to approximately 6 m. It is subdivided into 12 kùs or "cubits", each 
thus approximately 50 cm (fingertip to elbow), which is the fundamental 
unit for vertical extension (heights and depths). "Fundamental units" are 
almost invariably left implicit, which makes measures given in fundamental 
units look like pure numbers. In other cases (e.g., horizontal extensions 
measured in kus) the unit will be explicit.11 

The fundamental [horizontal] area unit is the sar, equal to a square 
nindan, i.e., a square with the fundamental unit for horizontal extension as 
its side. The corresponding fundamental volume unit is a block of 1 nindan 
times 1 nindan times 1 kus, which, similarly, is called a sar,12 The standard 
volume is thus to be understood as a standard area covered to a standard 
height; as we shall see below, calculating a volume implies "raising" this 
standard height to the real height. 

2.8 "Variables" and metalanguage 

Anything somehow "algebraic" in character must possess ways to designate 
"unknowns" or variables and devices to display the logical organization of 
problems and procedures. So also Babylonian "algebra". 

Designations for variables were more or less standardized, and more or 
less bound to specific problem types. An example of the highly specific is 
the "beginning of the reed", the original length of a measuring reed which 
during a mensuration process looses specified sections; another, used in our 
present text, is the couple igi and igi-bi, "the reciprocal and its reciprocal", 
a couple of numbers occurring together in the table of reciprocals and thus 
with product 1 (or, indeed, 60 n, where n = 1 is attested in the tablet YBC 
6967, [MCT], p. 129). I shall employ the Akkadian loanwords, igûm and 
igibûm in order to emphasize the connection to the term igi. 

Of most general use, almost corresponding to our semiautomatic choice 
of x and y as labels for a pair of unknowns, is the set us/sag, representing 
the "length" and the "width" of a rectangle and thus linked to the basic 
geometrical technique.13 

nActually, matters are somewhat more complex, which may give (and has given) rise 
to misreading of texts. A horizontal extension told to be "5 kus" will often have to be 
read "5' [nindan, i.e., a] kus", alternatively, the expression "5 1 kus" is used, meaning 
"5' [nindan, i.e.,] 1 kùs". Both possibilities are used in the text discussed below. 

12Often translations refer to this latter unit as a volume-sar, in order to keep the 
two apart. I shall avoid this convention, because it obscures an important aspect of 
Babylonian mathematical thought — cf. the discussion of problem N° 12 below. 

1 3The existence of this link is most clearly though paradoxically seen in a case where 
the mensurational rectangle serving as a pretext for the problem appears to be distin
guished from the rectangle serving the procedure ([TMS] XVI A; cf. corrected text in 
[H0YRUP 1990], 300). In the proof, the "true width", the. width of the imaginary real 
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The tablet to be discussed below deals with rectangular parallelepipedal 
excavations (tül-sag), the horizontal dimensions of which are also desig
nated us and sag. The depth is designated GAM, a term, of more specific 
but not idiosyncratic use. 

The area spanned by "length" and "width" is not designated in the 
present text by the usual term a-sà, originally "field". Instead, and cor
responding to the character of the problems, the sign KI (for Akkadian 
qaqqarum) is used, meaning ground, foundation or (here) "floor". The vol
ume of the excavation is referred to through the [amount of] "earth" (sahar) 
which has been excavated. 

The various terms indicating the structure of problems and procedure 
in the text below need not be listed since they are easily understood in 
context. At this place it should only be pointed out that terms like en-nam 
"what", mala "so much as", tammar "you see" etc. are highly standardized, 
in general or at least in widespread use. The procedure itself has two names, 
epësum and nëpesum, used respectively to announce the procedure and to 
tell that it has been performed; the first may be translated "the making", 
the second more clumsily as the "having-been-made", as done below. 

3 The actual tablet 
The tablet to be scrutinized in the following is BM 85200 + VAT 6599 
— which means that one part of it is conserved in the British Museum 
and another in the Berlin collection of Vorderasiatische Texte. Below, line 
numbers from the Berlin fragment will be labeled by an asterisk *, while 
unlabeled numbers refer to the BM fragment. 

The exact provenience of the tablet is unknown. Basing himself on the 
ductus, NEUGEBAUER dated the tablet to the late Old Babylonian period, 
which was confirmed by GOETZE ([MCT], 150f), who showed its spellings 
to be characteristic of his "6th group", "Northern modernizations of south
ern (Larsa) originals". Certain writing errors in the tablet demonstrate, 
furthermore, that the tablet is not the original modernization but a copy 
(e.g., the characteristic copyist's omissions in obv. II, 14 and rev. II, 4). 

The text contains 30 problems, all of which deal with a tul-sag, i.e. (as 
made clear by the mathematical context), a rectangular parallelepipedal 
excavation (I shall use the translation "cellar"). Some problems have the 
mathematical structure of second-degree equations, and are in fact solved 
by means of the characteristic second-degree cut-and-paste techniques; oth
ers are effectively of the third degree, and are correspondingly solved by 
other means (factorization and recourse to a table, as we shall see). It is 
thus obvious that the Babylonian calculators knew the practical difference 
between the two algebraic degrees. It is equally obvious, however, that the 
characteristic feature shared by all problems of the tablet is the geomet-

rectangle, is multiplied by 1 before it is multiplied by "as much as there is of widths" 
(i.e., the coefficient of the width). 
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ric configuration dealt with. As we shall see in chapter 7, this primacy of 
geometric constitution over algebraic structure holds even on lower levels, 
which shall provide us with clues to the technique of didactical exposition. 

The text was published, translated and discussed by NEUGEBAUER in 
[MKT] I, 193ff, and [MKT] II, Tafeln 7+39, with corrections [MKT] III, 
54f. Other (partial) discussions of interest are [VOGEL 1934, T h . - D . 1937, 
GANDZ 1937], and [ T h . - D . 1940] (where further bibliographic information 
is found on p. 1). VoGEL's treatment of the cubic problems takes a geo
metric approach; the others are all based on the customary arithmetical 
interpretation. 

4 The text 
The following transliteration builds on NEUGEBAUER's ([MKT] I, 193ff) 
with corrections suggested by THUREAU-DANGIN and mostly accepted by 
NEUGEBAUER; many restitutions of damaged passages also go back to 
[MKT] or to [TMB]. Problems the text of which is too incomplete to allow 
any meaningful attempt at reconstruction (N o s 1-4, 10-11 and 29) have 
been omitted. 

The translation is my own, building on the results explained in chapters 
1-2, and following the principle of "conformai translation" as set forth in 
[H0YRUP 1990], 60-62 (with the exception that no typographic distinction 
is made between translations from syllabic Akkadian and Sumerograms, 
and with the extra feature that italics are used to indicate translation of 
reconstructed passages). The aim of conformality is to obtain a translation 
where it is clear what precisely is told in the original text and what not, 
and where the conceptual distinctions of the original (e.g. between different 
additive procedures) are still visible. The basic tool is the use of "standard 
translations", where "all words except a few key terms are rendered by 
English words; a given expression is in principle always rendered by the 
same English expression, and different expressions are rendered differently 
with the only exception that well-established logographic equivalence is 
rendered by coinciding translation [...], while possibly mere ideographic 
equivalence is rendered by translational differentiation. Terms of different 
word class derived from the same root are rendered (when the result is 
not too awkward) by derivations from the same root [...]. Furthermore, 
syntactical structure and grammatical forms are rendered as far as possible 
by corresponding structure and grammatical forms; the simple style of the 
mathematical texts make this feasible" ([H0YRUP 1990], 61; the standard 
translations used in the present paper are, a couple of newcomers apart, 
those of this earlier publication)! 

As a preliminary philological commentary, two features concerning the 
way the text is written may be mentioned: Firstly, certain Akkadian words 
are written occasionally in abbreviated form, e.g. su-tam(-hir), ta(-mar), 
i(-si) (the same-holds for the Sumerian terms ba(-zi) and ib(-si8) in obv. 



The Babylonian Cellar Text BM 85200 + VAT 6599 325 

II, 30 and rev. I, 6). Secondly, Sumerograms are written either with an 

Akkadian phonetico-grammatical complement (KI n ) or, more often, with a 

Sumerian complement (gar-ra, dah-ha, sum-mu). 

Specific commentary is given in footnotes to the text. 

Obv. I 

N ° 5 

14*. [tül-sag ma-la us GAM-raa sahar-hi-a ba-zi K I n ù sahar-hi-a 

UL.GAR 1,10] 

A cellar. So much as the length: The depth. The earth I have torn 
out. My floor and the earth I have accumulated, 1°10' 

15*. [...] 

16*. [ . . . ] " 

1. [... us sa]g en-nam 

... length and width, what? 
2. . . . f 3 ta-mar J | 3 he-pé 1,30 ta-mar 

... 3 you see. | of 3 break. 1°30' you see, 

3. . . . [igi 1,30 du8-a] 40 ta-mar bal sag igi 12 bal GAM du8-a 

. ..the igi of 1°30' detach, 40' you see, the conversion of the width. 

The igi of 12, the conversion of the depth, detach; 

4. [5 ta-mar a-na 1] i-si 5 ta-mar a-na 40 i-ëi 3,20 ta-mar 
5' you see. To 1 raise, 5' you see. To 40' raise, 3'20" you see. 

5. [3,20] a-na 5 i-si 16,40 ta-mar igi 16,40 du8-a 3,36 ta-mar 3,36 
3'20" to 5' raise, 16"40"' you see. The igi of 16"40"' detach, 3* 36 you 

see. 3X 36 

6. a-na 1,10 i-si 4,12 ta-mar 6 ib-si8 6 a-na 5 i-si 30 ta(-mar) 6 a-na 
3,20 i{-si) 
to 1°10' raise, 4M2 you see, 6 the equilateral. 6 to 5' raise, 30' you 

see. 6 to 3'20" raise, 

7. 20 sag 6 a-na 1 i-ëi 6 ta-mar GAM ki-a-am 
20', the width. 6 to 1 raise, 6 you see, the depth. So 

8. ne-pé-ëum 
the having-been-made. 

1 4 It is not quite clear whether problem N° 5 begins in line 14*, as suggested by 
NEUGEBAUER, or only in line 15* or even 16*, as suggested by THUREAU-DANGIN 
([TMB], p. 11). Traces suggesting the end of the term [ne-pé-su]m in line 13* support 
NEUGEBAUER'S assumption; no other statements, on the other hand, extend over more 
than two lines, which supports THUREAU-DANGIN. 
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N ° 6 

9. tül-sag ma-la us GAM-ma 1 sahar-hi-a ba-zi KI r i ù sahar-hi-a 
UL.GAR 1,10 us ù sag 50 1 5 us sag en (-nam) 
A cellar. So much as the length:16 the depth. 1 the earth17 I have torn 
out.18 My floor and the earth I have accumulated, 1°10'. Length and 
width, 50'. Length, width, what? 

10. za-e 50 a-na 1 bal i-si 50 ta-mar 50 a-na 12 i-si 10 ta-mar 
You, 50' to 1, the conversion, raise, 50' you see. 50' to 12 raise, 10 you 
see. 

11. 50 su-tam(-hir) 41,40 ta-mar a-na 10 i-si 6,56,40 ta-mar igi-su duB-a 
8,38,24 ta(-mar) 
Make 50' confront itself, 41'40" you see; to 10 raise, 6°56'40" you see. 
Its igi detach, 8'38"24"' you see; 

12. a-na 1,10 i-si 10,4,4819 ta-mar 36 24 42 ib-si8 

to 1°10' raise, 10'4"48'" you see, 36', 24', 42' the equilaterals. 
13. 36 a-na 50 i-si 30 us 24 a-na 50 i-si 20 sag 36 a-na 10 6 GAM 

36' to 50' raise, 30', the length. 24' to 50' raise, 20, the width; 36' to 
10 raise, 6, the depth. 

14. [n]e~pé-ëum 
The /iaving-been-made. 

1 5This additive use of a mere "and" is rare but not unprecedented — cf. also rev. I, 1. 
YBC 4714 ([MKT] 1,487-492) offers a number of analogous examples, together with par
allels which suggest that we have to do with an abbreviation "(accumulation of) a and b". 
The controversy between VAN DER WAERDEN and BRUINS (see [V.D. WAERDEN 1962], 
74) over the philological possibility of an interpretation of AO 6770 N° 1 (originally 
proposed in [GANDZ 1948], 38f, a fact not noticed by any of the contestants) depending 
on the assumed additive use of ù could thus have been settled long before it arose. 

1 6 I read MA as the Akkadian particle -ma. If this reading is correct, the structure of 
the passage is rendered most clearly when the ";" translating -ma is put in this place. It 
is, however, possible that the sign is simply a phonetic complement indicating that the 
preceding GAM is to be read gam, not gur. GAM-ma is then to be replaced throughout 
the tablet by gam-ma, and the translation ": the depth" by ", the depth". 

I prefer the first reading because the affix is found invariably when GAM closes an 
expression beginning with ma-la, and never in the final section of the problem when its 
numerical value is stated, nor in questions for this value. Such systematica is not found 
in other cases where a Sumerian phonetic indicator is used — compare the use of dah-ha 
in obv. II, 6* with that of dah in obv. II, 13*. 

1 7The volume of earth removed is in fact 1 volume sar. The fact, however, is not used 
to solve the problem, and if it is taken into account, the problem is over-determined. 
Similarly in N° 7. Cf. below, chapter 7. 

1 8 A more idiomatic translation would be "removed" or "dug out". It is, however, 
worthwhile observing that the text uses the same term for digging out earth as for 
mathematical "subtractions". 

19Written with a conspicuous space between 10 and 4 to distinguish 10,4 from 14. 
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N ° 7 

15. tül-sag ma-la us GAM-ma 1 sahar-hi-a ba-zi [K]I r i ù sahar-hi-a 
UL(.GAR) 1,10 us u-gù sag 10 dirig 
A cellar. So much as the length: the depth. 1 the earth*20 I have torn 
out. My floor and the earth I have accumulated, 1°10'. Length over 
width 10' goes beyond. 

16. za-e 1 ù 12 [b]al gar-ra 10 [dirig a~n\a 1 i-si 10 ta-mar a-na 12 i-ëi 

2 ta-mar 
You, 1 and 12, the conversions, pose. 10' the going-beyond to 1 raise, 
10' you see; to 12 raise, 2 you see. 

17. 10 su-tam(-hir) 1,40 ta-mar a-na 2 i-ëi 3,2[0 t]a-mar igi 3,20 du8-a 
18 ta-mar 
10' make confront itself, 1'40" you see; to 2 raise, 3'20" you see. The 
igi of 3'20" detach, 18 you see; 

18. a-na 1,10 i-ëi 21 ta-mar 3 2 2 l ( s i c ) ib-si8 [10 a-na 3 i]-ëi 30 us 

to 1°10' raise, 21 you see, 3, 2, 21 (error for 3°30') the equilaterals. 
10' to 3 raise, 30', the length. 

19. 10 a-na 2 i-ëi 20 sag 3 a-na 2 i-ëi \6] ta-mar [6] GAM 
10' to 2 raise, 20', the width. 3 to 2 raise, 6 you see, 6, the depth. 

20. ne-pé-ëum 
The having-been-made. 

N ° 8 

21. tül-sag ma-la us GAM-ma sahar-[hi]-a ba-zi KI" ù sahar-hi-a 

UL.GAR-ma 1,10 30 us sag e[n-nam] 

A cellar. So much as the length: The depth. The eart/i I have torn 

out. My floor and the earth I have accumulated: 1°10'. 30', the length. 

The width, what! 

22. za-e 30 us a-na 12 i-ëi 6 ta-mar GAM 1 a-na 6 dah-ha 7 ta-mar 
W W 

You, 30', the length, to 12 raise, 6 you see, the depth. 1 to 6 append, 

7 you see. 

23. igi 7 nu du8-a en-nam a-na 7 gar-ra ëa 1,10 sum-mu 10 gar-ra igi 30 

us du8-a 

The igi of 7 is not detached. What to 7 shall I pose which 1°10' gives 

me? 10' pose. The igi of 30' detach, 

24. 2 ta-mar 10 a-na 2 i-ëi 20 sag ta-mar 
2 you see. 10' to 2 raise, 20', the width, you see. 

25. ne-pé-ëum 
The having-been-made. 

Once more, a value which is correct but not used. 
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N° 9 
26. tül-sag ma-la us GAM-mo sahar-hi-a ba-zi KI n u sahar-hi-a 

UL.GAR-ma 1,10 20 sag us (en-nam) 
A cellar. So much as the length: the depth. The earth I have torn out. 
My floor and the earth I have accumulated: 1°10'. 20', the width. The 
length, whatl 

27. za-e 20 a-na 12 i-si 4 ta-mar 4 a-na 1,10 i-si 4,40 ta-mar 
You, 20' to 12 raise, 4 you see. 4 to 1°10' raise, 4°40' you see. 

28. I 20 sag he-pé 10 ta-mar 10 su-tam-hir 1,40 ta-mar a-na 4,40 dah-ha 
\ of 20, the width, break, 10' you see. 10' make confront itself, 1'40" 
you see; to 4°40' append, 

29. 4,41,40 ta-mar 2,10 ib-si8 10 sa i-kü-kü ba-zi-ma 
4°41'40" you see, 2°10' the equilateral. 10' which you have made span 
tear out: 

30. 2 ta-mar igi 4 du8-a 15 ta-mar a-na 2 i-si 
2 you see. The igi of 4 detach, 15' you see; to 2 raise, 

31. 30 ta-mar {erasure} us 
30' you see, the length. 

32. ne-pé-sum 
The having-been-made. 

Obv. II 

N° 12 

5*. tül-sag ma-la us GAM-mo sahar-hi-a ba-zi K I n ù sahar-hi-a 
U[L.GAR] 
A cellar. So much as the length: The depth. The earth I have torn 
out. My floor and the earth I have accumulated, 

6*. igi 7 gâl él-qé a-na KI r i dah-ha-ma 20 ta(-mar) 30 [us] 
the 7th part I have taken, to the floor I have appended: 20' you see. 
30' the length. 

7*. za-e 30 a-na 12 i-si 6 ta-mar GAM la-no [6 dah-ha] 
You, 30' to 12 raise, 6 you see, the depth. 1 to 6 append, 

8*. 7 ta-mar igi 7 gâl le-qé 1 ta-mar l u i U[L.GAR] 
7 you see. Its 7th part take, 1 you see. 1 and 1 accumulate, 

9*. 2 ta-mar igi 2 du8-a 30 ta-mar 30 a-na 20 UL.GAR-[t!-si] 
2 you see. The igi of 2 detach, 30' you see, 30' to 20' the accumulation 
raise, 
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10*. 10 ta-mar igi 30 us dug-a 2 ta-mar 2 a-na 10 i-s[i 20 sag] 
10' you see. The igi of 30', the length, detach, 2 you see. 2 to 10 raise, 
20' the width. 

11*. ne-pé-ëum 
The having-been-made. 

N ° 13 
12*. tül-sag ma-la us GAM-ma sahar-hi-a ba-zi qd-qd-ri ù sahar-hi-a 

UL.[GAR] 
A cellar. So much as the length: the depth. The earth I have torn out. 
My floor and the earth I have accumulated, 

13*. 1,10 igi 7 gi\-ëu él-qé a-na KI r i dah 20 20 sag 
1°10'.21 Its 7th part I have taken, to my floor I have appended, 20'. 
20', the width. 

14*. za-e 20 a-na 7 i-si 2,20 ta-mar 20 sag a-na 12 i-si 
You, 20' to 7 raise, 2°20' you see. 20', the width, to 12 raise, 

15*. 4 ta-mar 4 a-na 2,20 i-si 9,20 ta-mar a-na 7 1 dah-h[a] 
4 you see. 4 to 2°20' raise, 9°20' you see. To 7, 1 append, 

16*. 8 ta-mar 20 a-na 8 i-ëi 2,40 ta-mar \ 2,40 he-pê [ëu-tam(-hir)] 
8 you see. 20' to 8 raise, 2°40' you see. | of 2°40' break, make confront 
itself, 

17*. 1,46,40 ta-mar a-na 9,20 dah-ha 11,6,40 t[a -marl 
1°46'40" you see, to 9°20' append, 11°6'40" you see, 

18*. 3,20 ib-si8 1,20 ëa i-kü-kü ba-zi 2 £a[-mar] 
3°20' the equilateral. 1°20' which you have made span tear out, 2 you 
see. 

19*. igi 4 du8-a 15 ta-mar 15 a-na 2 i-ëi 30 [us] 
The igi of 4 detach, 15' you see. 15' to 2 raise, 30 the length. 

20*. ne-pé-ë[um] 
The having-been-marfe. 

N ° 14 
1. tül-sag ma-la igi us ma-la igi-bi sag ma-la igi {u-gù igi-bi dirig}22 

A cellar. So much as the igûm, the length. So much as the igibûm, 
the width. So much as the igûm {over the igibûm goes beyond}: 

2. GAM-ma 1[6 sahar-hi-a ba-z]i us sag ù GAM en-nam 

2 1This value, again, is correct but not used. 
2 2 With this emendation, the following calculation (as reconstructed by NEUGEBAUER) 

is correct. The wrong formulation (which is not solvable in rational numbers, and from 
which the ia of problems 15 and 17 is absent) seems to be a contamination from the 
following problem. 
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The depth. 16 of earth I have torn out. Length, width, and depth, 
what? 

3. za-e igi 12 du8-a [5 ta-]mar 5 [a-na 16] i-s[i 1,2]0 ta(-mar) 
You, the igi of 12 detach, 5' you see. 5' to 16 raise, l°20f you see, 

4. 1,20 igi igi 1,2[0 du8-a 45 ta-m]ar 4(5) igi-bi [16] GAM 
1°20' the igi. The igi of 1°20' detach, 45' you see, 45' the igibûm. 16 
the depth. 

5. ne-[pé]-sum 
The having-6een-made. 

N° 15 
6. tul-sag ma-la igi us ma-[la igi-bi sa]g ma-la sa igi u-gù igi-bi dirig 

(GAM-ma) 
A cellar. So much as the igûm, the length. So much as the igibûm, the 
width. So much as that which the igûm over the igibûm goes beyond: 
The depth. 

7. 36 sahar-hi-a ba-zi-m [a igi igi-bi ù GAM] en-nam 
36 of earth I have torn out; Igûm, igibûm and depth, what? 

8. za-e igi 12 du8-a [5 ta-mar 36J a-na 5 {[2 ̂ TI ? . . .]} i(-si) 
You, the igi of 12 detach, 5' you see. 36 to 5' { . . . !} raise, 

9. 3 ta-mar \ 3 h[e-pé 1,30 ta-mar] 1,30 igi [40 igi-bi 36J GAM 
3 you see. | of 3 breafc, 1°30' you see, 1°30' the igûm. 40' the igibûm, 
36 the depth. 

10. ne-[p]e'-s[um] 
The having-been-made 

N ° 16 
11. tul-sag ma-la igi us ma-la [igi-bi sag] ma-la nigin23 igi û igi-bi GAM-

ma 
A cellar. So much as the igûm, the length. So much as the igibûm, 
the width. So much as the total of igûm and igibûm: the depth. 

12. 26 sahar-hi-a ba-zi igi igi-bi ù GAM en-nam 
26 of earth I have torn out. Igûm, igibûm, and depth, what? 

13. za-e igi 12 du8-a 5 ta-mar 5 a-na 26 i-si 
You, the igi of 12 detach, 5' you see; 5' to 26 raise, 

14. 2,10 ta-mar \ 2,10 he-pe su-tam-{hir) 1,10,25 ta-ma[r] (1 i-na 1,10,25 
ba-zi 10,25 ta-mar)24 

23According to its use an abbreviation for su-nigin, the "total" or "summa summarum" 
of accounts. 

2 4The omission of this passage is one of several indications that the tablet is copied 
from another tablet, and is neither an original nor the direct reproduction of an oral 
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2°10/ you see. \ of 2°10' break, make confront itself, 1°10'25" you see. 
1 from 1°10'25" tear out, 10'25" you see, 

15. 25 ib-si8 a-na (1,)5 dah-ha ù ba-zi 1,30 « 2 5 40 t[a-mar] 
25, the equilateral, to i°5' append and tear out. 1°30' and 40' you 
see; 

16. 1,30 igi 40 igi-bi 26 GAM 
1°30' the igûm; 40' the igibûm; 26 the depth. 

17. ne-pé-sum 
The having-been-made. 

N ° 17 

18. tul-sag ma-la igi us ma-la igi-bi sag ma-la sa igi u-gù igi-bi dfirig] 
A cellar. So much as the igûm, the length. So much as the igibûm, the 
width. So much as that which the igûm over the igibûm goes beyond 

19. i-na igi ba-zi GAM-ma 6 sahar-hi-a ba-zi igi ù igi-b[i en-nam] 
from the igûm I have torn out: the depth. 6 of earth I have torn out. 
Igûm and igibum, what? 

20. za-e igi 12 du8-a 5 ta-mar a-na 6 i-si 30 ta-mar 
You, the igi of 12 detach, 5' you see; to 6 raise, 30' you see. 

21. [i]gi 3[0 d]u8-a 2 ta-mar 2 igi 30 igi-bi 6 GAM 
The igi of 30' cfetach, 2 you see. 2, the igûm, 30', the igibûm. 6, the 
depth. 

22. ne-pé-sum 
The having-been-made. 

N ° 18 

23. tül-sag ma-la igi us ma-la igi-bi sag ma-la nigin igi igi-b[i GAM-m]a 
30 s[ahar-hi-a ba-zi] 
A cellar. So much as the igûm, the length. So much as the igibûm, 
the width. So much as the total, igûm, igibûm: the depth. 30 of earth 
/ have torn out. 

24. za-e igi 12 du8-a 5 t[a-ma]r 5 a-na 30 sahar-hi-a i-si 
You, the igi of 12 detach, 5' you see. 5' to 30, the earth, raise, 

25. 2,30 ta-mar \ 2,30 he-pé su[-tam-hir 1,33,4]5 ta[-mar] 
2°30' you see. \ of 2°30' break, make confront itself, l°33'4h" you 
see. 

presentation. Cf. the corresponding omission in rev. II, 4, equally called forth by the 
presence of two identical sequences of signs close to each other. 

2 5 With some hesitation, I follow THUREAU-DANGIN'S reading of the sign as the first 
part of an «. The other possibility is a full igi (NEUGEBAUER'S reading). 
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26. 1 i-na 1,33,45 ba-zi 3[3,4]5 ta-mar |4j5 ib-si8 

1 from 1°33'45" tear out, 32^5" you see, 4$ the equilateral. 
27. a-na 1,15 dah-ha ù ba-zi 2 ù 30 ta-m[ar] 

To 1°15' append and tear out, 2 and 30' you see. 
28. ne-pé-ëum 

The having-been-made. 

N° 19 
29. tül-sag ma-la igi us ma-la igi-bi sag ma-/a {erasure} igi-bi GAM-ma 

A cellar. So much as the igûm, the length. So much as the igibûm, 
the width. So much as the igibûm: the depth. 

30. 20 sahar-hi-a ba(-zi) igi igi-bi ù GAM en-nam 
20 of earth I have torn out. Igûm igibûm, and depth, what? 

31. za-e igi 12 du8-a a-na 20 i-si 1,40 ta-{m..}mar 
You, the igi of 12 detach, to 20 raise, 1°40' you see. 

32. 1,40 igi 36 igi-bi 20 GAM 
1°40', the igûm. 36', the igibûm. 20, the depth. 

33. ne-pé-sum 
The having-been-made 

Rev. I 

N ° 20 

1. tül-sag ma-la us-tam-(hir) ù 7 kus GAM-ma 3,20 sahar-hi-a ba-zi 
A cellar. So much as I have made confront itself, and 7 cubit: The 
depth. 3'20" of earth I have torn out. 

2. us sag û GAM en-nam 
Length, width, and depth, what? 

3. za-e igi 7 gâl 7 le-qé 1 ta-mar igi 12 du8-a 5 ta-mar 
You, the 7th part of 7 take, 1 you see. The igi of 12 detach, 5' you 
see. 

4. 5 a-na 1 i-si 5 ta-mar 5 a-na 12 i-ëi 1 ta-mar 
5' to 1 raise, 5' you see. 5' to 12 raise, 1 you see. 

5. 5 ëu-tam{-hir) 25 a-na 1 i-ëi 25 ta-mar igi 25 du8-a 2,24 
5' make confront itself, 25" to 1 raise, 25" you see. The igi of 25" 
detach, 2'24 

6. ta-mar 2,24 a-na 3,20 sahar-hi-a i-ëi 8 ta-mar en-nam ib(-si8) 
you see. 2'24 to 3'20", the earth, raise, 8 you see. What the equilat-
erals? 

7. 1 1 8 ib-si8 5 a-na 1 i-ëi 5 ta-mar 5 kùs us 
1, 1,8, the equilaterals. 5' to 1 raise, 5' you see, 5', a cubit, the length. 
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8. 8 a-na 1 i-si 8 kus {erasure} GAM 
8 to 1 raise, 8 cubits the depth. 

9. ne-[p]e-s[ttm] 
The having-6een-made 

N ° 2 1 2 6 

10. tül-sag ma-la us-tam-hir u27 7 [kù]s GAM-ma 13 ([3,15]) sahar ba-zi 
A cellar. So much as I have made confront itself, and 7 cubits: the 
depth. 3° 15' of earth I have torn out. 

11. us sag ù GAM en-nam 
Length, width, and depth, what? 

12. za-e [A:i-m]a meh-ri-ma e-pu-us 4,48 ([7,48]) en-nam ib-si8 

You, as much as the counterpart: make,28 7X 48, what the equilater-
als? 

13. [61 6 13 ib-si8 6 im(-ta-har)29 13 GAM 
6 6 13 the equilaterals. 6 confronts itself, 13 the depth. 

14. ne-pé-sum 
The having-been-made. 

N ° 22 

15. tül-sag ma-la us-tam-hir GAM-ma 1,30 sahar-hi-a ba-zi us sag [ù] 
GAM (en-nam) 
A cellar. So much as I have made confront itself, the depth. 1°30' of 
earth I have torn out. Length, width, and depth, what? 

16. za-e igi 12 du8-a 5 ta-mar 5 a-na 1,30 i-si [7,30 ta-mar] 
You, the igi of 12 detach, 5' you see. 5' to 1°30' raise, 7'30" you see 

17. 30 ib-si8 30 a-na 1 i-si 30 im-ta-har 30 a[-na 12] i(-si) 6 GAM 
30' the equilateral. 30' to 1 raise, 30' confronts itself. 30' to 12 raise, 
6 the depth. 

18. ne-pé-sum 

The having-been-made 

2 6The text as it stands is corrupt. In ([...]) I give THUREAU-DANGIN'S corrections as 
proposed in his [TH. -D . 1936], 181, from where the reading of line 12 is also taken. 

2 7In this place, a GAM seems to have been written first. Afterwards, the scribe has 
discovered the mistake and covered it by the u. 

2 8This clumsy phrase results from the use of standard translations. A more idiomatic 
version would be "proceed as in the corresponding (i.e., the preceding) case". 

2 9This change from ib-si8 to mithurum and the differentiation between the two demon
strates clearly that the'former is no logogram for the latter (as claimed consistently by 
THUREAU-DANGIN, even in his transcription of this passage). 
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N ° 23 

19. tül-sag ma-la us-tam-hir ù 1 kus dirig GAM-ma 1,45 sahar-hi-a [ba]-zi 

A cellar. So much as I have made confront itself, and 1 cubit, going 

beyond: The depth. 1°45' of earth / have torn out. 

20. za-e 5 dirig a-na 1 bal i-si 5 ta-mar a-na 12 i-s[i l j ta-mar 
You, 5', going beyond, to 1, the conversion, raise, 5' you see; to 12 

raise, 1 you see. 

21. 5 su-tam(-hir) 25 ta-mar 25 a-na 1 i-si 25 ta-mar igi [25 du8-a] 
5' make confront itself, 25" you see. 25" to 1 raise, 25" you see. The 

igi of 25 detach, 
22. 2,24 ta-mar 2,24 a-na 1,45 i-si 4,12 [ta-mar] 

2X 24 you see. 2N 24 to 1°45' raise, 4X 12 you see. 

23. i-na fb-si8 1 dah-ha 6 i l ? 3 0 ib-s[i8] [6 a-na 5\ i-[si 30] ta(-mar) im(-

ta-har) 6 s i c GAM* 

from ("in [the table]"? or an error for "to") the equilateral, 1 append. 

6 £1? the equilafera/s. 6 to 5' raise, 30' you see, confronts itself. 6 

(error for 7) the depth. 

24. ne-pé-s[um] 
The having-been-marfe. 

N ° 24 

25. tül-sag 3,20 GAM-ma 27,46,40 sahar-hi-a ba-zi us u-gù sag 50 

d[irig] 

A cellar. 3°20': The depth. 27°46'40 of earth I have torn out. The 

length over the width 50' goes beyond. 

26. za-e igi 3,20 GAM du8-a 18 ta-mar a-na 27,46,40 sahar-hi(-a) i-si 

You, the igi of 3°20', the depth, detach, 18' you see;*to 27°46'40", 

the earth, you raise, 

27. |8J>20 ta-mar | 50 he-pé su-tam{-hir) 10,25 ta-mar 
8° 20' you see. \ of 50' break, make confront itself, 10'25" you see; 

2 8 + 1 * . a-na 8,20 dah-ha [8,3J0,25 ta-mar 

to 8°20' append, 8°3Q'2S" you see, 

2 9 + 2 * . 2,55 ib-si8 a-di [2 gar-ra] a-na 1 dah-ha i-na 1 ba-zi 

2°55' the equilateral; until 2 pose, (25' which you have made span) 

to 1 append, from 1 tear out. 

3 0 A s possible alternative readings, NEUGEBAUER suggests "6 1 1" and "6 nindan", 
none of which majce sense. "6 7" seems to be ruled out by the autography. [TMB] 
appears to regard the traces following "6" as an erasure, neglecting them entirely. 
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3 0 + 3 * . 3,20 us 2,30 sag ta-mar 
3°20' the length, 2°30' the width you see. 

3 1 + 4 * . ne-p[é-]sum 
The having-been-made. 

N ° 25 

5*. tül-sag 3,20 GAM-ma 27,46,4[0 sahar-hi-a ba-zi us ù sag UL.GAJR 
5,L50J 
A cellar. 3°20': the depth. 27°46'40" of earth I have torn out. Length 
and width I have accumulated, 5°50'. 

6*. za-e igi 3,20 GAM du8-a 18 ta-mar [a-na 27,46,40 i-ëi] 

You, The igi of 3°20', the depth, detach, 18' you see; to 2V46'40" 

raise, 
7*. 8,20 ta-mar \ 5,50 he-pé ëu-tam(-hir) [8,30,25 ta-mar] 

8°20' you see. \ of VöO' break, make confront itself, 8°30'25" you 

see. 
8*. 8,20 i-na lib-ba ba-zi 10,2[5 ta-mar 25 ib-si8] 

8°20' from the inside tear out, 10'25" you see, 25' the equilateral; 

9*. a-na 2,55 dah-ha ti ba-zi 3,20 [us 2,30 sag] 

to 2°55' append and tear out, 3°20' the length, 2°30' the width. 
10*. ne-pé[-ëum] 

The having-been-marfe. 

N ° 26 

11*. tül-sag 3,20 GAM-ma 27,46,40 sahar-hi-a [ba-zi ëa sag u-gù GAM 

dirig I us] 

A cellar. 3°20' the depth. 27°46'40" of earth / have torn out That 

which the width over the depth goes beyond, | of the length. 
12*. za-e igi 3,20 du8-a 18 ta -mar a-na 2(7,46,40 i-ëi] 

You, the igi of 3°20' detach, 18' you see; to 27°46'40" raise, 

13*. 8,20 ta -mar 8,20 a-na 40 i-ëi 5,33,[20 ta(-mar) 3,20 GAM a-na 5 i-ëi 

16,40] 

8°20' you see. 8°20' to 40' raise, 5°33' 20" you see. 3°20', the depth, 

to 5' raise, 16'40". 
14*. nigin-na \ 16,40 he-pé 8,20 ta-mar ëu-tam(-hir) 1,[9,26,40 a-na 

5,33,20 dah-ha] 

Go around.31 \ of 16'40" break, 8'20" you see, make confront itself, 1' 

9"26"' 40"" to 5°33'20" append. 

31Traditionally, this phrase (nigin-na used logographically for the verb sahärum ("to 
turn/go around") has teen understood as indicating a shift from one section of the 
procedure to the next. As suggested to me by AAGE WESTENHOLZ (private communi-
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15*. en-nam ib-si8 2,31,40 s i c a-di 2 gar-ra 8(,20) da[h-ha ù ba-zi] 

What the equilateral? 2o31 ;40" (error for 2°21'4Ô") until 2 pose; 8' 
20" append* and tear out 

16*. 2,30 sag 2,13,20 ta-mar igi 40 du8-a 1,30 ta-mar [a-na 2,13,20 i-si] 
2°30', the width; (and) 2°13'20" you see. The igi of 40' detach, 1°30' 
you see. To 2°13'20" raise, 

17*. 3,20 us ta-m[ar] 
3°20' the length you see. 

18*. ne-pé-sum 
The having-been-made. 

N ° 27 

19*. tül-sag 1,40 us igi 7 gâl sa us u-gù sag dirig GAM-ma 1,40 sahar-h[i-a 

ba-zi] 

A cellar. 1°40' the length. The 7th part of that which length over 

width goes beyond: The depth. 1°40' of eart/i / have torn out; 

20*. us sag ù GAM en[-nam] 

Length,32 width, and depth, what? 

21*. za-e 1,40 us a-na 12 bal GAM i-si 20 ta[-mar] 
You, 1°40', the length, to 12, the conversion of depth, raise, 20 you 

see. 
22*. igi 20 du8-a 3 ta-mar 3 a-na 1,40 s[ahar-hi-a33 i-ëi 5 ta-mar] 

The igi of 20 detach, 3' you see. 3' to 1°40', the earth, raise, 5' you 
see. 

23*. 7 a-na 5 i-si 35 ta-m[ar \ 1,40 he-pé su-tam(-hir) 41,40] 
7 to 5' raise, 35' you see. | of 1°40' break, make confront itself, 41'40". 

24*. 35 [i-na lib\-[bi ba-zi 6,40 ta-mar 20 ib-si8] 
35' from inside tear out, 6'40" you see, 20' the equilateral. 

25*. a-n[a 50 dah-ha ù ba-zi 1,10 ù 30 sag . . . ] 

To 50' append and tear out, 1°10' and 30', the width. 

cation), the geometric interpretation allows a much more concrete explanation, viz as 
"going around" a field which is being/has been constructed. Evidently, the traditional 
reading does not fit the present case, while the concrete understanding seems to give an 
important hint concerning the procedure — cf. the mathematical commentary. 

32Already given. 

^I prefer this reconstruction (proposed in [TH.-D. 1937] , 11 and [ T M B ] ) to NEUGE-

BAUER'S, both because its fits the autography best, and because of the parallel to the 
procedure in N° 2% rev. II, 3 - 4 . (It also happens to make much better sense of the 
procedure.) 
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26* [igi 7 gâl 1,10 le-qé 10 GAM] 3 4 

The 7th part of 1°10' take, 10', the depth. 
[ne-pé-sum] 
The having-been-made 

27* 

Rev. II 

N ° 29 

1. tül-sag 1,40 us igi 7 sa us u-gù sag dirig ù 2 kùs GAM-ma 3,20 
[sahjar-hi(-a) (ba-zi) 
A cellar. 1°40' the length. The 7th part of that which the length over 
the width goes beyond, and 2 kùs: the depth. 3°20' of earth / have 
torn out. 

2. sag ù GAM en-nam 
Width and depth, what? 

3. za-e 1,40 us a-na 12 bal GAM i-si 20 ta-mar igi 20 du8-a 3 ta-mar 
You, 1°40', the length, to 12, the conversion of depth, raise, 20 you 
see. The igi of 20 detach, 3' you see; 

4. 3 a-na 3,20 i-ëi 10 ta-mar (10 a-na 7 i-ëi 1,10 ta-mar) 10 dirig a-na 
7 i-ëi 1[,10 t]a-mar 
3' to 3°20' raise, 10' you see. 10' to 7 raise, 1°10' you see. 10' going 
beyond35 to 7 raise, 1°10' you see. 

5. 1,40 us a-na 1,10 dah-ha 2,50 ta-mar \ 2,[50 he-pé ëu-tam]-hir 
1°40', the length, to*l°10' append, 2°50' you'see. \ of 2°50' break, 
make confront itself. 

6. 2,25 ta-mar i-na 2,25 1,10 ba-zi 50,25 ta-mar 
2°25" you see. From 2°25" 1°10' tear out, 50'25" you see, 

7. 55 fb-si. a-na 1,25 dah-ha « ba-zi-ma 
55' the equilateral; to 1°25' append and tear out: 

8. 2,20 ù 30 sag ta-mar igi 7 gal 2,20 l[e-q]é 20 GAM 
2°20' and 30', the width, you see. The 7th part of 2°20' ta*e, 20', the 
depth. 

9. ne-pé-ëum 
The having-been-made. 

Reconstruction suggested by rev. II, 8. 
I.e., the 2 kùs of line 1. 
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N° 30 

10. tül-sag 1,40 us igi 7 gâl sa us u-gù sag dirig ù 1 kùs ba-l[al] GAM-ma 
A cellar. 1°40' the length. The 7th part of that which the length over 
the width goes beyond, and 1 kùs diminishing: the depth. 

11. 50 sahar-hi-a ba-zi sag ù GAM en-nam 
50' of earth I have torn out. The width and the depth, what? 

12. za-e 1,40 us a-na 12 bal GAM i-si 20 ta-mar igi 20 du8-a 3 ta{-mar) 
You, 1°40', the length, to 12, the conversion of depth, raise, 20 you 
see. The igi of 20 detach, 3' you see; 

13. 3 a-na 50 i-si 2,30 ta-mar 2,30 a-na 7 i-si 17,30 £[a-mar] 
3' to 50' raise, 2'30" you see. 2'30" to 7 raise,«,17'30" you see. 

14. 7 a-na 5 1 kùs i-si 35 ta-mar 35 i-na 1,40 us* ba-zi 
7 to 5', 1 kùs, raise, 35' you see. 35' from 1°40', the length, tear out, 

15. 1,5 ta-mar | 1,5 he-pé 32,30 su-tam(-hir) 17,36,15 ta{-mar) 

1°5' you see. \ of 1°5' break, 32'30" make confront itself, 17'36"15"' 
you see, 

16. i-na lib-bi 17,30 ba-zi 6,15 ta-mar 2,30 ib-si8 

from the inside 17'30" tear out, 6"15"' you see; 2'30" the equilateral 
17. a-na 32,30 dah-ha ù ba-zi 35 ii 30 sag ta-mar 7 35 5 GAM 3 6 

to 32'30" append and tear out, 35' and 30', the width, you see. (The) 
7(th of) 35', 5' the depth. 

18. ne-pé-sum 
The having-been-made. 

5 The single problem types 
All problems of our tablet share the "length", the "width", and the "depth", 
which determine the "cellar" and are thus silently supposed to be at right 
angles to each other.37 The volume of the cellar is represented by the 
amount of "earth" dug out, while the area of its base is spoken of as 
the "floor". As always, length and width are supposed to be measured 
in nindan, depth in kùs, and volume as well as area in sar (nindan2 and 
nindan2 • kùs, respectively). When the depth is stated to be equal to (e.g.) 
the width, this is meant to concern "real" or "physical" extension, not mea
suring numbers. This holds even when the depth is equal to a width defined 
as igibûm ( N ° 19). Length and width spoken of as igûm and igibûm, and 
hence apparently as a pair of numbers from the table of reciprocals, are thus 

3 6This sequence of numbers could be filled out as "(igi) 7 (gâl) 35 (le-qé) 5 GAM, but 
is remarkable enough to stand in its original formulation. 

3 7 In the sense opposing, so to speak, "right" to "wrong" angles, corresponding to the 
label "true length" distinguishing the side V 20 from the other length (the hypotenuse) 
in a right triangle V - l x 20 - V 40 in the tablet YBC 8633, obv. 8, rev. 2 ([MCT], 53; 
NEUGEBAUER and SACHS make a mistaken correction in note 150); the width and the 
"true length" are those sides whose semi-product gives the area. 

As often observed (e.g., in [GANDZ 1939], 415ff), the Babylonian mathematical texts 
exhibit no trace of a concept of quantifiable angle. 
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still to be understood as palpable extensions fulfilling a specific condition 
concerning the area they span, not as mere numbers. 

The use of "length" and "width" as terms for unknowns was almost as 
standardized in Old Babylonian "algebra" as the use of x and y in modern 
school algebra. In symbolic representations of the structure of problems it is 
therefore fitting to make use of these letters, and not of / and w. "Depth" is 
no similarly standardized unknown, and I shall therefore use d to represent 
the depth measured in nindan, and G for the depth measured in kùs; if 
"the depth is as much as the length", we thus have d = x, G = \2d. 

5.1 The third degree 

The ordering of problems in the tablet is not derived from principles of 
mathematical structure, and there is thus no reason to follow it in the 
discussion. Instead, I shall group problems together which make use of the 
same characteristic technique; it is evidently no coincidence that this will 
also be a grouping according to algebraic degree. 

Of greatest interest are probably the genuine third-degree problems, 
characterized by the application of a sophisticated version of the mak-
sarum or "bundling" method spoken of in certain other texts (cf. also 
[H0YRUP 1985], 105.11f). 

In the tablet YBC 8633 ([MCT], 53), a triangle with length lx 40 and 
width V is regarded as a "bundle" of 3-4-5-triangles, corresponding to a 
linear scaling factor 20 (l x = 20-3, V 40 = 20-5). The other ("true") length 
is therefore found as the product of "20 the maksarum" and 4. 

The tablet YBC 6295 ([MCT], 42) deals with the "maksarum of a [cube] 
root", actually with the way to find the cube root of a cubic number 
(3°22'30") not listed in the table of cube roots. The way, again, is to com
pare to a more familiar standard cube, viz with V 30" = (30')3, finding the 
ratio to be 27 and the linear scaling factor thus v^5f = 3. 

Judging from these examples, "bundling" is nothing but (or at least 
closely related to) the method of a single false position applied in two or 
three dimensions. As we shall see, it is also the method used (though in 
sophisticated versions, and without any reference to the name) for most of 
the third-degree problems of the present tablet. 

Let us first look at N ° 6. We are told that the length equals the depth 
(d = ar), that the accumulation of earth and floor equals 1°10' (xyG + xy = 
1° 10'), and that length and width equal 50' (x + y = 50'). 

According to the normal conceptualization of 2nd-degree problems of 
the type "surface + sides", we must expect the sum of "earth and floor" to 
be imagined as the volume of the cellar prolonged downwards by an extra 
kùs (cf. Figure 1). This a priori expectation is confirmed by N ° 8, which 
"appends" an extra kùs to the depth (obv. I, 22). 

The first step in the procedure is the computation of the volume of a 
cube. That a volume and no mere product is involved is made clear by the 
distinction between multiplications: length and width are "confronted" as 
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Figure 1 

sides of a square, which is then "raised" to the height. The side of the cube 
is chosen as the sum of the length and the width of the cellar. 

The treatment of the three dimensions is remarkably symmetric: all are 
found by a multiplication by the appropriate conversion factor: 1 for length 
and width (both thus 50' [nindan]), and 12 for the depth (thus 10 kùs). 

Next, the volume of the extended cellar is found by means of a customary 
"igi-division" to be N = 10'4"48"' times the reference volume. This ordering 
of the computational steps is another indication that a concrete reference 
entity is involved; in the case of a mere normalization,38 the volume of the 
cellar would (according to the habits known from other texts) have been 
divided by 50', 50' and 10 one after the other, not once and for all by 
their product. The "equilaterals" of the "quotient volume" N (actually the 
"sides" which are not equal) are given without explanation to be 36', 24' 
and 42'. What has to be looked for is, indeed, a factorization N = p • q • r 
where p + q = 1, r = p + 6' (6' represents the extra kùs appended to the 
depth as measured by 10 kùs, i.e., by the depth of the reference volume).39 

3 8 A s proposed by [TH.-D. 1940], 3 , in an interpretation which otherwise seems to come 
close to the one presented here, apart from its arithmetical dressing (the formulation 
given in [ T M B ] , xxxvff exhibits the difference more clearly). Even [ M K T ] I, 2 1 1 speaks 
of a "normal form". 

3 9 In his geometrical interpretation of this and the following problem, VOGEL 

([VOGEL 1934], 9 1 - 9 3 ) does not build on the actual sequence of operations but rather 
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The length, finally, is found as 36' times the length of the reference 
cube, i.e., as 36' • 50' [nindan] = 30' [nindan]; the width is found to be 
24' • 50' [nindan] = 20 [nindan], and the depth as 36' • 10 [kùs] = 6 kùs 
(while the extended depth would have been 42' • 10 kùs = 7 kùs). 

N ° 7 is a close parallel; this time, however, the excess of length over 
width is given (and equal to 10' [nindan]). The reference volume is a cube 
with sides equal to this excess. It is constructed and found to be 3'20" sar, 
yielding a quotient volume equal to 21; this is told without explanation to 
have the "equilaterals" 3, 2 and 21 (mistaken for 3°30 /).4° Since the side of 
the reference volume equals x — y and is 2 kùs it is indeed required that 
p — q=l,r — p = 30'. 

The two factorizations into sets of "equilaterals" may have been found 
by systematic search — even though the number of possible factorizations 
is infinite (Babylonian sexagesimals made no distinction between integers 
and non-integers), start from the simplest possibilities combined with a bit 
of mathematical reflection would soon lead forward.41 However, the com
plete absence of calculation (e.g., of the 6' and 30' representing r — p in the 
two problems) and justification — as compared, e.g., to the careful multi
plication with a factor 1 in lines 10 and 16 — suggests that they are drawn 
from the sleeves. Since the problems have been constructed backwards from 
known dimensions this will have been quite feasible. On the other hand, 
the fact that even the factor r for the extended depth is listed — though of 
no use further on — demonstrates that what may perhaps be drawn from 
the sleeves is still meant as a solution by factorization. 

N ° 23 is of a similar though simpler structure. It is told that the depth 
exceeds "as much as I have made confront itself" by 1 kùs, which means 
that length and width confront each other as sides of a square; thus x = y, 
d = x + 1 kùs. Furthermore, the volume is xyG = x • y • 12a* = 1°45'; the 
same structure would have come about if we had added the base and a 
cubic volume. 

This time, the reference volume is a cube with side equal to the excess 
of depth over length, i.e., to 1 kùs = 5' [nindan]. Its volume is found to be 

on mathematical feasibility. It is thus not astonishing that his explanation differs from 
the one given here while being closely related. 

The relation between original volume K, reference volume v and quotient volume N 
may be more clear to the modern reader if made explicit in symbols. In the present 
case, V represents the prolonged cellar, V = x • y • <f', </' = d + 1 kùs = d + 5' nindan; 
v = abc = 50'-50'-50' nindan3 = 50'-50'10 nindan'kùs; N = (* ) • ( } ) • (£ ) = p-q-r. 
Thus, since d = x and a = c, r = £ = (x + 1 kùs)/c = p + (1 kùs)/(10 kùi) = p + 6'. 

4 0 While other copyist's mistakes in the tablet (jumps from one occurrence of a sequence 
of signs to another) could have been made by a scribe who copied word for word without 
understanding what goes on in the text, this one intimates that the copyist was aware 
of its mathematical content, and inserted by mistake a 21 which was still on his mind 
(the same cause seems to have produced the "13" of N ° 2 1 , 1 . 10).• 

4 1Cf. VOGEL's tabulations ([VOGEL 1934], 92f). 
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5' • 5' • 1 [nindan2 • kùs] = 25" [sar], the quotient volume being hence equal 
to 4X12. This must be factorized as p-p- (p+1), and if the habits from N o s 

6 and 7 had been followed, the listing of three equilaterals 6, 6 and 7 would 
have been expected. Instead we are told "from ["to"?] the equilateral, 1 
append, 6 £1? the equilateral[s]", which seems to mean, firstly, that one 
side should be obtained by adding 1 to the others (which are equal); and 
secondly that the resulting equilateral is 6. 4 2 A tabulation of n2 • (n + 1) is 
actually known (VAT 8492, [MKT] I, 76), which identifies only one number 
(n) as the equilateral; furthermore, the only other problem of the present 
tablet which might be solved by means of such a table (N° 5) also lists only 
one equilateral, while all others making use of a quotient volume indicate 
three. It is thus highly plausible that the phrase '"from the equilateral, 1 
append" refers either to the designation of such a table or to its content, 
and that a table has indeed been used for the solution of these (and only 
these) two problems.43 Since ma, beyond "from", also means "in" and "by 
means of", the phrase should perhaps be interpreted "in/by means of [the 
table] 'equilaterals, [with] 1 appended', 6 [is found as the] equilateral". 

We should now be ready to tackle N° 5. The beginning is lost, but it 
is clear from the following that the accumulation of earth and floor will 
have been given as 1°10', and that depth equals length. A supplementary 
condition leads in lines 2-3 to the conclusion that the length is equal to 
1°30' widths, and the width hence equal to 40' times the length;44 thus, the 
"conversion of the width" — the factor converting the measuring number 
for the length into that of the width, if we are to believe the parallel to the 
"conversion of the depth" — is 40'. 

The total configuration can thus be obtained from that of N ° 23 by a 
simple shrinking of the width by the factor 40': whether 1 kùs is added to 
the depth or the "floor" to the "earth" makes no structural difference, and 
40' • 1° 45' = 1°10'. 

It cannot be decided whether the author of the text has noticed this, 
even though a geometrical interpretation suggests so. In any case, even the 
reference volume of N ° 5 can be obtained from that of N ° 23 by a similar 

4 2The dubious £l? might be another result of the copyist's thinking about the proce
dure while writing and perhaps attempting to stamp out a number 1 written by mistake 
— cf. notes 30 and 40. 

4 3 NEUGEBAUER, who already proposed (in [MKT] I, 210f) that N o s 5 and 23 were 
solved by means of the table n2 • (n + 1), also presumed N o s 6-7 to have made use 
of tables, confessing at the same time, however, that he was unable to imagine their 
make-up. 

4 4 The wording of the original condition is not obvious at all, but so much is clear at 
least that an intermediate step finds 3 widths to be equal to a double length, since 3 
follows from a computation and is then "broken", the operation resulting in a "natural" 
half. One possibility (though unusual — but cf. N ° 26) might be that the two lengths 
are told to exceed the two widths by one width. 
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shrinking by the "conversion of the width", as 1 kùs length times 40' kùs 
width times 1 kùs depth.45 

Then everything goes as usually, and the quotient between the volumes 
is found again as 4X 12, which is said to have the (single) equilateral 6, 
corresponding to a factorization p • p • (p + 1). 

Other variations on N° 23 might have been produced where the excess 
of depth over length was a regular number. Arithmetically speaking, the 
system 

Such problems, however, are not to be found in the conserved parts of the 
tablet. Instead, N o s 20 and (presumably) 21 demonstrate how to proceed 
if a is irregular (and its third power does not divide b). 

In N° 20 it is first observed that the 7th part of 7 is one, i.e., that 
a reference cube 1 kùs high divides the excess height 7 times. Next the 
reference volume is constructed and computed in painstaking detail: its 
height, 1 kùs and thus 5' nindan, is reconverted into 1 kus. The quotient 
volume is found to be 8, which has to be factorized as p • p • (p -f 7), and 
which is indeed told to have the (three) equilaterals 1,1, and 8. 

N ° 21 as it stands is corrupt, but so much sense remains that 
THUREAU-DANGIN'S emendations can probably be relied upon. It is then a 
close parallel to N ° 20, jumping with the (most unusual) phrase "proceed 
as in the corresponding case" directly to the value of the quotient volume, 
and factorizing it into the equilaterals 6, 6 and 13. At this point is stops, 
having shown the essential step and omitting the conversions of the length 
and width from 6 lengths/widths of the reference volume into 30' nindan. 

The final third degree problem is N ° 22, which is homogeneous and 
quite simple. All three dimensions of the cellar are told to be equal, and 
the method seems to be a simple conversion of the volume 1°30 [sar] into 
7'30" [nindan3]. 7'30" is found in the standard table of cube roots, and its 

4 5 So at least it looks. The multiplication by the 1 kùs depth, however, goes unmen-
tioned, and that of length by width is an unexpected "raising", contrary to all other 
problems where a reference volume is used. The explanation might perhaps be that N ° 
5 closes a sequence of gradually more complex problems (the tablet contains several se
ries ofthat kind), and that an explicitly geometric technique introduced in the preceding 
problems is reduced here to the arithmetical essentials required for reducing the present 
problem to a preceding one (as happens in other places of the tablet, cf. below). Still, 
the absence of concrete information on the preceding problems and on the beginning of 
N ° 5 prevents us from knowing. 

x - x - (I2x + a) = 6 

may be reduced to 
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(single, and true) equilateral is told in agreement with this table to be 30'. 
Raising this number to 1, the "conversion" of horizontal extension, yields 
30' [nindan] as sides of the square base of the cellar; raising it to 12, the 
"conversion of depth", gives 6 [kus] as the depth. 

5.2 The second degree: Length-width, depth-width and length-
depth 

The tablet contains several groups of second-degree problems, which coin-
cidentally and for convenience can be grouped according to their dress. Of 
greatest interest are the two sequences 2 4 - 2 5 - 2 6 and 27 - [28? ] -29 -30 . 

In N ° 24, the volume of the cellar (27°46'40"), the depth (3°20') and 
the excess of length over width (50') are given. Elimination of the depth 
leaves us with a problem which can be translated 

x • y = 8° 20' x - y = 50' , 

and which is solved by ordinary cut-and-paste methods (cf. Figure 2), trans
forming the rectangle into a gnomon of the same area, completing it as a 
square, finding the "equilateral" of this square and posing it twice (along 
the directions of length and width), finally appending and tearing out that 
half-excess which was cut and pasted in these two directions in order to 
form the gnomon. 

* a > 

* 

Î 
. T 

Figure 2 

N ° 25 is the usual companion-piece, giving the sum instead of the 
difference between length and width, and presents no noteworthy features 
apart from a more concise formulation, evidently a recurrent feature of our 
text when minor variations on already known patterns are presented. N ° 
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26, however, though from the viewpoint of mathematical structure nothing 

but a slightly more complex variant, provides important information. 

The depth is still 3°20' [kùs] (transformed in line 13* into 16'40" [nin

dan]), and the volume is given again as 27°46'40" (all three problems have 

the same solution). We are informed, finally, that the excess of the width 

over the depth equals | of the length. Division by the depth thus transforms 

the problem into one which in symbols (remembering that x • y represents 

a rectangle and no mere number) can be expressed 

2 
x • y = A y - -x D 

(A = 8°20', D = 16,40") 

or as 

^x2 + Dx = A . 

A is multiplied by 40', corresponding either to 

2 2 
- s • y = 40' • A y = -x + D 

or to 

{l*y+D-{r)m4ff-A-
Both of these versions are Babylonian standard problems: the former is 

similar to N ° 24 (rectangle with known area and excess of length over 

width); the second is an instance of the problem "sides added to square 

area", and both follow the same cut-and-paste procedure. If the latter in

terpretation of the procedure was correct, however, we should expect the 

solution to tell only the side ( |x) of the square, and to find from there first 

x and next y. Instead, the text "appends and tears out" precisely as N ° 

24, and presents immediately the larger resulting number (2°30') as the 

width, finding the length as (40' ) _ 1 times the smaller resulting number. It 

has thus been kept in mind throughout that the longer side of the rectangle 

40' • A coincides with the original width, while the shorter side is 40' times 

the original length. The nigin-na, "go around", appearing at the moment 

where both sides ( |x) and y are ready for further operations, seems to tell 

that they should now be marked out "in the terrain". The details of the 

procedure hence leave no doubt that the transformed problem was thought 

of in terms of a "rectangle with known excess length" and not as a square 

with appended sides.46 

4 6 NEUGEBAUER'S interpretation of the procedure ( [ M K T ] 1,217) refers to a square area 
and sides (actually to a quadratic equation in one variable), while THUREAU-DANGIN 

supports the two-variable option. None of them give arguments for their choice. 
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The observation is interesting, not because it has general value for Old 
Babylonian mathematics but rather because it shows that even the opposite 
observation (following from similar close reading of other late Old Baby
lonian texts47) cannot be generalized (cf. also below on N o s 9 and 13). 
Depending on expediency or personal preference, Babylonian calculators 
might conceptualize problems of this type one way or the other. 

N o s 24—26 can be characterized as length-width-problems. Correspond
ingly, N o s 27-30 (with a proviso concerning the missing N ° 28) can be 
seen as depth-width-problems. Their particular interest lies in their relation 
to the previous group. 

In N ° 27, the length is given to be 1°40', the volume equally 1°40', and 
the depth to equal j of the excess of length over width. 

The first step in the procedure is now to tip the cellar around mentally, 
putting the length in vertical position: The length is raised to 12, identi
fied as "conversion of depth", and thus converted into 20 kùs.48 It is then 
eliminated, and the rectangle spanned by the width y and the depth d is 
seen to be 5' [ n t n c f a n 3 ] . 

Since d = | (1° 40' - y), the next step is to find the area 7 • 5' = 35' of 
another rectangle with sides Id and y. In this rectangle, the sum of length 
and width is indeed known, and we are thus brought back to the situation 
known from N° 25. The procedure is the same in the part of the text 
which is conserved, and according to the parallel passages in N ° 29 and 
30 throughout. According to the parallels, one resulting side is identified 
immediately as the width, while the other side is divided by 7, and the 
outcome 10' [nindan] stated to be the depth without being converted into 
kùs, in agreement with the reconceptualization of the depth as a horizontal 
dimension. 

N ° 29 is strictly similar, containing the slight complication that d = | • 
(1° 4 0 ' - y ) + 1 0 ' [nindan], and thus Id = 1° 40 ' -y+7-10 ' = 2° 50 ' -y . Apart 
from that everything is analogous. The same holds for N ° 30, where the 
complication is a subtraction of 1 kùs. Together the three problems (and, we 
may suspect, N ° 28) appear to present an attempt at systematic training 
of the mutual conversion between horizontal and vertical dimensions. 

Comparison with another group of closely related problems ( N o s 9 and 
13, /en /̂if-a'epiVi-problems) shows that a particular and not the normal 
procedure is thought of in the sequence 27-30. In N ° 9, the accumulation 

4 7See [H0YRUP 1990], 341, concerning IM 52301 N° 2, and [H0YRUP 1985], 58 con
cerning BM 85194, rev. II, 7-21. 

4 80nce again, that this is what goes on is demonstrated not only by the identification 
of the factor 12 but also by the exact ordering of steps. A mere elimination of x and a 
conversion of the resulting area from nindan • kùs into nindan2 would indeed, according 
to Babylonian customs, have been performed through successive "divisions" by 1°40' 
and 12, not through a single "division" by their product. 
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of floor and earth is given as 1°10', the width is 20', and the depth equals 
the length. In symbolic translation, 

xyG + xy = 1° 10' d = x y = 20' . 

The first step in the procedure is to multiply 20' with the number 12, which 
is not presented as the conversion of depth or in any similar way. A simple 
arithmetical recalculation of x • y • G as a certain number of squares with 
side x (viz 4 such squares) appears to be the best interpretation, 

xyG + xy = xy • 12<Z + xy = x • 20' • I2x + 20'x = 12 • 20' • x2 + 20'a; 
4z 2 + 20'a; = 1°10' . 

In the next step, this is transformed into a genuine square-area-and-sides 
problem with the side equal to Ax, 

(4a;)2 + 20' • (4a:) = 4 • 1° 10' = 4° 40' , 

which is solved by the usual cut-and-paste technique, giving Ax = 2, and 
hence x = 15' • 2 = 30' (the depth is not spoken about). 

N ° 13 is similar but more sophisticated. In symbolic translation 

i • (x • y • G + x • y) + x • y = 20' d = x y = 20' . 

Once again, the initial steps may be explained in symbols (remembering, as 
always, that the "products" are areas and volumes, and not mere numbers): 

(x • y • G + x • y) + 7 • x • y = 7 • 20' = 2° 20' , 

whence 

12 • 2 ö V + x- y + 7- a;-y = 4;r2 + x- y + 7- a;-y = 2 o 20 ' 

and thus 

(4x) 2 + (4s) • y + 7 • (4a?) • y = 4 • 2° 20' = 9° 20' . 

It is only at this point, when the problem has been transformed into one 
concerning 4a:, that the total number of sides to be added to the square 
area (4a;)2 is found, as 1 + 7 raised to y = 20', i.e., as 8 • 20' = 2° 40'. Then 
finally everything can go by cut-and-paste geometry, and 4a; and eventually 
x be found. Once again, the depth goes unmentioned. 

The delayed computation of the number of sides is a recurrent feature in 
similar problems.49 It seems as if the primary aim is to reduce in principle to 
a configuration of square area plus sides, which geometrically is represented 
by a rectangle; only when this has been achieved is the question about 
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excess of length over width raised — i.e., about the number of sides to be 
added, cf. Figure 3. 

The depth is not only absent from the answer but also from the ques
tion of both problems (while e.g. N° 22 asks for and gives the depth, 
even though it is told to equal the length). Inspection of the steps of the 
procedure show, furthermore, that they obliterate the very possibility of re
ferring one side of the rectangle which is cut and pasted to the depth (while 
the other is easily identified as 4 lengths). We can thus be fairly confident, 
firstly, that even these two problems should be understood as training a spe
cific technique; and secondly, that this technique is the use of the "square 
area and sides" model, as presupposed in my symbolic translation. 

5.3 Second-degree igûm-igibûm-problems 
A final cluster of second-degree problems ( N o s 15, 16 and 18) determine 
the length and the width as igûm and igibûm, i.e., as a pair of numbers from 
the table of reciprocals. In all cases, the volume is also given, implying that 
the depth follows trivially (V = x-y-G = x-x~l-G = G = 12(f). N o s 16 and 
18 furthermore identify the depth with the total of igûm and igibûm, which 
leads to a problem of the same type as N ° 25: A rectangle with known 
area (x • y = 1) and known sum of length and width (x -f y = d). Their only 
specific interest lies in their use of the elliptic formula "append and tear 
out" which is shared by N o s 25, 26, 27, 29 and 30 and appears nowhere 
else in the tablet. Since N o s 16, 18, 25 and 26 are indubitable "rectangle-
" and not "square-problems", this provides us with corroborative evidence 
that N o s 27, 29 and 30 should be understood in the same way. 

Rectangle-problems with known sum of length and width normally go 
together with problems where the excess of length over width is given. 
So also here: N° 15 tells the depth to be equal to the excess of igûm over 
igibûm, while the volume is 36 and d thus 3 nindan. The interesting feature 
is that this problem has no rational (and hence no Babylonian) solution. 
None the less the text proceeds in a way which demonstrates that 36 is no 

E.g. BM 13901 N° 14 ([MKT] III, 3, cf. [H0YRUP 1990], 306). 



The Babylonian Cellar Text BM 8 5 2 0 0 + VAT 6599 349 

writing error, and proceeds as done in all similar problems until the point 
where the excess is bisected. Then suddenly it breaks off and states the 
result of the bisection to be the igûm, which is impossible whatever the 
area of the rectangle, as long as this area exceeds 0. 

Evidently, either the text or the procedure of the problem is somehow 
corrupt. On the other hand the presence of a companion piece to N o s 16 
and 18 with given excess instead of total is next to compulsory. A textual 
mixup which could produce as much sense as actually present is not very 
likely; it seems rather as if somebody (not necessarily, and probably not, 
the mathematically gifted author of the first version of the text50) has 
inserted a problem which for once was not constructed backwards from 
given results, and has then broken off and cheated at the point where the 
insolubility became evident: when 1°30' follows from the bisection, even a 
moderately trained calculator will immediately know its square (2°15/) as 
well as the result of the quadratic completion (3°15'), and hence that this 
latter number does not appear in the table of square roots. 

5.4 First-degree problems 
The tablet contains two groups of first-degree problems, N o s 8+12 and 
N o s 14+17+19, respectively. Both are quite simple as far as mathematical 
substance is concerned. 

In N o s 8 and 12, the length is given as 30', and the depth is told to equal 
the length. In N° 8, furthermore, the accumulation of earth and floor is told 
to be 1°10', while N° 12 tells that j of this accumulation appended to the 
floor gives 20'. The procedures are quite similar, and we shall only follow 
that of N ° 12 in the geometrical diagram (Figure 4) which is suggested by 
the "appending" in obv. II, 6. 

As a first step, the length is multiplied by 12, resulting in "6 [kùs], the 
depth". To this 1 [kùs] is appended, giving 7 [kùs] — the depth of the figure 
representing "earth plus floor". Its 7th is found as 1 [kùs] — implying that 
the corresponding volume coincides with the floor. That this observation is 
in fact tacitly made is suggested by the next step: 1 and 1 are accumulated, 
i.e., the number 20' is understood as two times the floor (which is probably 
the reason that it is regarded as an "accumulation", in spite of its origin in 
an appending process51), not as a volume 2 kùs high and with base equal 

50Firstly, as noted, the present tablet is a somewhat error-ridden copy of an original; 
secondly we may remember GOETZE'S statement that the tablet belongs to the group 
of "Northern modernizations of southern (Larsa) originals". 

"NEUGEBAUER ( [ M K T ] I, 196) as well as THUREAU-DANGIN ( [ T M B ] , 13) read the 
logogram UL.GAR in its function as a verb, "accumulate", take it to be an error for i-si, 
"raise", and read traces of the ensuing sign as the beginning of a -ma ("and then"/"thus" ; 
in mathematical texts to be translated simply as ":"). According to the autography (in 
particular the way t is written elsewhere), however, the reading [i-si] is just as plausible 
while avoiding the (always unpleasant) hypothesis of a scribal blunder. 
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to the floor. 20' is thus multiplied by the igi of 2, resulting in 10' [the floor]. 
Division by "30' the length" yields 20', the width. 

The shift between the two "additions" thus reveals something about 
the pattern of thought involved: Accumulation of earth and floor automat
ically produces a geometric interpretation, so that another "floor" can be 
appended. On the other hand, a height equal to one kus calls forth an imme
diate identification of surface and volume (in perfect agreement, of course, 
with the coinciding metrologies and the coinciding values of the two in sar). 

The other group of first-degree problems determine length and width 
as igûm and igibûm (whence G = volume). Furthermore, the volume is 
given. In N ° 19, the depth is told to be identical with the igibûm (even 
though the results makes it coincide with the igum instead); in N ° 17, the 
depth results if the excess of igum over igibûm is torn out from the igum 
— a trivially complicated way to tell that it equals the igibûm; in N ° 14, 
finally, the procedure and the solution forces us to believe that the depth 
should have been told to coincide with the igum, even though the statement 
contains some extra words which might make us expect another companion 
piece to N ° 8 16 and 18 in spite of a certain grammatical clumsiness. In all 
cases, the solution follows from a simple division of the volume (and thus of 
G) by 12, which yields either igûm or igibûm. In N ° 17, no word is wasted 
upon the identification of x — (x — y) with y\ the problem looks more like 
a challenge or a puzzle than as a step in a didactical sequence. 
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6 Further observations on mathematical terminol
ogy and techniques 

6.1 The third-degree technique 

The genuine third-degree-problems made use, as we saw, of the maksarum 
or "bundling" method. This is no staple method for the treatment of second-
degree problems. Nor could it reasonably be, since the method of quadratic 
completion made both factorizations and tabulations of (e.g.) n • (n + 1) 
superfluous as techniques for solving mixed second-degree equations. In a 
few homogeneous problems, however, related ideas turn up. The triangle of 
YBC 8633 was mentioned above. In VAT 8390 and in BM 13901 N 0 8 10-
11, moreover, a rectangle and two squares, respectively, are cut into smaller 
"reference squares" (cf. [H0YRUP 1990], 279-284). Even factorization was 
a familiar technique, as we know from various tablets (e.g., YBC 4704 and 
VAT 5457, in [MCT], 16). While it remains true that the Babylonians were 
unable to treat problems of the third degree in general (as already stated by 
THUREAU-DANGIN in his commentary to the third-degree problems from 
our present tablet im [TMB], xxxviii), the techniques displayed here must 
be recognized as not merely ingenious artifices but the very best that could 
be done by means of the mathematical techniques at hand. 

6.2 Raising 

"Raising" (nasûm/il) was presented in chapter 2 as one of the multiplica
tive operations. In the text we have encountered it in several functions: 
In connection with multiplication by "conversion" factors and with recip
rocals, etc. Most striking was its role in the construction of reference vol
umes: Here, length and width were "confronted", a constructive procedure 
implying but not reducible to the computation of the product; in this con
text, the ensuing "raising" to the height must therefore also be considered 
constructive. 

In all other connections the term appears to have no connotations be
yond the calculation by means of multiplication. The double meaning in the 
computation of volumes, taken together with the rather obvious metaphor 
("raising to n" means "raising from the standard height 1 kùs to the actual 
height n kùs"), can be taken as evidence if not as fully conclusive proof that 
the origin meaning of the term is indeed the multiplication by a height in 
the computation of volumes. Other applications of the term will then have 
been by analogy; as the period where the extension by analogy has taken 
place we may point to the Ur III period (21st c. B.C.), where the sexa
gesimal place value system and tables of reciprocals and metrological and 
technical constants were apparently introduced. 

A look at the order of the factors in the raising multiplications contained 
in our tablet corroborates the conclusion. In general it is arbitrary, the main 
rule being the purely stylistic convention that the number which has just 
been calculated is raised to the other factor. In cases where this stylistic 
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rule does not apply, no constraints can be found. If we compare the various 

multiplications of the "equilaterals" of quotient volumes by the correspond

ing side of the reference volume, the former are raised to the latter in N o s 

5, 6, and 23; but both N o s 7 and 20 exhibit alternating orders. Even the 

stylistic rule is nothing but a non-compulsory habit, as demonstrated by a 

comparison between rev. I, 23* (7 raised to 5', against the rule) and the 

strictly parallel passage in rev. II, 13 (2'30" raised to 7, in agreement with 

the rule). Similarly, the stylistic rule implies that the igi of a divisor will 

have to be raised to the number to be divided, which is indeed normally 

the case; none the less, obv. II, 8 follows the opposite pattern. In the con

struction of volumes, however, the base is invariably raised to the height 

(cf. also the tablet Haddad 104, passim, [RAWI/ROAF 1984]). It seems as 

if the imagery originally inherent in the term was still felt compulsory by 

Babylonian calculators. 

6.3 "Subtractive numbers" 

The question whether the Old Babylonian calculators understood the con

cept of negative numbers is rather meaningless as long as we have not told 

which concept. What is suggested by two passages of our text is that they 

possessed an idea not only of "subtraction" (which is evident) but also of 

"subtractive numbers". 

The passages are to be found in the statements of N o s 29 and 30. The 

former tells that the depth is "the 7th part of that which the length over 

the width goes beyond, and 2 kùs", the second that it is "the 7th part 

of that which the length over the width goes beyond, and 1 kùs ba-lal". 

In the first passage, the "and" is clearly additive. The lal of the second 

passage is certainly used logographically for a derived form of matum, "to 

be(come) small(er)". If the evidence of the two passages is aggregated we 

may say that the "normal" role for a number brought into play by "and" 

is accumulative/additive; but an epithet may make the role diminishing or 

subtractive. 

A related phrase can apparently be pointed out in another late Old 

Babylonian text. TMS XVI, 23 ([TMS], 92, cf. correction and commentary 

in [H0YRUP 1990], 301f) contains the phrase "45 ta{-mar) ki-ma sag gar 

gar zi-mo", "45' you see, as much as of widths pose. Pose to tear out", 

indicating that this coefficient should somehow be recorded as the number 

of widths to be subtracted. 

The term ba-lal is also familiar from the highly systematic "series texts", 

long sequences of concisely formulated problems which do not tell the pro

cedure. Its occurrences there have often been quoted (e.g., [MKT] I, 41 Of, 

455f, etc.) as instances of negative numbers; the real function of the term, 

however, is simply to allow the reversal of the order of two magnitudes which 

are compared, mostly made for stylistic reasons (cd. [H0YRUP 1992]). Ap

plying OCCAM'S razor we should only claim that the Old Babylonian cal

culators had a categorization of additive and subtractive roles of numbers 
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within a computation, perhaps even a way to record these roles; whether 
they would consider this as a categorization of numbers as either "positive" 
and "negative" is not only subjected to doubt but outright dubious. 

6.4 The non-technical character of terminology 

At an earlier occasion ([H0YRUP 1990], 331) I have claimed that only as a 
first approximation can Babylonian mathematical terminology 

be called "technical". It appears not to have been stripped com
pletely of the connotations of everyday language, nor does it 
possess that stiffness which distinguishes a real technical ter
minology. We should rather comprehend the discourse of the 
mathematical texts as a highly standardized description in ev
eryday language of standardized problem situations and proce
dures, and we should notice that the discourse is never more, 
but sometimes less standardized than the situation described. 

This conclusion is corroborated by two interesting terminological details 
of the present text. One of them is the use of the term translated here 
"to tear out". As in so many other mathematical texts it is used for the 
"identity-conserving" subtractive process. But it is also used to tell how 
much earth has been dug out from the cellar. Moreover, in both functions 
the same logogram zi (provided with the same Sumerian prefix ba-) and 
not a syllabic Akkadian nasdhum is employed. Clearly, the author of the 
text saw no point in distinguishing a technical mathematical terminology 
from the vocabulary of everyday. 

The use of mehrum, "counterpart", in N ° 21 (rev. I, 12) is similar. 
mehrum is a well-known mathematical term. Where the present text tells 
(e.g., ^ 2 4 , rev. I, 29+2*) to "pose the equilateral until 2", i.e., to draw 
two sides of the square meeting in a corner, others ask us, e. g., to "lay 
down 8°30' [the equilateral] and 8°30' its counterpart" (YBC 6967, obv. 11, 
[MCT], 129). Once again, there is no clearcut boundary between technical-
mathematical and everyday speech. No wonder, then, that a geometrical 
text concerned with triangles uses the word (written logographically TUH 
= gaba) in still another sense (IM 55357 1. 10, [BAQIR 1950], 42). 

At the same time the text gives us a glimpse of what might be a grid 
of fine terminological distinctions, not as much according to mathematical 
meaning as depending on problem dress and thus perhaps historical ori
gin. The singular use of the accounting term nigin, "total", in N o s 16 and 
18 was pointed out already. This could of course be another instance of 
floating terminological boundaries. Both occurrences, however, are found 
in connection with î um-î tôum-problems, which might be no accident: 
as mentioned above, igum and igibûm refer to tables of reciprocals, and 
thus to the same sphere of social activity as does nigin: scribal accounting 
and planning rather than surveying. According to the principle that recre
ational problems are to be considered as a "non-utilitarian" superstructure 
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on mathematical practice (see [H0YRUP 1989]), this might point to an ori
gin of igûm-igibûm problems within this specific orbit52 and to a tendency 
to conserve a characteristic vocabulary. 

7 Unexpected light on the organization of mathe
matics teaching 

In two respects, our text looks primitive or clumsy from a modern math
ematical point of view. At closer inspection, however, both apparent flaws 
turn out to be sound reflections of the technique of didactical exposition, 
and thus, reversely, strong supportive evidence for what could be guessed 
about this technique from weaker data. 

7.1 Numbers used for identification 
The first apparent weakness is what looks like a tendency to give destruc
tively redundant numerical information. Indeed, N o s 6, 7, and 13 seem to 
be over determined. In N o s 6 and 7 the earth is referred to as 1, and in N ° 
13 the accumulation of earth and floor is told to be 1°10/. In neither case 
are these data used — and the whole point would have been spoiled if they 
had been taken into account. 

Evidently, these numbers were never meant to serve the solution. Nor 
can they be manifestations of ignorance on the part of the author of the 
text — everything else in these problems is perfectly clear and points to the 
goal. Instead, the presence of these numbers can be understood if we think 
of the purpose and use of the text as a tool for actual teaching. We should 
imagine the teacher explaining beforehand the total situation: the cellar, 
its dimensions, the earth and the floor, giving also their numerical values 
in as far as these may be useful as identifying labels; it is to be observed 
that N o s 6 and 7 speak about "1 the earth" and do not use the expression 
"the earth: 1" found when data for the calculation are told. Afterwards, he 
shows how to extricate the dimensions from a specific set of data; in the 
oral exposition of the procedure he will have the possibility to identify, say, 
the original volume as "1 the earth", in contrast to the extended volume 
— just as a modern exposition will distinguish V from V. 

In the present case, the written text only conserves traces of this oral 
exposition technique. A couple of other late Old Babylonian texts, how
ever, are more explicit and exhibit the use of numbers as identifiers beyond 
doubt.53 What a modern mathematical reading tends to see as a mani
festation of incompetence or deficient understanding is thus a rudiment of 

"Though certainly not to an independent focus for the creation of second-degree 
"algebra" — as demonstrated by the formulation of YBC 6967, the unknown numbers 
of igûm-igibûm-prob\ems were represented by the geometrical magnitudes of normal 
"surveying" cut-and-paste geometry ([MCT], 129, cf. [H0YRUP 1990], 263-266). 

5 3 TMS IX and XVI, cf. translation and interpretation in [H0YRUP 1990], 299ff, 320ff. 
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an oral technique achieving by other means what we are accustomed to 

achieve in writing by algebraic symbols. 

7.2 Ordering determined by configuration 

The observations just made on the method of exposition may also serve 

as a key to the seemingly disorderly arrangement of problems within the 

tablet. Admittedly, Chapter 5 referred to a number of brief sequences of a 

similar mathematical structure — yet all problems making use (e.g.) of a 

reference volume were not collected in one place. Mathematical structure 

and techniques are thus not the primary ordering principle. 

Let us look instead at the statements. Firstly, of course, the uniting 

principle of the tablet as a whole is the cellar, and not the investigation 

of a specific mathematical structure or training of a particular technique. 

This was already pointed out in chapter 3. But there is more to it. N o s 

5-9 all tell the accumulation of earth and floor to be 1°10'. Whatever the 

mathematical character of the problem, be it of the first, the second or 

the third degree, it will thus have to be discussed with reference to a cellar 

prolonged one kùs downwards. N o s 10 and 11 are missing. N ° 12, which as 

far as mathematical substance is concerned is nothing but a slight variation 

on N ° 8, starts from a corresponding variation of the configuration, as does 

N ° 13, which regarding mathematical substance has the same relation to 

N ° 9. Instead of exhausting first the possibilities of the method of N ° 8, 

which would make N ° 12 follow it immediately, the possibilities of the 

configuration shown in Figure 1 are exhausted before further training of 

the various methods is undertaken. 

N o s 14 -19 are then igûm-igibûm problems; N o s 20 -23 deal with cellars 

with a square floor; N o s 2 4 - 2 6 all have the same volume and depth given 

and a rectangular base; and N o s 27 -30 all (with a proviso for the missing 

N ° 28) have the length given as 1°40' and make use of the entity \(x — y). 

While a categorization according to mathematical structure and tech

niques only suggests fragments of local order within a generally chaotic 

structure, the categorization according to configuration thus uncovers a 

genuine global order and explains the most striking examples of seeming 

disorder. There is thus no reasonable doubt that the global order of the 

tablet is determined by the way didactic exposition was organized, and 

that this organization was the one imagined above. 

Below the level of global order, and subordinated to its principles, we 

find of course an ordering of shorter sequences according to mathematical 

principles and progression. Recognition of the important role of didactic 

exposition should not overshadow the fact that understanding of mathe

matical principles is also demonstrated by the tablet. There is certainly no 

reason to dismiss it as "merely didactic opportunism and hence no testi

mony of real mathematical thought". 
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8 Mathematics ? 
A widespread joke runs as follows: A physicist and a mathematician are 
put in front of a cooker with two gas-rings, a match-box and an empty 
kettle standing on the left gas-ring. Asked how to cook water for tea they 
both tell that you fill the kettle with water and put it back; you turn on 
the gas, and then you use a match to light the gas. Asked what is to be 
done if the kettle is to the right, the physicist says "Act correspondingly". 
The mathematician has a different solution: You move the kettle to the left, 
reducing thus the situation to the previous case. 

Our tablet shows traces of "the physicist" in N ° 21 — cf. the reference 
to the "counterpart". This is not astonishing, widespread as this principle 
is in systematic yet practice-bound discourse. What is astonishing is that 
even "the mathematician" of the joke is visible; reduction to the previous 
case instead of direct use of the same method mutatis mutandis is in fact the 
principle used in N o s 27-30, where the cellar is tipped around, changing 
the depth into a length. 

Traditionally, our tablet has mostly been seen as a high point in Baby
lonian mathematics because it undertakes an attack on third-degree prob
lems. Since the attack leads to no general breakthrough, the high point may 
be an illusion seen from this angle. Still, if the gauge is not mathematical 
subject-matter but rather the organization and progression of thought the 
tablet may still be closer to modern mathematics than many other Babylo
nian mathematical text, both according to the "kettle principle" and if the 
occasional tendency to give only the essentials of parallel cases ( N o s 18, 
21) is taken into account. Both features, indeed, are portends of an incipi
ent break with that casuistic principle which is otherwise so characteristic 
of Old Babylonian mathematical no less than legal texts. 
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Mathematical Susa Texts VII and VIII . A Reinterpretation 

Burchard Brentjes und Ernst Werner 
gewidmet 

In an extensive paper published due to the kindness of the editorial staff of the 
present journal, I have suggested a geometrical reinterpretation of so-called Old 
Babylonian "algebra".1 Among the texts analyzed in the paper were the 
mathematical texts No. X V I and No. IX from Susa, which turned out to contain 
highly illuminating didactical commentaries of a kind not known from the 
Babylonian core area - be it because teaching in a peripheral area felt a need to 
make explicit what could be left to a stable oral tradition in the core, or simply 
because the Susa teachers had a bent for loquacity. 

Text No. X V I turned out not to contain solutions of problems but only 
a didactical discussion of transformations of linear "equations" of two 
unknowns (as usually, the us ("length") and ("width") of a rectangle, with the 
usual values 30' and 20' [nindan] 2). No. IX contained initial didactical 
discussions of the transformations of complex into simpler second-degree 
"equations" followed by use of the technique just taught for the solution of 
a sophisticated set of equations. 

These texts are not the only Susa texts to contain illuminating didactical 
commentaries. In the present paper I shall analyze two further texts, of which 
one contains an explicit explanatory part, while the other employs some of the 
concepts introduced in the former. 

An extra reason for reanalyzing the two texts is that the treatment given by 

1 J. Hoyrup, Algebra and Naive Geometry. An Investigation of Some Basic Aspects of Old 
Babylonian Mathematical Thought, in: AoF 17 [1990], 27-69, 262-354. - Abbreviations: 
M K T - O. Neugebauer, Mathematische Keilschrift-Texte, I-III, Berlin 1935, 1935, 1937 
(Quellen und Studien zur Geschichte der Mathematik, Astronomie und Physik. Abteilung A: 
Quellen. 3. Bd., 1.-3. Teil); TMS - E. M. Bruins - M. Rutten, Textes mathématiques de Suse, 
Paris 1961 (Mémoires de la Mission Archéologique en Iran, X X X I V ) . 

2 I shall use F. Thureau-Dangin's system for translating sexagesimal place value numbers: \ etc. 
designate increasing and ', "etc. decreasing sexagesimal orders of magnitude. When needed, ° is 
used to indicate „order zero" (1° = 1). 
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E. M. Bruins in the original edition (TMS, 52-62) was highly unsatisfactory even 
in terms of the received arithmetical interpretation of such texts. In the first text 
he misread a possessive suffix -su for a Sumerian SU, which made him invent 
a specific "heuristic method of the hand", which has since then spread into the 
secondary literature3, and made him mistake one indeterminate equation, 
something very rare in Babylonian mathematics, for a trivial set of two 
first-degree equations. In the second text, a number of translations and repairs to 
the text are overly fanciful, while obvious restitutions suggested by parallel 
passages are left out. 

TMS VII: Indeterminate first-degree problems 

Let us first look at Text VII, which runs as follows:4 

Problem A 

1. 4-^sag a-na us dah l-^ti-^su5 a-na 10 [al-Ii-ik] 
The 4th of the width to the length I have appended, its 7<th), to 10 [I have 
gone,] 

2. ki!-ma UL.GAR us u <(sag) za-e 4 gar 7 [gar] 
as much as the accumulation of length and {width). You, 4 pose; 7 [pose;] 

3. 10 gar 5 a-na 7 i-si 35 ta-mar 

10 pose; 5' to 7 raise, 35' you see. 

4. 30 ù 5 be-e-er 5 a-ra ! a-na 10 /-// 
30' and 5' single out. 5', the step, to 10 raise, 

5. 50 ta-mar 30 ù 20 gar 5 a-ra! a-na 4 re-(Jba-tf) sag 
50' you see. 30' and 20', pose. 5', the step, to 4, of the four<(th) of the width, 

6. i-si-ma 20 ta-mar 20 sag 30 a-na 4 re-ba-itt) 
raise: 20' you see, 20', the width. 30' to 4, of the fourt<h>, 

3 So, H. Gericke (Mathematik in Antike und Orient, Berlin etc. 1984) borrows E. M. Bruins' 
interpretation of problem VII A as his first example of Babylonian algebra (pp. 25-32). 

4 See, apart from the transliteration in TMS, 52ff., the autography (plates 14f.), and W. von 
Soden's review of TMS, in: BiOr 21 [1964] 44-50, here 48. 

5 This -su is what becomes a „hand" in E. M. Bruins' interpretation. That a -//- has simply been 
omitted and a 7th is thus meant can be seen from a number of parallel passages (so line 17 of the 
same tablet; TMS IX, Une 20; V A T 8520, obv. 1, rev. 4, in M K T I, 346f.). The reading is 
confirmed by the consistency of the text which is obtained. 
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7. 2 ta-mar 2 gat us 20 i-na 20 zi 
raise, 2 you see. 2 pose, lengths. 20' from 20' tear out, 

8. u i-na 2 30 6 zi 1,30 ta-mar 
and from 2, 30' tear out, 1°30' you see. 

9. i-na 4 re-ba-ti 1 zi 3,20 7 ta-mar 
From 4, of the fourth, 1 tear out, 3 { + 20'} you see. 

10. igi 3 pu-tü-(Jir) 20 ta-mar 20 1,30 i-si-ma 
The igi of 3 deta<ch>, 20' you see. 20' to 1°30' raise: 

11. 30 ta-mar 30 us 30 i-na 50 zi 20 ta-mar 20 sag 
30' you see, 30' the length. 30' from 50' tear out, 20' you see, 20' the width. 

12. tu-ur 7 a-na 4 re-ba-(tf) i-si 28 ta-mar 
Turn back. 7 to 4, of the fourt(h), raise, 28 you see. 

13. 10 i-na 28 zi 18 ta-mar igi 3 pu-Qu-ur} 
10 from 28 tear out, 18 you see. The igi of 3 det(ach), 

14. 20 ta-imar} 20 a-na 18 /- / / 6 ta-mar 6 us 
20' you s(ee). 20' to 18 raise, 6 you see, 6 (for) the length. 

15. 6 i-na 10 zi 4 sag 5 a-na 6 [i-s\i 
6 from 10 tear out, 4 (for) the width. 5' to 6 [raise,] 

16. 30 us 5 a-na 4 ;-// 20 ta-(mar)2§ ( s a g ) 
30' the length. 5' to 4 raise, 20' you s<ee>, 20' the (width). 

Problem B 

17. 4-*'sag a-na us dah 7-ti[-su] 
The fourth of the width to the length I have appended, 
[its] 7th 

18. a-di 11 al-li-ik ugu ! [UL.GAR] 
until 111 have gone, over the [accumulation] 

6 It appears from the autography, either that the two numbers were at first written together but 
30 then deleted and rewritten with distance; or that some small wedges marking a separation are 
written between the two numbers. 

7 As observed by E. M. Bruins, the scribe has tried to correct this number (which should be 3) but 
has done so incorrectly. 3°20' will have been on the scribe's mind as 4. (length + width). 
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19. us u sag 5 dirig za-e [4 gar] 

of length and width 5' it goes beyond. You, [4 pose;] 

20. 7 gar 11 gar u 5 gar 

7 pose; 11 pose; and 5' pose. 

21. 5 a-na 7 is! 3 [5 ta-mar] 

5' to 7 raise, 3[5' you see.] 

22. 30 # 5 gar 5 1[1 /'-// 55 ta-mar] 

30' and 5' pose. 5' to 1[1 raise, 55' you see.] 

23. 30 20 u 5 zi gar 5 [a-n]a 4 

30', 20' and 5', to tear out, pose. 5' [t]o 4 

24. ist 20 ta-(mar) 20 sag 30 4 is!-ma 

raise, 20' you s<ee>, 20' the width. 30' to 4 raise, 

25. 2 ta-mar 2 us 20 i-na 20 zi 

2 you see, 2, lengths. 20' from 20' tear out. 

26. 30 i-na 2 zi 1,30 gar ù 5 ...] 

30' from 2 tear out, 1°30' pose, and 5' t[o ...] 

27. 7 a-na 4 re-(ba-ti) i-si-m a 28 ta-mar 

7 to 4, of the four^th), raise, 28 you see. 

28. 11 UL.GAR i-na 28 zi 17 ta-mar 

11, the accumulations, from 28 tear out, 17 you see. 

29. i-na 4 re-(ba-ti) 1 zi 3 [ta]-mar 

From 4, of the four<(th>, 1 tear out, 3 y [ou] see. 

30. igi 3 pu-tu-(ur) 20 ta-(mar) 20 / 17 /-<//> 

The igi of 3 deta<ch>, 20' you s<ee>. 20' t[o] 17 ra<ise>, 

31. 5,40 ta-(mar) 5,40 [u]s 20 a-na 5 dirig /-/ / 

5°40' you s<ee>, 5°40', (for) the [lejngth. 20' to 5', the going-beyond, raise, 

32. 1,40 ta-(mar) 1,40 wasi-ib us 5,40 us 
1'40" you s<ee>, 1'40", the appending of the length. 5°40', (for) the length, 

33. i-na 11 UL.GAR zi 5,20 ta-mar 

from 11, accumulations, tear out, 5°20' you see. 
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34. 1,40 a-na 5 dirig dah 6,40 ta-mar 

1'40" to 5', the going-beyond, append, 6'40" you see. 

35. 6,40 n\a\-si-ih sag 5 a-râ 

6'40", the t[ea]ring-out of the width. 5', the step, 

36. a-na 5,40 us /-// 28,20 ta-mar 

to 5°40', lengths, raise, 28'20" you see. 

37. 1,40 wa-si-ib us a-na 28,20 [dah] 

1'40", the appending of the length, to 28'20" [appe]nd, 

38. 30 ta-mar 30 us 5 a-[na 5,20] 

30' you see, 30' the length. 5' t[o 5°20'] 

39. i-si-ma 26,40 t[a-mar 6,40] 

raise, 26'40" yo[u see. 6'40",] 

40. na-si-ih sag i-na [26,40 zi] 

the tearing-out of the width, from [26'40" you tear out,] 

41. 20 ta-mar 20 sa[g] (...?) 

20' you see, 20' the wid[th.] 

First of all, the terminology must be explained briefly (for more detailed 

discussions, see Hoyrup, AoF 17,45-65): 

1) w'asabum'/'dah (translation "to append"8) is an asymmetric additive process, in 

which one quantity is joined to another of the same kind. The latter can thus be 

said to conserve its identity (and, in geometric manipulation, its place) while 

being enlarged, while the former is absorbed (and moved if necessary in cases of 

geometric manipulation). Since all concrete entities are assumed to possess 

measuring numbers, the operation entails an arithmetical addition (similarly 

for all concrete processes discussed in what follows). From wasâbum originates 

the term wasJbum used here and elsewhere in the Susa corpus, "that which is to be 

appended", for convenience translated "the appending". 

2) nasahumjzi ("to tear out.") is the corresponding subtractive process, by which 

a part of an entity is removed. Whence nasïhum, "that which is to be torn out", for 

convenience "the tearing-out". 

8 I follow a principle of «conformai translation", where the same term is always translated in the 
same way, different terms (unless logographic equivalence is established beyond doubt within 
the text group) translated differently, and terms derived from the same root as far as possible 
rendered by similarly related translations. The result is clumsy but allows that the actual 
operations of the texts can be discussed in (some kind of) English. 

An extensive list of suggested standard translations is given in Hoyrup, AoF 17, 67-69. 
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3) kamärumjg2it-g2iij\]1L.GAK ("to accumulate") is a symmetric additive 
process. It may be a genuine arithmetical operation by which measuring numbers 
of entities of different kinds (e.g., areas and lengths) are added; but it may 
probably also be meant as a concrete putting-together. UL.GAR may also 
disignate the sum by this addition ("the accumulation") 
4) The phrase A eli BD watârum\A ugu BD dirig ("A over BD goes beyond") 
is an operation by which two entities A and B are compared. Since D = A-B, 
we may speak of a "subtraction by comparison". The difference D may be 
spoken of as dirig (translated "going-beyond"). 
5) nasum\\\ ("to raise") is a multiplicative process, designating the calculation of 
a concrete magnitude by multiplication. 
6) In the present text, alâkum ("to go") appears as a multiplication; in TMS VIII, 
however, it stands for repeated appending of the same entity. The basic idea is 
thus the repetition of a certain step, and context will have to tell the precise 
meaning. The corresponding verbal noun tälukum ("the going") stands for the 
total distance gone. 
7) a-ra ("times") is the term used in multiplication tables. It is thus the 
arithmetical multiplication of number by number. In the present text it is used as 
a noun, referring to the line segment which is "gone". Since râ is the Sumerian 
equivalent of alâkum it is translated "step".9 

7) igi n is the reciprocal of n as found in reciprocal tables. Finding the igi is 
termed patârum/du8 ("to detach"). 
8) sakänumjg&t ("to pose") designates (apparently a number of different) 
processes of material recording, most probably in writing and drawing, perhaps 
also in a calculational device. 

The rest of the terminology with appurtenant translations should be more or 
less self-explanatory, and we may thus start the analysis of what goes on in 
problem A. 

Formally, it deals with the "length" us and the "width" sag of a rectangle. In 
the present problem, however, the terms are just labels for two line segments. It 
may be easier to follow the procedure if we allow ourselves the anachronism of 
a translation into algebraic symbolism, writing x for the length and j for the 
width - but it is important that this translation is only used as a support, since it 
abolishes, e.g., the distinction between different additive operations. 

Lines 1-2 tell that a 4th of the width has been appended to the length, that the 
7th of the outcome has been taken 10 times, amounting in total to the 
accumulation of length and width. In symbols: 

Xji{x + XJA y) •10 = x + j 

Lines 2-5 now explain the meaning of this equation by extensive "posing", 
which we may imagine to take place in a diagram like this: 

9 This corresponds to the usage of the Seleucid text BM 34568-see Hoyrup, AoF 17, 343 f. 
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( 1 ) A B C D E F G H 1 J K 

(2) I 1 1 1 — H 1 1 1 
3 5 ' 

3 0 ' 5 ' 
10 

H 1 1 1 — 
5 0 ' 

3 0 ' 2 0 ' 

First the numbers 4, 7 and 10 - divisors and multiplier - are recorded. Then the 
magnitude 5' (the "step" of line 5 - taken at this point to be known) is raised to 7, 
giving 35', which can be decomposed as 30' + 5' (x + JAJ). Next it is raised to 10, 
which gives 50', decomposable into 30' + 20' (x It may seem astonishing to 
us that the meaning of an equation is discussed in terms of its solution; but the 
method is attested elsewhere in Old Babylonian mathematical texts (e.g., TMS 
IX and XVI) , and it is a quite effective didactical substitute for algebraic 
symbols. 

So far the text has presented us with a didactical exposition of the numerical 
foundation of the original equation. Lines 5—11 go on with a similar exposition 
of the meaning of the first step of the transformation of the equation, which is 
a multiplication by 4, 

l/i[4x +jy] • 10 = 4- (x 

We look at the decomposition 35' = 30' + 5' ((3) in the diagram): multiplying 5' 
by 4 gives 20', the width; multiplying 30' yields 3, (4) lengths. Now one width 
and one length are removed. Tearing out a width (20') from 20' leaves, literally, 
nothing worth speaking about: tearing out a length (30') from the 
4 lengths (2) leaves 1°30'; this is found in line 9 to correspond to 3 (vi% lengths). 
Multiplying by /3 = 20' indeed gives 30', the length; tearing this out from 50' 
leaves 20', the width. 

The tu-ur, "turn back", of line 13 tells that the explanations are now finished 
and the procedure is to begin. After the multiplication by 4 which was already 
explained, the equation is multiplied by 7, which leads from 

7T[(4-1) X + ( X + J ) ] - 1 0 = 4 - ( X + J ) 

to 

3X-10 + ( X + J ) - 1 0 = 2 8 - ( X + J ) 
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and hence to 

3 x - 1 0 = 1 8 - ( x + j ) 

Dividing this by 3 (raising to igi 3 = 20') yields 

x-10 = 6 - ( x + j ) . 1 0 (*) 

The easiest solution to this indeterminate equation is found if we put the first 
factors equal, x = 6, and the second factors equal, 10 = x + j , from which of 
coursej can be found as 10 — 6. This seems in fact to be what happens, either on 
this arithmetical level or perhaps, as it may be intimated by proble^n B, by 
imagining the factors as sides of a rectangle (see Figure 1). 

x+y 
10 

6 

Fig. 1 

Evidently, this is not the only set of solutions to the equation (whence the 
"(for)" in the translation); in fact, every set 6̂ ;, 4̂ ; will do. By multiplying by 5' 
the text obtains the solution presupposed in the beginning, x = 3 0 ' , j = 20'. 

The 5' used here is the "step" from line 4, as told in the parallel passage in line 
35. There is no compelling reason that precisely this factor should transform 
a solution obtained from (*) in the way indicated into the set originally thought 
of — unless the division leading to (*) is chosen so as to give a preliminary value 
equal to the number of "steps" going into the intended length. We must 
therefore assume that this is precisely what was done. This would also explain 
why the equation is not reduced eben further, to x-5 = 3-(x+j). 

Problem B, again, deals with length and width of a rectangle, and takes the 
same 7th. This time, however, 11 steps are made, which makes us go 5' beyond 
the accumulation of length and width: 

xji(x + l/4j) • 11 = x + j + 5'. 

Again, we may refer the "posings" of lines 19 to 23 to a diagram: 

1 0 Evidently, the representations of the equations will have been wholly different. They may have 
been rhetorical (verbal). More likely, however, is something in the likeness of the diagram 
above, or a kind of number scheme-cf. the discussion of schematic and graphic representations 
of TMS X V I in Hoyrup, AoF 17, 305. 
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( 1 ) A B C D E F — G H 1 J K L 

( 2 ) I 1 1 l - H 1 1 1 
3 5 ' 

( 3 ) I 1 1 1 1 1 « 1 
3 0 ' 5 ' 

( 4 ) I 1 1 1 1 1 1 1 1 1 
5 5 ' 

3 0 ' ^ 2 0 ' 5 ' 

Lines 23 to 26, again, explain the multiplication of (x + XJAJ) by 4 and the ensuing 
transformation. The end of line 26 suggests that a further transformation 
corresponding to 

77[(4-l) x - 5 ' + ( x + j + 5 ' ) ] - l l = 4 - ( x + j + 5') 

is prepared, but a damage to the tablet prevents us from knowing precisely how. 
In line 27, the procedure starts for good. We may follow it in symbols, from 

7 T [ ( 4 - 1 ) X - 5 ' + ( X + J + 5 ' ) ] - 1 1 = 4 . ( X + J + 5') 

to 

H . [3(X _ l/3.5')] + + j + 5') . H = 28-(x + j + 5') 

and hence to 

11. (x - 1 '40") = 5°40' • (x + J + 5'). 

Already at this stage, 5°40' is ascribed to the length. The entity to which it 
corresponds is, however, not the original length x but x' = x— 1'40", where 
1'40" is explicitly introduced as the "appending of the length".11 

Concomitantly, 11 will have to correspond to x +j + 5'. Tearing out 5°40' for 
x' leaves 5°20' to correspond to a j ' , which in line 34 is found to be 
( X + J + 5 ) - ( X - 1 ' 4 0 " ) = J + (5' + 1'40")=J + 6'40", where 6'40" is called 
the "tearing-out of the width". The ease by which this computation is carried out 
corroborates the conjecture that a geometric or similar intuitively transparent 
representation is used (cf. Figure 2). In any case, the possible solutions 
1 1 The construct state wastb demonstrates that we really have to do with a noun, while its role in the 

calculation shows that it is of gerundive type. In German it would be called „das 
Hinzuzufügende". 
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x+y + 5' 

Jens Hoyrup 

4> x-7'<W 

y+6'40" 

Fig. 2 

x' = 5°40',j ' = 5°20' are multiplied by the step 5', giving the preferred Solutions 
x' = 28'20",y = 26'40". Appending and tearing out what according to their 
names should be appended and torn out finally gives x= 30', y — 20'. 

After its didactical introduction, problem A thus demonstrates how to solve 
a homogeneous indeterminate first-degree problem. Problem B, on its part, 
shows how to reduce an inhomogeneous to a homogeneous problem through 
a shift of variables made very explicit by the "appending" and "tearing-out". 

Obviously, an equation a-u = b-v + c can be brought much more easily on 
homogeneous form by means of the principles used in our text - vi% as 
a-u = b-(v + 'jb). The method which is actually followed, which reduces the 
problem into one in x and x + j (or x' and x' +j0> shows that the so-called 
"accumulation" (UL.GAR, x - f j -f- 5' = x' was regarded as an entity of its 
own; it even seems to betray that this entity was regarded as fundamental, not 
just introduced ad hoc for the construction or solution of certain problems. 

TMS VIII: Mixed second-degree problems 

The same entities us, sag, wasïbum and nasJhum are also made use of in Text VIII, 
which otherwise deals with a quite different problem type. The text looks as 
follows: 

Problem A 

1. [a-sà 10 4-at sag a-na sag dah] a-na 3 a-li-ik [ u g u ] 
[The surface 10'. The 4th of the width to the width I have appended,] until 
3 I have gone .. . over 

2. [us 5 dir]ig za.e [4 r\e-ba-ti ki-ma sag gar re-b[a-at 4 le-qe 1 ta-mar\ 

[the length 5' goes] beyond. You, [4, of the fjourth, as much as width pose. 
The four[th of 4 take, 1 you see.] 

3. [1 a-na] 3 a-li-ik 3 ta-mar 4 re-ba-at sag a-na 3 d[ah 7 ta-mar] 
[1 to] 3 go, 3 you see. 4 fourths of the width to 3 ap[pend, 7 you see.] 
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4. [7] ki-ma us gar 5 dirig a-na na-si-ih us gar 7 us a-na 4 [i-si\ 
[7] as much as length pose. 5' the going-beyond to the tearing-out of the 
length pose. 7, of the length, to 4 [raise,] 

5. 28 ta-mar 28 a-sà 28 a-na 10 a-sà /-// 4,40 ta-mar 
28 you see. 28, of the surfaces, to 10' the surface raise, 4°40' you see. 

6. [5] na-si-ih us a-na 4 sag /-// 20 ta-mar X\i he-pe 10 ta-mar NIGIN 
[5'], the tearing-out of the length to four, of the width, raise, 20' you see. xji 
break, 10' you see. Make surround, 

7. [1,40] ta-mar 1,40 a-na 4,40 dah 4,41,40 ta-mar mi-na ib-si 2,10 ta-ma[r] 
[1'40"] you see. 1'40" to 4°40' append, 4°41'40" you se[e.] How much the 
equilateral? 2° 10' you see. 

8. [10 iS]A\SA?a-na 2,10 dah 2,20 ta-mar mi-na a-na 28 a-sà gar sa 2,20 
i-na-[di-n]a 
[10 to the e]qual(?) to 2°10' append, 2°20' you see. How much to 28, of the 
surfaces, shall I pose which 2°20' gi[ve]s me? 

9. [5 gar] 5 a-na 7 i-si 35 ta-mar 5 na-si-ih us i-na 35 zi 
[5' pose.] 5' to 7 raise, 35' you see. 5', the tearing-out of the length from 35' 
tear out, 

10. [30 ta-\mar 30 us 5 us a-na 4 sag /-// 20 ta-mar 20 {us } < s a g ) 
[30' you ]see, 30' the length. 5' the length12 to 4 of the width raise, 20' you see, 
20 the length (mistake for width). 

Problem B 

11. [a-sà 10] 4-at sag a-na us dah a-na 1 a-li-ik a-na <iKI/DI [u]s ugu ? sag 
ii-si-md? 
[The surface 10'.] The 4th of the width to the length (probably erroneously 
for width13) append, to 1 go, (the outcome falls 5' short of the length14) 

1 2 This probably refers to the „length" of the square y/4 • 7 / 4 . Several other mathematical Susa texts 
(N o s V and VI), indeed, speak about the „length" of a square. 

1 3 Unless the meaning (or the reason for this slip of the stylus) is „append <to the equivalent of the 
width) along the {direction of the) length. 

1 4 As pointed out by W. von Soden (BiOr 21, 48 a), a better interpretation of this (so far 
nonsensical) passage can only be attained through collation. Since neither the gar nor the le-qe 
in the next line look as they should on the autography, the first lines of the reverse (line 
11-12) must presumably be quite damaged (TMS contains no photo of the tablet, and it has only 
reappeared quite recently afterhaving been mislaid in the Louvre collection for decades-Jim 
Ritter, personal communication). 
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12. [za.]e 4 re-ba-ti ki-ma sag gar re-ba-at 4 le-qé l ta-mar 1 a-na l a-l[i-ik] 

[Yo]u, 4, of the fourth, as much as width pose. The fourth of 4 take, 1 you 

see. To 1 g[o.] 

13. [iV] 4 gaba 4 gar 1 ta-lu-ka a-na 4 dah 5 ta-(mar^ ki-ma us gar 

[1(?)] 4 the counterpart, 4 pose. 1, the going, to 4 append, 5 you s(ee), as 
much as length pose. 

14. [5] wa-si-ib us gar 5 us a-na 4 sag /- / / 20 ta-mar 20 a-sà 

[5',] the appending of the length, pose. 5, of the length, to 4, of the width, 20 
surfaces. 

15. [20 a-na 10] [i-si] 3,20 ta-mar 5 wa-si-ib ( u s ) a-na 4 sag /- / / 20 ta-mar 

[20 to 10' r]a[ise], 3°20' you see. 5', the appending of (the length), to 4 raise, 

20' you see. 

16. [!/2 he-pe 10 ta-mar] NIGIN 1,40 ta-mar 1,40 a-na 3,20 dah 3,21,40 ta-mar 

[J2 break, 10' you see.] Make surround, 1'40" you see. 1'40" to 3°20' append, 

3°21'40" you see. 

17. [mi-na ib-si 1,50 ta-mar 10] <SÄ!SÄ !? ? 1 5 i-na 1,50 zi 1,40 ta-mar 

[How much the equilateral? 1°50' you see. 10'] the equal(?), from 1°50' tear 

out, 1°40' you see. 

18. [igi 20 a-sàpu-tü-ür 3 ta-mar 3] a-na 1,40 /- / / 5 a-na 5 us 

[The igi of 20, of the surfaces, detach, 3' you see. 3'] to 1°40' raise, 5' to 5, of 
the length. 

19. [/-// 25 ta-mar 5 us wa-si-ib a]-na 25 dah 30 ta-mar 30 us 

[raise, 25' you see. 5', the appending of the length, t]o 25' append, 30' you see, 
30' the length. 

20. . . . 20 sag 

20, the width 

Problem C 

21. [ kï]-ma UL.GAR 3 us u 4 sag 

[ as m]uch as the accumulation of 3 lengths and 4 widths 

1 5 Bruins and Rutten read the first signs in line 8 as a-di, and the analogous group here as le~qê, none 
of which make sense. The autography agrees acceptably well with the assumption that the same 
signs are used in both cases. The second sign appears te be a DI; the first is too close to the 
breaks to be read with certainty, but might be another DI. Though no mathematical standard 
expression, this makes sense if read SK.SK^säninum, "that which is equal", the current 
conceptualization of the side of a square. 

246 



Mathematical Susa Texts VII and VIII 257 

22. [ i\a-mar 

[ yo]u see 

Once again, a few terms have to be explained. 

1) hepumjgzz ("to break") is the procedure by which (among other things) the 

"coefficient of the first-degree term" of a second-degree problem is bisected (the 

real geometrical meaning will be clear below). 

2) NIGIN (an approximate ideographic but hardly a logographic equivalent 

of sutamhurum; here translated "to make surround") is the construction 

process by which a line and its "counterpart" are made the sides of a square, 

thus "surrounding" it SA. SA ("the equal") in lines 8 and 16 appears to 

designate this line. 

3) mehrumlg&bz is the "counterpart", i.e., in mathematical texts the "other side" 

of a square-mostly (but not here) it is used about the squares which result from 

quadratic completions. 

4) a-s à (never fully written in Akkadian but at times with the phonetic 

complements of eqlum; translated "surface") designates primarily the concrete 

extension of geometric figures; as always, however, these are presupposed to 

have a measuring number (an area). 

Like the previous problems, those of Text VIII deal with the length and width of 

a rectangle. This time, however, the rectangle is real, since it possesses a surface 

10' (in both problem A and B; problem C will presumably have dealt with the 

same rectangle, but too little of it is conserved to prove this). This may make us 

suspect that the sides, once again, are x = 30' andj = 20'. However, the present 

problems contain no introductory didactical explanation, so we may be supposed 

not to know. 

In problem A, apart from the surface, we are told that 3 4ths of the width 

appended to the width exceeds the length by 5'-in symbolical translation 

j - | - 3 - 1 / 4 j = x, + 5'. 

In line 2 we are told to pose 4 "as much as the width". The "4 fourths" (in 

absolute state) in line 3 shows that this means taking ^ = IA y as a new unit. 

Returning to line 2, we see that one 4th (of the width) is then l [^]. Repeating it 

3 times gives 3, for which reason the length including a tearing-out of 5' 

will be 7̂ ; (line 4). 

Lines 4-5 calculates the number of surfaces contained by 4̂ ; times 7% to be 

"28 surfaces". That this, and not "28 the surface", is how the expression is to be 

read, follows from the multiplication which is used. If "a surface 28" was found, 

the multiplication would have been a construction, presumably sutäkulumj 

i-kû-kû (but possibly NIGIN, UL.UL or UR.UR.). "Raising" presupposes that 

a geometrical configuration (vi^ ̂ .^) is already there — only the number of 

times it is present has to be calculated. 

What the text is aiming at is thus a problem of the type "square area minus 
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sides equals number" (minus, because the 28 surfaces correspond to a rectangle 
which is 5' longer than it should be). So far, we have obtained 

2 8 - ç 2 - » - ç = 1 0 ' . 

This will have to be brought to normal form, for which reason it is raised to 28, 
the "surfaces": 

(28^) 2 - n-(28$ = 28 -10' = 4°40', 

cf. Figure 3 A (S = 28%). The next step (Figure 3, B-C) consists in "breaking" 
(bisecting) the rectangular area representing the number of sides which is 
represented by a breaking of n} and in moving it around so as to transform the 
rectangle into a gnomon and thereby allow a quadratic completion. For this 
purpose, n has to be found. Since the excess of 28 ( ^ ) over the original rectangle 
has the sides 4^ and 5', its area is 4-5'-^ = 20'-^; i.e., // = 20' (line 6). 20' is 
therefore bisected, "made surround" so as to yield 72'72

 = (10') 2 = 1'40" (line 7). 
Appending this quadratic surface to the gnomon completes the square on S-J2 
as 4°41'40" = (2°10')2. Appending again 10' where it was broken off gives 
C = 2 ° 1 0 ' + 10'=2°20' (Figure 3D; line 8). 

— 

3 

Fig. 3 

This is in all respects the standard way to solve a normalized problem "square 
area minus sides". Next (lines 8-9), % is found as S/2S (a division which, again, is 
performed as all divisions by sexagesimally irregular numbers), x' is found as 7.%, 
and the original length x by tearing out the "tearing-out of the length". 

It may be of some interest to compare the path which is actually followed to an 
alternative which was within reach but not used. For brevity, I describe it in 
algebraic symbols. The original problem is 

j - ( 7 / 4 j - 5 ' ) = 10' 

or 

l o 4 5 ' . J 2 _ 5 ' . J = 1 0 ' < 
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This could be normalized through multiplication by 1°45 / into 

(1 °45' -j)2 - 5 • (1 °45' -j) = 1730" 

and then solved as above. In principle this is equivalent to the actual method, 
since 1°45' is just as good a number as 28. Furthermore, it bypasses the apparent 
detour over an intermediate variable ^ ("the fourth of the width"). That this 
structurally simpler method is none the less avoided demonstrates that the text, 
though not provided with a separate didactical explanation, is still meant to 
function at a level where insight in the meaning of what goes on is important (the 
alternative way might be followed at the level where training of methods 
beyond the intuitively meaningful was possible and aimed at-most of the 
mathematical "series texts" belong here). A rectangle containing 7 times 4 small 
squares is, after all, easier to grasp visually than one containing 1,45 times 
1 (whether this be understood in the proper order of magnitude, as 1 f* times 1, 
or as 105 times 60). 

This appeal to visual insight is made more explicit in problem B, which is 
otherwise a close parallel to problem A. This time, we only go once with the 4th 
of the width, which makes us fall short of the length by 5'. 1 6 The area is still 10'. 
In symbols thus 

j + 1 • x\*y — x — 5' x - j = 1 0 / . 

Once again, the fourth of the width (̂ ) is taken as the side of an auxiliary square. 
In spite of some missing signs in the beginning of line 13 the "counterpart 4" 
seems to tell us that a square of 4 (fourths of the width, as in line 3) times its 
counterpart 4 is drawn (see Figure 4) and "1 the going" then appended to the 
length, giving a rectangle of 5.4 small squares, which fills the original rectangle 
apart from a strip of 5' times 4%. 

This time, the problem in % is thus of the type "square areas plus sides equals 
number". Mutatis mutandis, everything runs as before from this point on
wards.17 

That this must be the meaning of the final part of line 11 is clear from the following. On the 
whole, the signs to be read on the autography make no obvious sense, even though it might be 
attractive to see some of them (sag i-si-ma) as indications that the text introduces a trivial 
complication, vi\ the width and and VA of the width, raised to the width, falls short of the surface 
10' by 5' widths. Still, a grammatical form /-//' seems quite out of place. 
Since the number of small squares is now regular (vi% 20), we must presume the division to be 
made through raising to the igi. This restitution will also fit into the broken part of line 18, and 
it is indeed suggested in the autography in TMS. None the less, E. M. Bruins claims in the 
commentary (p. 62) that „le scribe se demande de nouveau: par quoi faut-il multiplier 20° pour 
obtenir 1° 40' et il voit que c'est 5'". Dividing in this manner by a number belonging in the 
standard table of reciprocals would be totally unprecedented. Comparison with line 8, shows 
moreover, that the phrase in question could not be fitted into the lacuna. 
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1 

I 

Fig. 4 

Subdivision into smaller squares is appealed to in a number of other Old 

Babylonian mathematical texts: 

First of all in BM 8390 (MKT 1,335-337; cf. Hoyrup, AoF 17,281-285, which 

discusses its first problem in detail). There, the use of the "multiplication" esêpum 

makes it clear that an integer number of squares (a concretely repeated square) is 

thought of, and not a mere numerical multiple; this agrees with the interpreta

tion of the introduction of the auxiliary unit j*y in the present text as a means to 

obtain intuitive transparency. 

Next also BM 13901 N°* 10 and 11 (MKT III, 2 f.; cf. Hoyrup, AoF 17, 

278-280, where N° 10 is discussed). In those problems it is not possible to decide 

from the text alone whether a subdivision into smaller squares (x-x = 49^-^;) or 

the creation of a new reference square 7 • 7 is meant. Our Susa text supports the 

former interpretation, thus contributing hopefully the cover to the coffin of the 

myth (or, at best, the equivocal statement) that the Babylonians would use the 

number / in the function of an algebraic unknown (say, instead of a modern 

algebraic x). 

Reanalysis of these two Susa texts have thus confirmed the conclusion which 

was suggested by my earlier analysis of texts IX and X V I : That the mathematical 

Susa texts, because of their tendency to make things explicit which are tacitly 

presupposed in texts from the core area, contain important clues to the methods 

and conceptualizations of Old Babylonian mathematics in general. 
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M a t h e m a t i c s 

The uses of the terms and expressions îuisàhum, eli . . . watärum, fyaräsum, 
tabälurn, êutbûm and LÂ (LAL) in Old Babylonian mathematical texts are 
investigated. The two first operations turn out to be genuine mathematical terms, 
designating concrete removal and comparison, respectively; baräsum, tabälurn and 
ëutbûm are terms from everyday life used to formulate "dressed problems" and 
hence also occasionally more or less metaphorically for subtraction by removal 
within the description of procedures, LÂ (on one occasion maiûm) is used as a substi
tute for eli.. . watärum when stylistic or similar reasons require that the smaller of 
two magnitudes to be compared be mentioned first. 

The claim sometimes made (going back to misreadings of Neugebauer) that LÂ 
has to do with a Babylonian concept of negative numbers is thus unfounded. 

In a number of earlier studies, some of them as yet unpublished,1 

I have investigated the panoply of operations applied in Old Baby
lonian so-called "algebra". Among the results is a distinction 
between two main "additive operations", waçabum (with logogram 
D A Ç ) and kamärum (logograms G A R . G A R and U L . G A R ) , which have 
quite distinct roles within the texts, and a halfway corresponding 
distinction between two main "subtractions", nasafyum (zi) and eli 
. . . watärum ( U G U . . . D I R I G ) . Without pursuing the matter I have 
also taken note of the apparently distinct use of other subtractive 
operations (haràçum, mafûm) and of what looks as evidence for a 
category of "subtractive [role of a] number". 

The present paper represents an attempt to pursue these latter 
questions systematically, and to connect them with a claim which 
is occasionally made — viz that Old Babylonian calculators had a 
concept of negative number. 

1 Among the published items, I shall only refer to Hoyrup 1990, which contains the 
most thorough presentation and discussion of evidence and results. 
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As a mathematical term, waçabum designates a concrete process 
where an entity A is joined or "appended" to another entity C of 
the same kind — cf. the etymology of Latin ad-do. In the process, C 
conserves its identity, and A is absorbed. For this reason, the sum 
by this process possesses no particular name of its own. A con
venient model for this kind of additive thinking is suggested by the 
derivative §ibtum, "interest": If interest is added to my bank-
account the increased balance remains my account 

kamärum is the addition where the single contributions are 
brought together or "accumulated" into a common heap — cf. the 
etymology of Latin ac-cumulo. In this process, the single contribu
tions loose their identity, and the heap (i.e., the sum) therefore has 
a particular name, the kimirtum (the text AO 8862 employs the 
plural kimrdtum, referring to the composite nature of the heap). 

Those second- and third-degree problems which add entities of 
different dimension (be it length and area, as, e.g., in BM 13901, or 
volume and area, as in BM 85200 + VAT 6599) , normally do this 
by "accumulation" (I shall discuss one characteristic exception 
below). The implication appears to be that this is, or can at least 
be, a real (i.e., an arithmetical) addition of measuring numbers. 
"Appending", on the other hand, is additive but not arithmetical, 
putting together concrete entities; phrases like 

30 . . . a-na 29 ,30 tu-$a-ab-ma 30 mi-it-har-tum 
3 0 . . . to 29 ,30 you append: 30,0 the side of the square 

(BM 13901, obv. i 8) should be read as descriptions of a concrete 
procedure where the concomitant arithmetical operations are 
implied. 

nasäfium, "to tear out", is the reversal of appending. This is 
made evident, among other things, by numerous texts where they 
occur in parallel. As pointed out by Vajman (1961: 100), addition 
and subtraction (by these two operations) of the semi-difference 
d = a-V 2 between two magnitudes a and b to and from their semi-
sum r = a+b/2 are normally organized in such a way that d is first 
torn out from one copy of r and next appended to another copy, 
i.e., the same piece d is simply transferred from one to the other. 2 

2 The geometrical interpretation of the algebra texts makes this transfer even 
more meaningful than it was to Vajman — cf. Hoyrup 1990: 264. 
Vajman'8 rule is not without exceptions. See, e.g., BM 13901 Nos 8, 9 and 12. 
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All the more strange is the occurrence of nasätyum in the begin
ning of certain algebra problems as the counterpart of kamärum. In 
order to see what goes on we may look at the statements of the 
first problems of the mathematical procedure text BM 13901: 

No. 1 

1. A .SÀ'" ' 1 ù mi-it-har-ti ak-m[ur-m]a 45-E 1 wa-si-lam 

The surface and my confrontation I have accumulated: 45' is 
it. 1, the projection, 

2. ta-sa-ka-an . . . 

you pose. . . . 
4. . . . 30 mi-it-har-tum 

. . . 30' the confrontation. 

No. 2 

5. mi-it-har-ti lib-bi A .8À [a]s-su-uh-ma 14,30-E 1 wa-§i-tam 

My confrontation inside the surface I have torn out: 14, 30 is it. 
1, the projection, 

6. ta-sa-ka-an... 

you pose. . . . 
8. . . . 30 mi-it-har-tum 

. . . 30' the confrontation. 

No. 3 

9. sa-lu-us-ti A.SÀ as-su( -uh-ma) ëa-lu-us-ti mi-it-har-tim a-na 

lib-bi 

The third of the surface I have torn out. The third of the con
frontation to the inside 

10. A . § À W M u-§i-ib-ma 20-E . . . 

of the surface I have appended: 20' is it. . . . 
15. . . . [30] mi-it-har-tum 

. . . [30'], the confrontation. 

No. 4 

16. èa-lu-uS[-ti A.SÀ as-sû-uh-ma A.âÀ ù m]i-i[t-ha]r-ti 

The third of the surface I have torn out: The surface and my 
confrontation 

17. ak-mur-ma ^4,46,40-E . . . ] 
I have accumulated, 4'46°40' is it. . . . 
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23 . 2 0 [mi-i] t-har-tum 
20, the confrontation 

First a few words to the translation: 
Sexagesimal place value numbers are translated according to Thureau-Dangin's 

system, \ * etc. indicating increasing and ', * etc. decreasing orders of magnitude. 
"Confrontation'' stands for mitfyartum and is meant to render the connection 

between the latter word and mafyärum. What should be thought of is a quadratic 
configuration consisting of four equal lines confronting each other; numerically, the 
"confrontation" is determined by the length of one side (in other words, the "con-
frontauion"/mitfyartum can be imagined as the side of a square which presupposes 
and implies the presence of the square as inseparably as, to our thinking, a 
quadratic area presupposes and implies the presence of a quadratic perimeter). 
The "surface" (A.SÀ) is the area of the quadratic figure. (The word "surface" is used 
instead of "area" to translate A.SÀ in order to emphasize that the primary meaning 
of the term is the geometrical extension — "a field" — and that the number measuring 
the area of this extension is only a secondary meaning). 

The "projection" translates wasitum, and should be understood as a breadth 1 
which, when given to a line (in case a "confrontation") of length L transforms it into 
a rectangle of area 1 • L = L. 

"Inside" is meant to render the use of libbum in our text, where it seems to serve 
as nothing more than an indication that the entity to which something is appended 
or from which something is torn out possesses bulk or body. 

With this in mind we may start by looking at problem No 1. A t 
first we are told that the accumulation of [the measuring numbers 
of] area and side of a square configuration is 45'. In order to make 
geometrical sense of this, the "projection" 1 is "posed" as in 
Figure 1. It is not said explicitly, but in this way the rectangle 1 • C 
can be "appended" to the surface C • C. Cut-and-paste manipula
tion of the resulting figure (whose area is known to be 45') allows a 
final disentanglement of the confrontation. 

Problem No 2 is similar, but subtracts the side from the area by 
tearing out the confrontation from the surface. It is only as a first 
step in the procedure that the projection is posed explicitly, but 
already in the statement is it implicitly presupposed by the use of 
the verb nasahum — cf. Figure 2, where the shaded area shows what 
remains when the confrontation has been torn out. 

From No 2 alone, it is true, we cannot be sure that a "projection" 
is implicitly presupposed. After all, like kamärum, nasahum might 
operate on the measuring numbers. Nos 3—4, however, shows us 
that this is not the case. The statement of No 3 starts by tearing 
out a third of the area, before it adds a third of the confrontation. 
This time, however, the confrontation (actually its third) is ap
pended, see Figure 3. 
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In No 4, on the other hand, where a third of the surface is again 
torn out, the addition of a confrontation is another accumulation. 
In between, however, an intermediate step has been inserted, viz a 
reference to the reduced surface as a surface of its own. (Figure 4). 

-* c « — projection 1 — > < • C > 

(Fig. 3) 

< C M 1 > 

M V \ \ 1 C \ \ N 

Together, the two formulations suggest the following interpre
tation: Tearing-out a part of the surface transfers the process to the 
level of concrete geometric manipulations; once we are there, the 
only additive operation at our disposal is appending, which presup-
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poses that the confrontation to be added is implicitly provided with 
a "projection". This is what happens in No 3. No 4, on its part, by 
speaking of the result of the tearing as a "surface", takes note of it 
as an entity of its own, possessing its own measuring number. This 
number, and not the palpable surface resulting from the tearing, 
can be accumulated with the [measure of the] confrontation, as it 
happens in No 4. 

The present interpretation of No 3 presupposes that the Baby
lonian calculators were predisposed to think of a line segment as 
provided automatically with a standard width (a "projection") 1 — 
an idea which is rather unfamiliar to our post-Euclidean mode of 
geometrical thought. We are equally unprepared, however, to 
think of a surface as provided with a standard height. The latter 
idea, as it is well known, was the very foundation of Babylonian 
volume metrology, which did not distinguish the area measure sar 
( N I N D A N 2 ) from the volume measure sar ( N I N D A N 2 • K Ù § ) — 

meaning that a volume was measured by the area it would cover if 
distributed with the standard height 1 cubit 3. 

Mathematical texts also tell us that lines were understood as 
representing the rectangles of which they were the sides — thus, 
e.g., the confrontation represented the whole quadratic configura
tion. There is thus nothing strange in the shift from metro-numer
ical to concrete representation in No 3. 

This brings us back to No 2: if tearing-out in No 3 enforces a shift 
to concrete representation in No 3, it cannot be the reverse of an 
accumulation; even when the confrontation is torn out in No 2 it 
must thus be provided with a tacit "projection 1". 

The expression eli . . . watärum/vov . . . D I R I G was introduced 
above as the other main subtractive operation. " P U G U QR D I R I G " 

can be translated de verbo ad verbum as "P over Q R goes beyond" 
or, if this principle is abandoned, "P exceeds Q by R". Arithmeti
cally, this means that P—Q = R. This "subtraction by comparison" 

A less well-known but even more pertinent parallel is provided by the names of 
the area units NINDAN and ESE. AS pointed out by Powell (1972: 185), "for the 
definition of both the NIG and the eSe, a rectangle with a fixed side of 1,0 NIG is 
assumed as constant. If the base of the rectangle is one NIG in length, the plot is 
termed a NIG; if the base is one eSe in length, it is termed an eâe". 

It may be of interest that Egyptian area metrology refers to similar concep
tions: a "cubit of land" is a strip of standard length 100 cubit and one cubit wide; 
a "thousand of land" equals one thousand such strips. See Peet 1923: 25. 
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is used in BM 13901 in cases where one confrontation is told to 
exceed another by a certain amount or fraction: mithartum uou 
mifyartim 10 itter (obv. ii 4, rev. i 40) or mithartum uou mithartim 
sebiätim itter (obv. ii 20). The outcome of the operation can also be 
used for further operations even if unknown, in which case it is 
spoken of as mala mithartum U G U mitfyartim itteru, "so much as the 
confrontation over the confrontation goes beyond", or simply, if 
the identity of P and Q goes by itself, as D I R I G , "the excess". In all 
cases, as we see, entities of the same kind are compared. In 
contrast to the remainder after a tearing-out, the excess does not 
take over the identity of P. 

The relation between accumulating, appending, tearing-out, 
exceeding and "reclaiming" (another quasi-subtractive operation 
or term) is highlighted by a problem collection from Susa.4 The first 
sequence of problems tells the side of a square — the confrontation 
— and asks for a varying multiple of the length (u§ — numerically 
the same as the confrontation).5 The next sequence (section 3, an 
intermediate sequence being broken ofl) accumulates the confron
tation and a multiple of the length, while section 4 tells how much 
the confrontation exceeds a multiple of the length. Section 5 gives 
the confrontation and asks for a multiple of the surface, while 
section 6 gives a multiple of the surface and asks for the confronta
tion. Section 7 tells the confrontation and asks for the area of [the 
square built on] a multiple of the length, while section 8 accumu
lates the area and the area of a multiple of the length, and section 9 
tells the excess of the area over the area of a (sub)multiple of the 
length. 

Section 10 introduces mixed second-degree problems, appending 
a multiple of one length to the "surface of the confrontation". 
Section 11, the subtractive counterpart, falls into two subsections. 
In the first, a multiple of the length is torn out from the surface, 
leaving a known remainder; in the second, where the multiple of 
the length is larger than or equal to the area, the multiple of the 

4 TMS V. Bruins' transcriptions, translations and commentaries in the edition of 
the mathematical Susa texts abound in mistakes, and even if text V has been 
treated with more attention than most one should still base the discussion upon 
the transliteration and the autography. 

5 I disregard this other aspect of the text — the principles according to which the 
multiples are systematically varied and designated — having dealt with the ques
tion elsewhere (Hoyrup 1990a: 303-305). 
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length is told to exceed the surface by so and so much, or to be "as 
much as the surface" (kima A . â À ) . Section 12, finally, states that a 
certain part of the surface has been "withdrawn" (tabälum) and 
tells the remainder, asking for the confrontation,6 after which 
follow problems of a different type, to which we shall return. 

The text tells neither procedures nor solutions, but these can be 
easily reconstructed from other mathematical texts. It turns out 
that "accumulation" is used where further operations will take 
place on the arithmetical level, e.g., by an argument of the type 
"single false position" (sections 3 and 8); in both cases, the entities 
to be added are of the same kind (a precondition, indeed, for the 
application of purely arithmetical techniques). The corresponding 
subtractive sequences (sections 4 and 9) go by comparison, corro
borating the observation made on BM 13901 that only entities of 
the same kind can be compared. 

Cases where the physical outcome of an additive procedure and 
not its arithmetical expression will be the basis for further opera
tions (i.e., the additions of area and sides in section 10) are made by 
appending. Our present text thus presupposes that sides are 
already provided with an implicit "projection", carrying hence a 
surface with them. The corresponding subtractions of section 11a 
are made by tearing-out.1 

This way to subtract sides from the area corresponds to what 
happens in BM 13901. Section lib, on the other hand, is unusual. 

It is unusual already for its mathematical content. No other 
mixed second-degree problems with a single unknown of this struc
ture are known (the type in question, ax-a? = 6, is the one which 
possesses two positive roots), even though several complex 

6 The phrase is, in the first example of this section, a l / 3 A.SÀ it-ba-al f B.SI A.SÀ 10 
LAG AB mi-nu". LAGAB is the standard logogram used in the text for mithartum, for 
which IB.SI8 (regularly written ÎB.SI in the Susa tablets) is used in a number of 
other texts, and which in any case has a normal use quite close to that of 
mithartum: The standard phrase "A-E r FB.sig", often translated "r is the square-
root of A", should rather be "A makes r equilateral", i.e., when formed as a 
square, the area A will produce the side r. 

The side of the square is 30 and the corresponding area hence 15'; the most 
plausible reading of the phrase therefore appears to be " l/ 3 of the surface (some
body) has withdrawn (regarding) the surface of the equilateral, 10'. What (is) the 
confrontation?". 

7 TMS VI contains parallels to sections 10 and 11a from TMS V. Here, similarly, 
sides are appended to and torn out from the area. 
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problems are solved in a way which suggests that they were 
reduced to this type.8 

But even the formulation is unexpected. What is the reason that 
sides (provided tacitly with a "projection") can be torn out from an 
area, but an area apparently not from a multiple of sides? In the 
absence of parallel texts only a tentative explanation can be given. 

We may start from the general semantic of the term nasafyum. In 
agreement with the translation, one can only "tear out" what is 
already part of the total: if B is not a part of A one can at best tear 
out "so much as B" (mala B) from A. That n sides of the square on C 
can be torn out thus appears to imply that the square really 
consists of C strips each C long and 1 wide — evidently an idea 
which is close at hand once the side is thought of as a similar strip, 
cf. Figure 5. Since the area cannot be torn out from a multiple n • C 
of the side (n > C), however, it seems that the reverse process 
(converting an adequate number of strips into a quadratic figure) 
does not take place automatically. Instead, it is told by how much it 
is impossible to tear out the n sides from the surface, and in one 
case that tearing-out in the proper sense cannot be performed 
because everything will be removed. 

(Fig. 5) 

8 Thus IM 52301 No 2 (see Hoyrup 1990: 341) and BM 85196, rev. ii 7-21 (see 
Hoyrup 1985: 58). 

The corresponding problem with two unknowns, xy = 6, x + y = a, is of course 
well-known. There is thus no doubt that the problem would have to be solved by 
means of the same geometric cut-and-paste technique as the other mixed second-
degree problems of the tablet. 
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Section 12 confronts us with another puzzle: W h y doesn't it 
make use of the same operation as section 9, since the method by 
which its problems are solved will have been more or less the 
same? Once again, the absence of parallels in other mathematical 
texts prevents us from knowing with certainty. However, this 
absence also suggests the beginning of an answer. A term which is 
so rare but which is none the less used in a mathematically quite 
trivial context can hardly represent a genuine mathematical opera
tion. It will rather be an "everyday" term, i.e., a term taken from 
the extra-mathematical facets of scribal life. 

Now, tabälurn, "to withdraw", is indeed used routinely in connec
tion with fields (the extra-mathematical meaning of A .SÀ), in parti
cular when a whole field or a specified part of it is reclaimed from 
the owner by legal action. 9 Since the term turns up in section 12, 
after the apex of mathematical sophistication represented by 
second-degree algebra, and since the following part of the tablet 
deals with squares inscribed concentrically into squares, a subject 
derived somehow from geometrical practice, the problems about 
areas with withdrawn parts may plausibly constitute a first section 
of "dressed problems". The authentic meaning of its first problem 
(cf. note 6) will then be something like this: "from a quadratic field, 
somebody has reclaimed V3 of the area, and what is left amounts to 
10' sar. W h a t is the side of the square?". 1 0 

This interpretation explains another enigmatic feature of the 
text. In ordinary mathematical texts, the statement is made by the 
teacher in the first person singular preterit, "I have done so and 
so". This is so much a routine that Bruins overlooked the third 
person used in the text, translating it-ba-al as "j'ai ôté . . .". Only if 
the problems do not deal with a configuration constructed or 

9 An Old Babylonian example is found in Walters 1970: 64 (text 45 lines 15 and 18, 
cf. the note to line 15) ; a Kassite example specifying that "reduction" (niSirtum) of 
the field is involved is in Scheil 1905: 36 (iv 15f.). 

1 0 The problems of section 12 will thus provide nice examples of what Karen Nemet-
Nejat (1993) has spoken of as "mathematical texts as a reflection of everyday 
life in Mesopotamia". 

My choice of order of magnitude has been made so as to fit real-life fields as 
closely as possible — from the text alone, the area left over might as well be 10' 
sar, in which case the square field would be approcimately 3 m by 3 m. 
Evidently, this choice is arbitrary — neither Babylonian nor modern mathematics 
teachers care much whether their numerical data are plausible. 
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prepared by the teacher but with a fictional juridical case, the 
subject of the action should really be a somebody, a third person. 

A shift like this within the same tablet, from "pure" calculation 
to practical computation (real or fictional) is not unprecedented in 
the Old Babylonian mathematical corpus. One example can be 
found in BM 13901, where the penultimate problem (No 23) is 
probably a surveyors' "recreational" puzzle (cf. Hoyrup 1990: 275 , 
352). Other instances are IM 52301, where an excerpt from an 
IGI .GUB table follows upon two second-degree "algebra" problems, 
and AO 8862, where second-degree algebra problems are followed 
by (still artificial) problems on brick-carrying, involving both prac
tical metrology and a "house builder" (itinnum). Most relevant of 
all texts is perhaps IM 52916 (tablet "1" of the "Tell t larmal com
pendium"), like TMS V a list of problems without solution (actually 
only problem types, since even the given numbers are not stated), 
which starts out with long sequences of second-degree problems, 
appending sides to or tearing them out from the area, continues 
with iG i . G U B - f a c t o r s for geometric figures and with inscription of 
geometric figures into other figures, and closes with work norms 
and other practical computational topics. 

In the present text, tabâlum is thus after all probably not to be 
read as a mathematical technical term, and still less as the name 
for a distinct mathematical operation, nasakum and eli . . . 
watärum, on the other hand, which are used not only in statements 
but also in the description of mathematical procedures, are 
technical terms for genuine mathematical operations, or at least as 
technical as any term in Babylonian mathematics. In two other 
texts, tabâlum seems to get closer this role. In YBC 4608 , obv. 24 
and 27 , a line d is "withdrawn" from an entity which is known 
already to represent the sum d+6 of two opposing sides of a 
quadrangle; the reason for the choice of this specific term may thus 
be the no less specific situation that d is precisely what can "justly" 
be withdrawn. In YBC 4662, obv. 9, however, the term is used 
during the solution of an ordinary second-degree problem in a 
place where nasàhum would be the standard choice, — and is 
indeed the actual choice of the parallel passages rev. 9 of the 
companion text YBC 4663. 

tabâlum is not the only term which moves imperceptibly between 
extra-mathematical and mathematical discourse without ever 
achieving the status of a genuine mathematical term. Similar cases 
are offered by the verbs fyaraçum, "to cut off", and sutbum (tebum 

2ß2 III)» "to make leave", "to remove". 
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The occurrences of the former in BM 85196 No 18, rev. ii 19,23 f. 
are obvious references to non-mathematical parlance. They simply 
refer to the cutting-off of parts of silver coils (CAR) used for 
payment. The way the term appears in the fragment VAT 6546 
may be inspired from this meaning, since something is cut off from 
a profit (némelum)] so much is clear, on the other hand, that the 
term occurs (twice) inside the description of the procedure, i.e., 
that it describes computational steps. This is also the case in 
AO 6770, No 3. This problem deals with a stone, from which some
thing has been removed and to which something has been added; 
but harâçum turns up inside the procedure, while the verb of the 
statement is zi, "to tear out". 

AO 8862, on the other hand, employs the term to describe an 
indubitable mathematical operation along with nasähum; so do the 
twin texts YBC 4663 and 4662. As a general rule, fyaräcum is used 
in these three tablets when something is removed from a linear 
entity; alternatively, nasäfpim without libbi may be used. In cases 
where a piece of surface is removed from another surface, the 
expression used is ina libbi nasäfyum (or, as mentioned above, ina 
libbi tabâlum).11 

Only two passages of AO 8862 do not agree with these rules. In 
iii 11—12, nasafium without libbi is used when a piece of surface is 
torn out from another. Instead, however, the subtrahend is expli
citly told to be a surface (A.SÀ). In ii 10—11, finally, haräcum is used 
even though surfaces (length and width provided with a projection) 
seem to be involved (see Hoyrup 1990: 317). 

There is thus no absolute distinction between the two opera
tions. There is, however, an outspoken tendency to keep in mind 
the concrete character of the process which goes on and to make 
this visible through the imagery which is inherent in the descrip
tion — through a distinction between "cutting" and "tearing", 
between use and non-use of libbi, or by an explicit epithet A.8À. 

The merely relative character of the distinction between 
nasähum and fyaräcum in confirmed by a final text where fyaräcum 
occurs: in YBC 4675 (and its partial doublet YBC 9852), this term 
is used for both surfaces and lines; nasätyum, on the other hand, is 
totally absent. 

It should be observed that this use of libbi to distinguish between removal from 
surfaces and from linear entities does not hold outside the small text group in 
question. BM 13901, e.g., uses libbi (and libba) indiscriminately in both cases. 
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The case of sutbûm is somewhat simpler. In extra-mathematical 
contexts, it is often used when you remove something or make 
somebody leave that should in fact be removed or go away: making 
workers go out for work; removing guilt, demons, garbage; taking 
a statue from its pedestal for use in a procession; etc. (see 
AHw. 1343). Its use as a quasi-mathematical term may derive from 
the same idea. In one case, the original magnitude A of a measur
ing reed is to be found when its length after loss of one 5th is 20' 
N I N D A N : 5 is inscribed (lapätum), so to speak as a model of the 
original reed; 1 (i.e., one fifth) is removed, leaving 4 in the model to 
correspond to the 20' of the shortened reed; the IGI of 4 is found to 
be 15'; "raising" (multiplying) 15' to 20' yields 5' (represented by 1 
in the model), which added to 20' gives the original length 25' 
N I N D A N (VAT 7535, obv. 25f.; similarly rev., 22—24 and, apart 
from what looks like a copyists omission of a line, VAT 7532, 
rev. 7f.). 

I have observed no uses of the term in mathematical texts 
outside of this specific kind of argument by single false position. 

The conclusion to draw concerning the relation between 
nasähum, tabälum, haräcum and ëutbûm is thus that nasähum is the 
fundamental term for identity-conserving subtraction. Other terms 
employed in daily life for processes where something is removed 
from a concrete totality may be used, firstly, in the formulation of 
"dressed problems" dealing with precisely such processes; but 
from there they might also creep into the description of mathema
tical procedures, in particular into places where the calculation 
evokes associations related to the everyday connotations of the 
term — either because of the real-world counterpart of the calcula
tion or because of the structure of the model on which the calcula
tion is based. This observation might hold for other parts of the 
mathematical vocabulary, too. We might say that the process by 
which a technical terminology is created was never brought to an 
end in Old (or, indeed, any) Babylonian mathematics. 

The mathematical texts which come closest to revealing a tech
nical vocabulary (for mathematical operations as well as for the 
real-world problems providing the dress) are the mathematical 
series texts. 

In many respects the terminology used in these texts coincides 
with what we know from procedure texts, nasähum is used, while 
tabälum, harä§um and sutbum are absent, L A (lal in MKT etc.), 
however, rises to unexpected prominence. 
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The term (in one case, its Akkadian equivalent mafûm, 
"be(come) smaller)") only appears in two procedure texts. One of 
these is BM 13901. Here, No 10 tells that 

mi-it-har-tum a-na mi-it-har-tim si-bi-a-tim im-fi 
confrontation to confrontation, one seventh is smaller 

while No 11 states that 
mi-it-fyar-tum u .GÙ mi-it-fyar-tim si-bi-a-tim i-te-er 
confrontation over confrontation, the seventh goes beyond. 

The mathematical structure of the two problems is the same, apart 
from the fact that No 10 takes the fraction by which the two con
frontations differ of the larger and No 11 of the smaller confronta
tion (in both cases, the larger confrontation is counted as the 
"first"). 

The reason for the different constructions is that Babylonian 
mathematics teachers had their favourite ways when formulating 
problems. One seventh is taken quite often (as are V u , V1 3, V 1 7 , V 1 9, 
and V4). One sixth and one eighth, on the other hand, are avoided 
as uninteresting. By comparing first the smaller to the larger, next 
the larger to the smaller, the author of the text has managed to use 
the favourite fraction V7 both when the ratio is 7:6 and when it is 
8:7. 

matûm, precisely like eli . . . watärum, is thus a "subtraction by 
comparison", the only difference being the order of the operants. 
The same holds for the Sumerographic equivalents U G U . . . D I R I G 

and L Â in the series texts. In YBC 4714 the reason for the change is 
precisely as in BM 13901: L Â (or T U R , which is used synonymously 
in this tablet and nowhere else) is chosen when this choice makes 
it possible to refer to one of the favourite fractions while the use of 
U G U . . . DIRIG would preclude it; in neutral cases (e.g., when the 
difference is given in absolute value and not in relative terms), U G U 
. . . D I R I G is preferred (this is also the case in BM 13901). 

The other occurrences of L A in the series texts have a slightly 
different explanation. They arise when, for some reason or other, 
the former of two magnitudes A and B which are compared comes 
out as the smaller. This can happen for a variety of reasons: A may 
be complex and B simple, as in YBC 4710, rev. ii 5—15 ; 1 2 one or 
both expressions may be submitted to systematic variation, and A 

1 2 Similarly also YBC 4673, rev. ii 16. 
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come out at times smaller, at times larger than B (as in YBC 4668, 
obv. iii 20—33, where A > B in four cases and A < B in two) ; 1 3 or a 
third entity C may be involved and consecutive lines deal with the 
amount by which C exceeds B and that by which A falls short of B 
(YBC 4708, rev. i 16, as corrected in MKT III 61). Since normal 
mathematical style would require the complex entity to be 
described first, and the spirit of systematization (as also the 
compact style of the series texts) would require that the order of 
entities be conserved in spite of variation of coefficients, all these 
cases can ultimately be traced back to considerations of style. 

If the comparison between two systematically varied expres
sions A and B is translated into mathematical symbols and the 
order is made so as to reflect the text precisely, consecutive prob
lems will be represented as in this example (MKT I 455, transla
ting YBC 4668, obv. iii 20-24): 

<$fi(x-y)-{x+yf = 18,20 
2,30(x-y)-(x+y)2 = - 1 6 , 4 0 

In Neugebauer's corresponding verbal translations (p. 440), the 
right-hand side of these equations become "J8,20 geht es hinaus" 
and "16,40 ist es abgezogen". 

When discussing expressions of this kind, Neugebauer would 
speak of "positivem Überschuß" and "negativem 'Abgezogenen'"; 
in the subject index he would refer to "Negative Größen" (MKT 
III 13, 83). What he meant by "negativity" was never more than 
this. It is thus with good reason that Neugebauer's Exact Sciences 
in Antiquity does not speak of "negative" but only of "subtractive 
numbers" or "subtractive writing of numbers" (1957: 236, 239). 

Speaking of "negative numbers" in Babylonian mathematics is 
thus, firstly, a misreading of Neugebauer's much more restricted 
claim; secondly, it is unwarranted, unless one will proceed to 
claim that terms like "smaller", "below", and "before" also demon
strate knowledge of negative numbers, the "real" dimension to be 
measured being "larger", "above", and "after". All the more unwar
ranted, indeed, since the reasons to give the deficiency of A with 
regard to B instead of the excess the other way round turns out to 
depend on stylistic considerations or on the aspiration to make use 
of favourite fractions, and not on any attempt to investigate a 
particular mathematical conceptual structure or operation. 

1 3 So also YBC 4695, rev. i 11; YBC 4711, obv. i 13, 20, rev ii 36. 
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What we do have in a few texts are traces of an explicitly stated 
idea of "subtractive number * or "subtractive role of a number'*, in 
a wider sense than suggested by Neugebauer when he used the 
former expression. 

One of these texts is BM 85200+VAT 6599 (the other procedure 
text in which L Â occurs, viz in the passage to be quoted here). The 
statements of problems No 29 and 30 run, respectively, 

T Ü L . S A G 1,40 U § IGI 7 Sa U § U . G Ù SAG DIRIG Ù2 K Ù § GAM-ma 

3,20 [ S A H ] A R . Ç I ( . A B A . Z I ) 

A cellar. 1°40' the length. The 7th part ofthat which the length 
over the width goes beyond, and 2 K Ù § : the depth. 3°20' of 
earth I have torn out 

and 

T Ü L . S A G 1,40 U § IGI 7 GÂL Sa U § U . G Ù SAG DIRIG U 

1 K Ù § B A . L [ Â ] 1 4 GAM-ma 

A cellar. 1°40' the length. The 7th part ofthat which the length 
over the width goes beyond, and 1 K Ù § diminishing: the 
depth. 

In No 29, the words û 2 K Ù S , "and 2 K ù â " , and thus the word ü, are 
clearly additive/aggregative. If this understanding is transferred 
to the parallel formulation in No 30, the aggregation brings into 
play a quantity to be subtracted. Since the expression ana G A M 1 KTJ§ 

B A . L Â (or 1 K Ù § imti, according to BM 13901 No 10) was avail
able, no apparent stylistic reasons enforce the particular construc
tion used, and we may thus think of the two expressions as really 
reflecting the idea that the "normal role" of a number if aggregated 
is additive, but that the number may be marked (conceptually or 
materially) as possessing a subtractive role. 

That the marking may indeed have been material is suggested 
by several passages in the text TMS X V I . 1 5 Line 8 quotes the 
statement in the phrase aS-sum 4-at SAG na-sà-hu qa-bu-ku, "since 
'the fourth, to tear out', he has said to you". This unusual syllabic 
quotation of a logographically written statement makes it clear 
that the statement (line 1) [4-a£ SAG i-na] u§ ù SAG Z I 45 should be 
read "the fourth of the width, from length and width to tear out" — 

1 4 For this crucial correction, see TMB 14. 
1 5 Cf. discussion of revised readings and of the mathematical structure of the text in 

Hoyrup 1990: 299-306. 

267 



58 Jens Hoyrup 

which again supports the reading of the damaged line 3 [50] ù 5 zi 
^GAR 1 . . . as "50 and 5 to tear out pose". 

"Posing" (ëakànum/GAR) is a term which appears to possess 
several uses in the mathematical texts (cf. Hoyrup 1990: 57f.). 
Common to these seems to be that a numerical value or other enti
ty is taken note of in a calculational scheme or device or written/ 
drawn materially. So, we must presume that the step to "pose" 50 
(length+width) and 5 (V4 of the width) implies that not only the 
number 5 but also its subtractive role is recorded. 

A similar expression is encountered in line 23, . . . 45 ta-(mar) 
ki-ma SAG GAR GAR zi-ma, " . . . 45' you see, as much as widths 
pose, pose to tear out" — i.e., the 45' which result from the 
preceding calculation is to be recorded as the coefficient of the 
width together with the subtractive role of the resulting 45'-width. 

Considered in isolation, each of these phrases from TMS XVI 
might be explained away as a stylistic slip or a dittography. Taken 
together, however, they appear to form a pattern, corroborating 
the assumption that Babylonian calculators would possess a notion 
of "numbers with a subtractive role". At the same time, however, 
they suggest that this role was bound up with material notations, 
perhaps through the way numbers were inserted into a calculati
onal scheme or represented in a calculational device or similar 
representation. Nothing suggests that we are confronted with a 
specific category of numbers, say, with an incipient concept of nega
tive numbers. 

Instead we are led to the general conclusion that the Babylonian 
vocabulary for subtraction was somewhat fuzzy, employing a fairly 
large number of terms to describe only two different operations: 
Identity-conserving subtraction (nasdiyum etc.) and comparison (eli 
. . . watärum, L Â ) ; but that fixed techniques or calculational 
schemes were at hand which fully compensated for whatever lack 
of conceptual precision might follow from the blurred terminology. 

Note added in proof: In a recent paper ("The Expressions of 
Zero and of Squaring in the Babylonian Mathematical Text VAT 
7537", Historia Scientarum, 2nd series 1 (1991) 59-62), K. Muroi 
points to a case of subtraction by tearing-out where diminuend and 
subtrahend are equal. The result is stated as ma-ti, stative of 
matûm, to be interpreted as "it is missing". If we compare with the 
expression used in TMS V, section 11 (cf. above), where the subtra
hend is told to be "as much as" (kima) the diminuend in a subtrac-
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tion by comparison, we notice that the ways to indicate a "zero 
outcome" (certainly not a resulting number zero) agree in seman
tics with the metaphorical origin of the respective subtractive 
operations. 

Tablets Referred to 

AO (»770: MKT 11 37IT.; improved VAT 7535: MKT I 303(1". 
leadings MKT 111 62 ff. p. 55. 
p. 54. YBC 4008: MCT 49ff. 

AO 8802: MKT 1 108(T. p. 53. 
p. 44, 53 f. YBC 4002: MCT 7Iff. 

HM 13901: MKT III Iff. p. 53 f. 
p. 44; 44, fn. 2, 45ff., 49f., 53, 50, 58. YBC 4003: MCT 69ff. 

BM 8519: MKT I 142IT. p. 57. 
p. 51, fn. 8. YBC 4008: MKT I 420ff.; III 20. 

BM 85190: MKT II 43 ff. p. 56. 
p. 54. YBC 4073: MKT III 29ff. 

BM 85200+VAT 6599: MKT I 193 ff. p. 56, fn. 12. 
p. 44, 58. YBC 4075: MCT 44 ff. 

IM 52301: Baqir 1950. p. 54. 
p. 51, fn. 8; 53. YBC 4095: MKT III 34. 

IM 52910: Goetze 1951. p. 57, fn. 13. 
p. 53. YBC 4708: MKT I 389ff. 

TMS V: TMS 35ff. p. 57. 
p. 50, fn. 4, 7; 53, 59. YBC 4710: MKT 1402 ff. 

TMS VI: TMS 49ff. p. 56. 
p. 50, fn. 7. YBC 4711: MKT III 45ff. 

TMS XVI: TMS 91f. p. 57, fn. 13. 
p. 58 f. YBC 4714: MKT I 487. 

VAT 0540: MKT I 208 f. p. 56. 
p. 54. YBC 9852: MCT 45. 

VAT 7532: MKT 1 294 ff. p. 54. 
p. 55. 
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"REMARKABLE NUMBERS" IN OLD BABYLONIAN MATHEMATICAL 
TEXTS: A NOTE ON THE PSYCHOLOGY OF NUMBERS 

JENS H0YRUP, University of Roskilde, Roskilde, Denmark 
Dedicated to Dirk J. Struik, 

On the Occasion of His 
Hundredth Birthday Anniversary 

IN two publications written in the last ten years, the authors have investigated 
Babylonian texts containing pseudo-empirical, yet conspicuously concocted, numerical 
information: in one, Francesca Rochberg interpreted the "stellar distances" of the Middle 
Babylonian Hilprecht text HS 229 (copied from an older original) as resulting from a 
play with the largest entry in the standard table of reciprocals (1,21) and with irregular 
numbers.1 In the other, Dwight W. Young investigated regnal and dynastic spans of the 
Sumerian King List and pointed to the apparent importance of square numbers, sums of 
square numbers, and products involving 7, 11, and 13 (viz., 70, 77, and 91).2 In both 
cases, the authors referred to the corpus of standard tables and selected mathematical 
problem texts as evidence for an actual interest in the particular numbers involved. 

As a basis for similar investigations, it may be useful to look more systematically at 
the category of "remarkable numbers" which can be derived from mathematical texts.3 

(The standard table of reciprocals is well known and already organized, so I shall not 
discuss that.) 

Upon closer investigation, the category seems to be made up of several separate 
divisions. 

A Key: BM 13901 

Mathematical texts contain many numbers. Most of these are evidently the accidental 
outcome of calculations or result from systematic variation of the data. For our purpose, 
these numbers tell us nothing. Only numbers which have come about by deliberate, direct 
choice do so. 

Such numbers are of two types: firstly, those numbers which stand as solutions of math
ematical problems. Problems were indeed constructed backwards from known solutions, 
and these were thus subject to no constraints. Secondly, there are numbers which are used 

1 "Stellar Distances in Early Babylonian Astron
omy: A New Perspective on the Hilprecht Text (HS 
229)," JNES 42 (1983): 209-17. 

[JNES 52 no. 4 (1993)] 
© 1993 by The University of Chicago. 
All rights reserved. 
0022-2968/93/5204-0004$ 1.00 

2 "A Mathematical Approach to Certain Dynastic 
Spans in the Sumerian King List," JNES 47 (1988): 
123-29. 

3 That such an investigation should be undertaken 
was proposed long ago by Wolfram von Soden in 
his review of E. M. Bruins and M. Rutten, Textes 
mathématiques de Suse, Mémoires de la Mission 
Archéologique en Iran, vol. 34 (Paris, 1961), in BiOr 
21 (1964): 44-50, here p. 47b. 
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(XVI A): (U+S)-VAS = 45 

(XVI B): (U-S)+VAS = 15 

(VII A): lA(u + Ï4s)-lO = u+s 
(VII B): '/? (u + ' /uHl = (U+J)+5 

(M stands for us, 5 for sag, i.e., for the length and width of a rectangle; invariably, u is 
30 and s is 20). In all cases, we see, the 4th part plays a role; in text VII, addition of 
either VAS (= 5) or 5 serves to produce numbers of which Vi or Vii can be taken. 

Susa text V 6 presents us with a sequence of composite expressions, either multipliers 
or parts. With slight variations which demonstrate that repetition is not a mere routine 
and at the same time with so much uniformity that the numbers involved are seen not to 
be accidental, the text lists the following factors repeatedly: 

2, 3, 4 , 2 / 3 , Vi, lAy VA, lA of VA, Vi, 2 times Vi, Vi of Vi, 2 times Vi of Vi, Vit, 2 times Vii, Vu 

of Vii, 2 times Vu of Vii, Vu of Vi, 2 times Vii of Vi. 

A few times, even 2A of Vi of lA of Vii of and 2 times % of Vi of !/3 of Vii of Vi turn 
up. The partitive domain, within this text, is thus represented by the "simple fractions" 
2A, Vi, lA (which all possess their individual sign), by the higher fractions VA, VI, and !/n, 
and by their composites. The possibility to expand Vu of Vi without intermediate steps 
into 2A of Vi of lA of Vu of Vi also demonstrates that 2A, Vi, and XA do form a category of 
their own. 

The numbers 5 and 10, as we see, are absent from the list of factors and denominators. 

Extending the Multiplicative-Partitive Domain 

Rochberg's argument presupposes that the list of remarkable numbers does not stop at 
7 and 11 but includes also higher irregular numbers. In fact, it does. Higher irregular 
numbers are favorite tools for creating complex composite second-degree problems. 

One example is found in Susa text IX, section C, 7 which can be translated into the 
following system of symbolic equations (remembering that products between linear en
tities represent geometrical areas): 

ws+u+s = 1 '/I7(3M+45)+5 = 0;30 

In the structurally similar problems from VAT 8520, 8 the linear conditions are, 

respectively, 

19. u§ M sag 5 dirig [ . . . ] 

Alternatively, the sign read ki in line 2 could be a de
fectively written ki followed by ma. 

Text VIII, like text VII, involves the 4th and the 7th 
parts. 

6 Bruins and Rutten, Textes mathématiques de 
Suse, pp. 35-51. Bruins claims (p. 36) that the text 
displays a notation for general fractions. Since the 
notation becomes highly ambiguous when used gen

erally, this position is untenable; what we see are 
actually abbreviated writings of composite fractions 
composed precisely from "remarkable fractions"— 
and no genuine notation at all. See my article "On 
Parts of Parts and Ascending Continued Fractions," 
Centaurus 33 (1990): 293-324. 

7 See Bruins and Rutten, Textes mathématiques de 
Suse, p. 64. 

8 MKT, vol. l .pp . 346 f. 
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in "algebra" problems involving the solutions in complex relationships from which the 
act of solving the problems must extricate them. 

A good starting point is provided by the tablet BM 13901, which is also referred to by 
Young and which contains a collection of "algebraic" problems concerned with one or 
more squares.4 Problem no. 7, for example, adds 7 times the side and 11 times the area 
of an unknown square; nos. 9-10 make the sides of one unknown square larger or 
smaller than the side of another by Vt. No. 17 has the sides of three squares in continu
ous proportion l:(!6):(i^) 2. 

A global inspection of the tablet demonstrates, firstly, that occurrences of the numbers 
7 and 11 invariably involve them as factors or as denominators of parts. When the 
amount by which the side of one square exceeds the other is given in linear measure, it 
is 5 [nindan] (nos. 14, 24), 10 [nindan] (no. 18), or 2;30 [nindan] (no. 24). Secondly, 7 
and 11 turn out not to be alone in the multiplicative-partitive role: no. 13 is a two-square 
parallel to no. 17, in formulation as well as method, but tells that "the side is one-fourth 
of the (preceding) side" instead of "the side is one-seventh of the (preceding) side." 

The numbers 4, 7, and 11 are used to produce what we may term "complex variants" 
of basic problem types. A distinct class within the partitive domain is used to design 
"simple variants": while no. 1 adds the area and the side of the square and no. 2 sub
tracts the side from the area, no. 3 removes one-third of the area and adds one-third of 
the side, while no. 4 removes one-third of the area and adds a side; no. 16, which even 
for other reasons seems to have been displaced and to have belonged with the early, 
simple problems, subtracts one-third of the side from the area. 

"Simple variation" (regarding the multiplicative aspect taken in isolation) is probably 
also involved when, in no. 14, the second side is two-thirds of the first plus 5 [nindan], 
and when, in no. 24, the second is two-thirds of the first plus 5 [nindan], and the third 
half of the second plus 2;30 [nindan]. (Evidently, the combination of simple multiplica
tive variation with additive variation engenders complexity). 

All in all, analysis of the selection of given numbers suggests the existence of two 
distinct classes of remarkable numbers, the former of which falls into two subclasses: 
the complex multiplicative-partitive domain, the simple partitive domain, and the linear-
additive domain. The existence of these classes and their separate roles is amply con
firmed by numerous other texts. 

Some Susa Texts 

Susa texts XVI and VII5 are didactical explanations of equations: 

See O. Neugebauer, Mathematische Keilschrift
texte (Berlin, 1936-37), vol. 3, pp. 1-5 (hereafter 
MKT). A complete analysis appears in my "The Old 
Babylonian Square Texts BM 13901 and YBC 4714: 
Retranslatidn and Analysis" (forthcoming). On the 
character of Old Babylonian "algebra," see my arti
cle "Algebra and Naive Geometry," Altorientalische 
Forschungen {AoF) 17 (1990): 27-69, 262-354. 

5 Both texts are transliterated with many mtsread-
ings and fanciful misinterpretations in Bruins and 
Rutten, Textes mathématiques de Suse. A revised trans

literation and interpretation of text XVI can be found in 
my article "Algebra and Naive Geometry," pp. 299-
306. The statements of text VII should read 

1. rebaf" sag a-na u§ dab 1-(ti-)iu a-na 10 [al-li-ik] 

2. kis-{ma) UL.GAR US Ù (sag) I . . . J 

and 

17. rebaf" sag a-na uS dab 1-t[i-Su] 

18. a-di 11 al-li-ik ugu' IUL.GAR) 
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i-6-yi3(i+/) = 0;30 

and 

.6 - ' / i3( i+/h/ = 0;20 

(i and j represent igûm and igibûm, a pair of numbers belonging together within the 
table of reciprocals—in the actual case 1;30 and 0;40). 

If we go to the series text YBC 4714,9 which, like BM 13901, deals with "the (alge
braic') study of square and squares," we find the 7th part (nos. 4, 7, 12, 13, 17, 18), the 
17th part (no. 6), and the 11th part (nos. 7, 12).'° YBC 4695" has, apart from the sim
ple parts (and in composite expressions Vs and Î4) Vi (nos. 1 ff., 66 ff., 80 ff., 85, 86 ff.), 
Vu (nos. 26 ff., 51 ff., 80 ff.), Vi3 (no. 86 ff.), and Vu (90 ff.).12 The rather damaged series 
text YBC 4697 1 3 uses at least V% Vu, Vis, and and the equally damaged YBC 4711 M 

at least Vn and % 3 , etc. All in all, the material makes clear that problems concerning the 
sides of squares and rectangles were constructed in such a way that the nth part of 
something could be taken (often, this nth part would be 5 or 10), where n is one of the 
numbers 7, 11, 13, 17, and 19; the number 4 being sexagesimally regular, no special 
care needed to be taken in order to make possible the formation of VA of occurring enti
ties, but the parallel formulations and other observations make it clear that 4 belonged 
to the same group. 

BM 13901, nos. 7, 13, and 17, suggests that the numbers which were considered "re
markable" in the complex-partitive domain were regarded in the same way in the multi
plicative domain. In the absence of parallels in other texts to precisely these problems, 
we cannot know whether this observation can be generalized. 

None of the texts which make 4, 7, 11, 13, 17, and 19 stand out as distinctive in the 
partitive domain make use of them as addends of subtrahends. Obviously, their distinc
tiveness was not general but bound to a specific role. 

The Linear-Additive Domain 

As for the selection of linear-additive contributions, the predilection of BM 13901 for 
5 and 10 is indeed amply confirmed. Most probably, however, this should not be inter
preted as a direct expression of a particular fondness for these numbers as differences: 
even problems which do not refer to additive contributions, in fact, presuppose sides of 
squares to be multiples of 5 (or 0;5). As far as lengths and widths of rectangles are con
cerned, these tend to be 30 and 20 (or 0;30 and 0;20). If this is so, most of the opera
tions which are close at hand will produce excesses, etc., which are 5 or 10 (but they 
may, as in BM 13901, produce an excess 2;30). It is thus not in the actually occurring 

9 Ibid./pp. 487-92. 
1 0 I do not count the occurrences of %, */*, Vt, and 

V* within the sequence nos. 21-28, where 5 is ex
pressed systematically as a fraction of the members 
of the sequence 35, 30, 25, 20; since they result from 
application of a different principle, they do not indi
cate a deliberate choice. 

11 MKT, vol. 3, pp. 34-36. 
1 2 That a specific fraction is represented in nos. n ff. 

means that the following problems presuppose an ex
pression defined in no. n tacitly. 

13 MKT, vol. 3, pp. 40 f, 
1 4 Ibid., pp. 44-46. 
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linear-additive contributions that we shall seek the expression of numerical predilec
tions. Instead, we may notice that the authors of Babylonian mathematical texts would 
take great care to formulate problems so that two conditions were respected. Firstly, the 
resulting linear values should be multiples of 5 or 10 (they are mostly to be found be
tween 15 and 35); these were the values from which the problems were constructed 
backwards. Secondly, these entities had to be combined arithmetically in such a way 
that "remarkable parts" could be taken. 

It will be observed that many of the problems which deal with more than two squares 
have the sides of these in arithmetical progression. This reminds us of another favorite 
practice of the Old Babylonian mathematicians: to deal with squares inscribed concen
trically in squares;15 even in this case, in fact, the distance (dikSum or messëtum) be
tween the squares tended to be constant if more than two squares were involved and 5 
irrespective of the number of squares involved. 

Remarkability with a Purpose? 

The selectivity of roles demonstrates that 7, etc., were not simply interesting numbers 
per se: if such had been the case, we would also expect to encounter rectangles with 
sides 7 and 11, squares with the side 13, etc. Number-psychological uni versais (if such 
exist) explain nothing. 

Precisely in the partitive domain, however, 7, 11, 13, 17, and 19 are particular. They 
are not only irregular—14 is so too—but irreducible to simpler cases through elimina
tion of sexagesimally regular factors. They are thus—but only within the multiplicative-
partitive domain—numbers which by necessity must be dealt with as they are and not 
through some indirect scheme; more clearly, that as reducible numbers such as 8, 9, and 
14, they represent a number in general: 4, for its part, can be regarded as the first "non-
small" number—note that lA> Vi, and but not Vi, are "simple fractions" and that the 
list of integer factors of TMS V stops at 4. 

Remarkability—Remarked Since When? 

We have no texts demonstrating the existence of "algebraic" interests before perhaps 
the mid-Old Babylonian era, and there are good reasons to believe that this discipline 
was introduced into the scribal schools only after the end of the Ur III period.16 Yet, 
even if the special status of 7, etc., has been demonstrated on "algebraic" texts, it does 
not depend on their "algebraic" substance. What must be kept in mind is that these texts 
served a double purpose. Firstly, as "algebra," they permitted the display of virtuosity 
in the solution of problems which were sophisticated but of no practical use (which 
made them an expression of the much-discussed "scribal humanism"); secondly, and in 
particular through the complex variants where the "remarkable parts" appear, they were 

1 5 See J. Friberg, "Mathematik," Reallexikon der 
Assyriologie und vorderasiatischen Archäologie, 
vol. 7, pp. 531-85, here §5.41. 

The connection between the "algebraic" problems 
about sequences of squares and the interest in the 
concentric configuration is made explicit in the final 

part of Susa text V (Rev. II, 11. 33-44, III, 11. 1-15); 
see Bruins and Rutten, Textes mathématiques de 
Suse, pp. 45-47 (ME.SI.TUM should read me-se-
tum, against p. 46, n. 1). 

1 6 Discussed, for example, in my "The Old Baby-
Ionian Square Texts." 
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a pretext for the training of practical computational skill, which, of course, was manda
tory for the scribal school. It is here—in the practical use of the sexagesimal place-
value system and its third-millennium forerunner17—that the special character of the ir
reducible numbers must have been noticed. We may guess that the entire sequence 7-19 
was already singled out as remarkable during the Ur HI period, when there was a vast 
amount of keeping accounts and conversion of units. The number 7 was already singled 
out in the Fara period, as is evident from the existence of two parallel problem texts di
viding a large round measure by 7, 1 8 whereas the number 4 may only have been adopted 
into the group at a time when more theoretical interest materialized, i.e., in the earlier 
Old Babylonian period. 

A Methodological Tool? 

Both Rochberg and Young argued for the particular status of certain numbers from a 
quite restricted selection of texts. The present investigation has shown, firstly, that these 
few texts are indeed representative; secondly, that the number 4 belongs together with 
7, 11, 13, 17, and 19; thirdly, and finally, that within mathematics the particular status 
was domain-specific. 

The latter restriction does not necessarily imply that the numbers would not achieve a 
more broadly conceived special status if we look at less mathematical thinking about 

- numbers. In particular, it does not preclude that they may have been used additively or 
multiplicative-additively in the construction of the King List and the list of stellar dis
tances. That 7 did, in fact, acquire a much more widely recognized special status within 
Babylonian and related cultures is well known. 

A particular observation to be made on the list of stellar distances may speak for the 
approach. The stellar distances of HS 229 are 19, 17, 14, 11, 9, 7, 4—all to be divided 
by 1,21, their sum and indeed the largest number occurring in the table of reciprocals. 
In order to explain that 13 has been replaced by 9 and 4, Rochberg has to argue from the 
visual pattern of the final digits which is brought about by this splitting: 9-7-4-1-9-7-4. 
Without denying the relevance of this observation, we may now point out that 4 does, in 
fact, belong among the "remarkable numbers" and seems to be much more important 
than 13, according to the statistics of occurrences. (The presence of 14, on the other 
hand, becomes less evident.) 

In spite of the all-too-often demonstrated dangers inherent in playing around with 
numbers, insights into Mesopotamian pseudo-empirical numerology might be gained 
from what the construction of mathematical texts tells about the status of numbers. We 
probably possess no better source for the Babylonian psychology of numbers. 

1 7 See, in particular, M. Powell, "The Antecedents 
of Old Babylonian Place Notation and the Early 
History of1 Babylonian Mathematics," Historia Math-
ematica 3 (1976): 417-39. Through analysis of com
putational errors of some Sargonic school tablets, 
Powell establishes, beyond a doubt, that the scribal 
school students of around 2200 B.C. were already us

ing the fundamental tricks of the place-value system, 
yet still without possessing an adequate representa
tion and therefore regularly mixing up different or
ders of magnitude. 

1 8 Ibid, and my article "Investigations of an Early 
Sumerian Division Problem, c. 2500 B.C.," Historia 
Mathematica 9 (1982): 19-36. 
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Preface 

The following essay is the result of an invitation to present »something 
Babylonian« at the symposium »Mathematics and the State« at the XVIIIth 
International Congress of History of Science, Hamburg/Munich, lst-9th 
August 1989.1 took advantage of the opportunity to attempt a synthesis 
of a number of approaches to the »anthropology« of Mesopotamian 
mathematics, each concentrating on specific aspects, in which I have 
engaged myself at various occasions during the last decade. Evidently I 
have made no effort to repeat everything which I have said at these earlier 
occasions on the subject; on the contrary, the attempt at synthesis has led 
me to change quite a few formulations and to shift the emphasis at certain 
points. Furthermore, of course, new epigraphic and archaeological material 
as well as new interpretations of familiar sources have come up during 
the 1980es. I will certainly not be aware of everything, especially not 
outside the domain of mathematical texts; none the less, what has come 
to my knowledge since 1980 weighs heavily at several points. 

Of special importance has been the series of Berlin Workshops on 
Concept Development in Babylonian Mathematics (four to date). As it will 
be clear from the references, the synthesis draws extensively on work done 
by the members of this workshop, in particular on the works of Peter 
Damerow, Robert Englund, Jöran Friberg, Hans Nissen and Marvin Powell. 
It is a pleasure for me to express my gratitude to all of them for inspiration, 
discussions and invaluable information. I am also thankful to Denise 
Schmandt-Besserat for her constant efforts to keep me oriented on her 
results by means of offprints; to Michael Boakye-Yeadom, Pernille Jensen, 
Charlotte Justesen, Lucca Weis Kalckar, Morten Hjort Mikkelsen and 
Carsten Smith Petersen, who gave me the occasion to supervize a student 
project on state formation theory and state formation in early Mesopotamia 
in the Spring term 1989; and (as so often!) to the staff of the interlibrary 

1 
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service of Roskilde University Library, without whose kind and effective 
assistance I would never have been able to engage in Mesopotamian 
studies. 

Special thanks are due to Herbert Mehrtens and Walter Purkert, 
organizers of the symposium »Mathematics and the State«. Had it not been 
for their invitation to the symposium I would certainly not have under
taken anything as venturesome as a global analysis of the relation between 
Mesopotamian mathematics and the social and cultural forces moulding 
and moulded by the early Mesopotamian state. 

I dedicate the work to the memory of Kenneth O. May, who in 1974 
commented upon my first amateurish attempt at broad historical syntheses 
that although he agreed with my general thesis and found the generaliza
tions plausible, what was needed was specific examples in which the 
interactions between mathematics and other phases of culture was »traced 
out and verified in detail« (his emphasis). I hope the present work would 
have been to his taste. 

2 

286 



I. Mathematics and the early state 

In his famous and somewhat notorious book on »Oriental Despotism«, 
Karl Wittfogel [1957:29f] presented a simple thesis connecting the first 
development of mathematics and astronomy with the rise of the early 
»Oriental« state —viz that the state was »hydraulic«, i.e., developed in order 
to plan large-scale irrigation, and that mathematics and mathematical 
astronomy were created for that purpose: 

(A) The need for reallocating the periodically flooded fields and determining the 
dimension and bulk of hydraulic and other structures provide continual 
stimulation for developments in geometry and arithmetic. [...] Obviously the 
pioneers and masters of hydraulic society were singularly well equipped to 
lay the foundations for two mayor and interrelated sciences: astronomy and 
mathematics. 

As a rule, the operations of time keeping and scientific measuring and 
counting were performed by official dignitaries or by priestly (or secular) 
specialists attached to the hydraulic regime. Wrapped in a cloak of magic 
and astrology and hedged with profound secrecy, these mathematical and 
astronomical operations became the means both for improving hydraulic 
production and bulwarking the superior power of hydraulic leaders. 

This thesis is in fact widely held, though often in less outspoken and 
rigid form. As also observed by Wittfogel, it was already proposed by 
Herodotos to explain the presumed Egyptian origin of geometry. My reason 
to take Wittfogers very explicit statement as my starting point is that it 
exposes the problematic nature of the conventional thesis so clearly. If we 
concentrate on Mesopotamia, Wittfogel is wrong on all factual accounts 
(Egypt would come out no better): 
— Irrigation systems only became a bureaucratic concern (and then only 

in certain periods) many centuries after the rise of statal bureaucracy 
(which took place in the later fourth millennium1). No doubt the 

1 The date is B.C., of course, like all dates in the following. And approximate, like 
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irrigation economy provided the surplus needed to feed the bureau
cracy; but it was taken care of locally, and often by kin-based communi
ties (as it often is even in today's Iraq)2. 

— Old Babylonian mathematical texts (c. 1700 B.C.) deal with construction 
of irrigation works, but only with the need for manpower, the wages 
to be paid, and the volume of earth involved. The dimensions of the 
constructions were not determined mathematically. 

— Neither the sacred nor the secular calender were ever involved in 
irrigation planning in Mesopotamia. 

— Mathematical astronomy was only created almost 3000 years after the 
rise of the state, and was concerned with the moon and the planets, 
i.e., irrelevant for irrigation planning. 

— Even astrology is a late invention. Only in the first millennium are 
bureaucratic computation and occult endeavours of any sort connected 
through a common group of practitioners. 

The easy version of the connection between the rise of the state and 
the development of mathematics (in Mesopotamia and elsewhere) is thus 
an illusion. In order to approach the issue in a profitable way we will have 
to ask some apparently trite questions: what is a state, and what is 
mathematics—if we are to discuss the two entities in the perspective of 
the Bronze rather than the Atomic Age. 

II. The early state, and its origin 

In his book, Wittf ogel points [ibid., 383-386] to two classical approaches 
to the problem of early state formation—both due to Friedrich Engels. 
Engels summarizes the thesis of Die Ursprung der Familie, des Privateigentums 
und des Staats as follows (MEW XXI, 166f): 

all dates below! 
2 See, e.g., [R. McC. Adams 1982], and [C. C. Lamberg-Karlovsky 1976:62f]. 
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(B) Da der Staat entstanden ist aus dem Bedürfnis, Klassengegensätze im Zaum 
zu halten, da er aber gleichzeitig mitten im Konflikt dieser Klassen entstanden 
ist, so ist er in der Regel Staat der mächtigsten, ökonomisch herschenden Klasse, 
die vermittelst seiner auch politisch herrschenden Klasse wird und so neue 
Mittel erwirbt zur Niederhaltung und Ausbeutung der unterdrückten Klasse. 

In Anti-Dühring, on the other hand, he considers the state as »Verselbständi
gung der gesellschaftlichen Funktion gegenüber der Gesellschaft« which 
then, as the opportunity presented itself, changed from servant to master, 
be it »als orientalischer Despot oder Satrap, als griechischer Stammesfürst, 
als keltischer Clanchef u.s.w.«, but where it shall still be remembered that 
»der politischen Herrschaft überall eine gesellschaftliche Amtstätigkeit 
zugrunde lag« (MEW XX, 166f). 

Both points of view are present in the standard references of modern 
political anthropology. According to Morton Fried's Evolution of Political 
Society, the state arises as »a collection of specialized institutions and 
agencies, some formal and others informal, that maintain an order of 
stratification« [Fried 1967:235], where a »stratified society« itself is 
understood as one »in which members of the same sex and equivalent age 
status do not have equal access to the basic resources that sustain life« 
[ibid., 186]—i.e., in a generalized sense, a class society. Elman Service, on 
the other hand, sees statal organization as the result of a quantitative and 
often gradual development from »relatively simple hierarchical-bureaucratic 
chiefdoms, under some unusual conditions, into much larger, more complex 
bureaucratic empires« [1975:306]. The chief dorn itself is a hierarchical 
organization legitimized by social functions wielded by the chief for 
common benefit (according to Service mostly functions of a redistributive 
nature) in a theocratic frame of reference, where »economic and political 
functions were all overlaid or subsumed by the priestly aspects of the 
Organization« [ibid., 305]. 

Another oft-quoted contributor to the general debate should be singled 
out for relevance for the following. Robert Carneiro, arguing (1981:58) that 
»what a chief gets from redistribution proper is esteem, not power«, 
observes [ibid., 61] that 

(C) As long as a chief merely returns everything he has been handed, he gains 
nothing in wealth or power. Only when he begins to keep a large part of it, 
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sharing with his retainers and supporters but not beyond that, does his power 
begin to augment. 

But the power of a chief to appropriate and retain food does not flow 
automatically from his right to collect and redistribute it. Villagers freely 
allow a chief to equalize each family's share of meat or fish or crops 
through redistribution because they benefit from it. But they will not 
willingly suffer the same chief to keep the lion's share of food for himself. 
Before doing this, he must acquire additional power, and that power must 
come from some other source. 

Power, then, depends on the ability of the chief to transform redistribu
tion proper (where the chief retains only a small percentage of what passes 
through his hands) into tribute or taxation, where he keeps a large part for 
himself and for the »core of officials, warriors, henchmen, retainers, and 
the like who will be personally loyal to him and through whom he can 
issue orders and have them obeyed« [ibid., 61]. The origin of this transfor
mation Carneiro sees in warfare resulting from population pressure. Warfare 
is the reason that early class societies consist of three and not just two 
classes [ibid., 65]: 

(D) The two classes that are added to a society as it develops are a lower class 
and an upper class, and the rise of these two classes is closely interrelated. 
The lower class [...] consists initially of prisoners who are turned into slaves 
and servants. At the same time, however, an upper class also emerges, 
because those who capture and keep slaves, or have slaves bestowed upon 
them, gain wealth, prestige, leisure and power through being able to 
command the labor of these slaves. 

Even though considering the transition »from autonomous villages, through 
chiefdoms and states, to empires« as a continuous process [ibid., 67], 
Carneiro finally finds it useful to distinguish the state [ibid., 69, quoting 
idem 1970:733] as 

(E) an autonomous political unit, encompassing many communities within its 
territory and having a centralized government with the power to draft men 
for war or work, levy and collect taxes, and decree and enforce laws. 

Though illustrated by references to ethnographic and historical material, 
the theories cited here are general theories. During the last 15 to 20 years 
they have been tried out by specialists on a large number of single cases, 
which has provided many insights into the applicability of the concepts 
involved and into the historical variability of the diverse processes to which 
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the theories make appeal. It would lead too far to discuss them in general3, 
and I shall only quote two of special relevance for the Mesopotamian case. 
Firstly, in a discussion of Archaic Greece Runciman [1982:351] distinguishes 
»the emergence of a state from nonstate or stateless forms of social 
Organization« by »these necessary and jointly sufficient criteria«: 

(F) Specialization of governmental roles; centralization of enforceable authority; 
permanence, or at least more than ephemeral stability, of structure; and 
emancipation from real or fictive kinship as the basis of relations between the 
occupants of governmental roles and those whom they govern. 

Secondly, working on Mesopotamian and Iranian material Henry T. 
Wright and Gregory A. Johnson [1975:267] formulate a description focusing 
»on the total organization of decision-making activities rather than on any 
list of criteria«, defining a state 

(G) as a society with specialized administrative activities. By »administrative« 
we mean »control«, thus including what is commonly termed »politics« 
under administration. In states as defined for purposes of this study, 
decision-making activities are differentiated or specialized in two ways. 
First, there is a hierarchy of control in which the highest level involves 
making decisions about other, lower-order decisions rather than about any 
particular condition or movement of material goods or people. Any society 
with three or more levels of decision-making hierarchy must necessarily 
involve such specialization because the lowest or first-order decision
making will be directly involved in productive and transfer activities and 
second-order decision-making will be coordinating these and correcting 
their material errors. However, third-order decision-making will be 
concerned with coordinating and correcting these corrections. Second, the 
effectiveness of such a hierarchy of control is facilitated by the complemen
tary specialization of information processing activities into observing, 
summarizing, message-carrying, data-storing, and actual decision-making. 
This both enables the efficient handling of masses of information and 
decisions moving through a control hierarchy with three or more levels, 
and undercuts the independence of subordinates. 

Unless »information«, »data-storing« etc. are taken in a rather loose 
sense, societies traditionally regarded as indubitable states (like Charle
magne's Empire) may well fall outside this definition. But in the Irano-

3 A large number of case studies and further references will be found in [Claessen 
& Skalnik 1978] and in [Gledhill, Bender & Larsen 1988]. 
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Mesopotamian case the authors succeed in making it operational by means 
of sophisticated archaeology and through the application of geographical 
»central place theory«. Furthermore, the specific definition of »control« 
involved may serve to distinguish the specific character of Irano-Meso-
potamian state formation. 

Control, indeed, may differ in kind—even control developed to the 
degree of vertical and horizontal specialization and division of labour 
described by Wright & Johnson. But if control and decision-making involve 
intense message-carrying and dflfa-storing as the fundament for further 
decision-making, as was the case in Mesopotamia (cf. below), then some 
means for accounting and the handling of data must develop together with 
the state—be it writing and numerical notations, be it something like the 
Andean quipu, be it some third possibility. For this same reason, indeed, 
»archaeologists like[d] to use "writing" as a criterion of civilization« 
(roughly synonymous with statal culture), as Gordon Childe pointed out 
in 19504, while at the same time himself pointing to the equally important 
role of accounting [ibid., 14]. This brings us back to the problem of 
Mesopotamia. 

III. The rise of states in Southern Mesopotamia 

The centre of early Mesopotamian state formation was the southernmost 
part of Mesopotamia (»Sumer«); furthermore, for the whole period which 
I am going to consider in depth, the essential developments as far as 
mathematics is concerned took place in the Sumerian and Babylonian 
South-to-centre—whence the above caption. A description of the pre-historic 
development, however, cannot be circumscribed meaningfully to this area— 
already because most of the Sumerian territory was covered by water 
during the larger part of the prehistoric period, but also because much 

4 [Childe 1950:3]. A recent comprehensive discussion of the connection between 
state formation, writing and alternatives to writing is [M. Tr. Larsen 1988]. 
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wider areas were involved in parallel developments. 
By 8000 B.C., permanent settlements had been established and 

agriculture and herding had become the principal modes of subsistence, 
although hunting, food-gathering and fishing remained important 
subsidiaries well into historical times. Within the single settlements, social 
stratification may have developed around redistribution—needed precisely 
because of the combination of several complementary subsistence modes, 
cf. quotation (C). The single villages, however, were involved in no higher 
structures of settlement or redistribution—their very ecological localization 
shows that they were meant to live on their own, apart from participation 
in long distance trade in obsidian and similar scarce goods. This self-
sufficiency holds good even for the rare large settlements like Jericho, level 
B (7th millennium), with at least 2000 inhabitants, and Çatal Hüyük (6th 
millennium) with at least 5000, although the internal social organization 
and stratification will probably have been much more complex here than 
in smaller settlements5. 

In the sixth to fifth millennium, the paths followed by different parts 
of the Middle East diverged. In geographically suitable places like the 
Susiana plain in Khuzestan (Southwestern Iran), larger numbers of 
settlements can be seen to form interconnected systems, some of them 
possessing apparently central functions or positions (to judge, inter alia, 
from systematic size differentiations)6. In the late fifth millennium, the 
city Susa had an area of some 10 hectares and was the centre of a system 
of smaller settlements in Susiana. Central store rooms in what may be a 
sacred domain have been found in the city, and findings of seals and seal 
impressions in Susa and a neighbouring small settlement bear witness of 
controlled delivery of goods from the small settlement to the centre. But 
no traces of higher level recording or summarizing occur in this archaeo
logical layer [Wright & Johnson 1975:273]. 

After a setback in population density7, the »Early Uruk« period (before 

5 Cf. for this description [Nissen 1983:36-40, 55]; [Mellaart 1978]; and below. 

6 See [Wright & Johnson 1975:269f], and [Nissen 1983:57f]. 

7 Disputed by Weiss [1977]. The difference of opinion depends on different estimates 
for the relative lengths of archaeological periods, again dependent on different 
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the mid-fourth millennium) brought new expansion. Susa had grown to 
13 hectares and was the centre of a three-level settlement system, ceramic 
ware was distributed from central workshops, and bitumen, chert and 
alabaster were produced locally for exchange. In the following (»Middle 
Uruk«) period, the size of Susa doubled to 25 hectares and the city was 
internally differentiated; the settlement system became four-tiered, there 
is direct evidence for differentiated levels of administrative control (by 
means of seals, »tokens« and »bullae«, cf. below), and perhaps already 
indirect evidence for the distribution of standardized grain rations to 
institution workers8. In the Late Uruk period (3500-3100 B.C.), the trend 
toward specialization and hierarchical control continued. Now, however, 
a similar level was reached in Southern Mesopotamia, where Uruk became 
the dominant centre. Susa, on the other hand, fell behind, and will be less 
interesting for the arguments of the following9. 

The reason for this development is to be sought in climatic changes, 
which lowered the water-level in the Gulf by some 3 m after the mid-
fourth-millennium and diminished the rainfall in the area [Nissen 1983:58-
60]. As a consequence, land which had been covered by salt marshes or 
had been inundated regularly by the rivers now became available for 
irrigation agriculture. Until then, settlements in Southern Mesopotamia 
had been rather few and not part of higher-level systems. Now, however, 

absolute darings. The most recent calibrated radiocarbon darings appear to favour 
Wright and Johnson [B. D. Hermansen, personal communication]. 

8 See [Wright & Johnson 1975:272,282f] and [Johnson 1975:295-306]. The presumed 
evidence for ration distribution (the particular »bevelled rim bowl«) has been 
challenged by Beale [1978]. In proto-literate Uruk (see below), however, the 
connection between the bowl in question and the delivery of rations is corroborated 
by its seeming appearance in the pictogram for rations (KU2). Cf. also [Damerow 
& Englund 1989:26]. 

9 Writing turns up in Susa (and indeed in the Iranian area at large) somewhat after 
its emergence in Uruk. The idea of writing appears to be borrowed, but the 
pictographic script itself is independent—while, on the other hand, there is clear 
kinship but not identity between the »proto-Sumerian« and the Iranian »proto-
Elamite« counting and metrological systems. For detailed information I shall only 
refer to [Damerow & Englund 1989] (including Lamberg-Karlovsky's introduction 
to that work). 

10 



a larger settlement density (larger than anything known before in the Near 
East) and the creation of a noticeable surplus in agriculture became 
possible. The city Uruk (as large as 50 hectares in the Late Uruk period, 
and soon much larger still) became the centre of a 4-tiered settlement 
structure; the internal productive and administrative organization of the 
city was highly differentiated, vertically as well as horizontally; huge public 
works in the form of temple building were performed, workers as well 
as officials being paid in rations in kind; and outposts in Northern Iraq 
as well as trading relations to Bahrain were established10. 

The evidence for this development is two-fold. Part of it is made up 
by the traditional archaeologists' array of settlement and building remains 
and of other artefacts. Part of it, however, consists of carriers of meaning: 
pictures carved in cylinder seals, on relief vases, etc.; and inscribed clay 
tablets, first with numbers only (in the pre-literate »Uruk V« stratum, before 
3300 B.C.) and then also with pictographic writing (in the »proto-literate« 
Uruk IV and Uruk III periods, 3300-2900 B.C.). 

Even though there is an indubitable continuity from the Late Uruk 
script to the later Sumerian cuneiform, it is far from completely deciphered; 
cylinder seals, like all other pictures, are of course always ambiguous and 
polyvalent. None the less, the combination of these carriers of social and 
linguistic meaning (and more than that, cf. below) conveys a lot of 
information not available from earlier periods. Prominent facets of the 
picture which emerges are these: 
— The city (and, as a consequence, the settlement system whose centre 

it was) was under theocratic control. Its core was made up by a sacred 
terrain dominated by a number of large temples, which can only have 
been built because of the existence (and availability to the theocratic 
rulers) of a large agricultural surplus. 

— Part of this surplus was apparently given as tribute—a famous temple 
vase shows a procession bringing offerings to the city Goddess Inanna 
(reproduction and discussion in [Nissen 1983:113-115]). But part of it 
must also have been extracted from labourers working directly on 

1 0 [Adams & Nissen 1972:17-19]; [Johnson 1975:310-324]; [Nissen 1983:73-116,132-134; 
1986a:330]. 

11 

295 



Temple domains, many of them most likely enslaved prisoners— 
apparently the most popular theme of the cylinder seals of high Temple 
officials shows vanquished and pinioned prisoners watched by a high 
(supreme?) official and being beaten up more or less explicitly (repro
duction of select specimens and discussion in [Nissen 1986:146-148]). 
The ruling group of the city was constituted by the top officials in a 
hierarchy also encompassing lower officials and craftsmen's and 
workers' foremen (cf. below, on the »profession list«). All appear to 
have received rations in kind in some sort of quasi-redistributive 
system, while at least the highest officials received important allotments 
of land ([Vaiman 1974:20f]; whether this land was worked by personal 
servants or slaves or by »public« labourers is unclear). 
Quasi- (or pseudo-)redistributive features were also furthered by the 
lack of virtually all natural ressources apart from pastures, agricultural 
land, fish, fowl, reed and clay. All needs apart from these (in particular, 
i.e., those arising from temple building and equipment and the luxury 
needs of the governing group) depended on organized import and 
distribution. 
To keep track of tribute and other deliveries and of the products of 
public agriculture and herding, and also in order to calculate the rations 
of officials, workmen and domestic animals, techniques for accounting 
and computation were developed (details below). In the earliest (»Uruk 
V«) phase, tablets carrying only numerical/metrological inscriptions 
and seal impressions of responsible officials were employed. Whether 
used for accounting, as receipts or as delivery notes they could only 
be understood by somebody possessing full knowledge of the context 
of the transaction in question. In the next, terminal phase of the »Late 
Uruk« period (stratum IV, 3300-3100 B.C.), pictograms are put together 
with the numbers. Even though there is no full rendition of any spoken 
language, nor any attempt to render syntax, the tablets could now be 
used as supports for memory, and to summarize a whole series of 
transactions while tracking its course—especially because the tablets 
are written according to a fixed format for single transactions and totals. 
In the ensuing »Uruk III« or »Jemdet Nasr« phase (c. 3100 to c. 2900 



B.C.), these formats grow more complex and more regular11. 
— There is no doubt that the script was developed as an accounting and 

control device. 85% of all written documents belong to the category 
of economic tablets. The remaining 15% are made up by »lexical lists«, 
apparently used for teaching purposes. A »profession list« describing 
the hierarchy of officials and professions turns up most frequently in 
the record. Other lists enumerate herbs; trees and wooden objects; dogs; 
fish; cattle; birds; place-names; vessel-types; and metal objects (see 
[Nissen 1981]). Literary and religious texts are as absent as monumental 
inscriptions. 

— Nothing in the record suggests that general Temple functions, manage
ment of the Temple estate and practical book-keeping were separated. 
To the contrary, literacy (confined to the sole function of economic 
control) will probably have been too restricted for any full separation 
to have taken place (nor has a specific scribal function been identified 
in the profession list). As to the merging of priestly functions and 
Temple estate management, precisely the sanctification of originally 
redistributive functions will have made possible that transformation 
of redistribution into taxation which might otherwise have been 
impossible (cf. quotation (C)). 

While this much is fairly well-established, other questions remain 
open—not only because the script is largely undeciphered but also because 
of the nature of the written evidence. Three open questions are of some 
relevance for the present study. 

First of all, the reach of statal domination is unclear. The profession 
list as well as the location and immense size of temple buildings tells us 
that the statal institution par excellence, irrespective of our choice of precise 

The tablets are never found in the places where they were originally made or 
used but mostly in rubbish heaps. The relative dating thus relies on paléographie 
criteria, which, however, seem reliable (see [Nissen 1986a:319-322] for details). 
Because of the greater complexity and regularity of Uruk III tablets, some of the 
admmistrative features ascribed here to the whole proto-literate period may indeed 
only be fully developed in the later phase. 

The organization of text formats and the use of formats as carriers of information 
are explained and discussed in [Green 1981:348-356]. 
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defining criteria, was the Temple. We know that the Temple bureaucracy 
had command of a large work force, that these workers as well as a number 
of officials of varying rank were supplied rations in kind. But we do not 
know how many of the workers were enslaved, nor whether there existed 
a stratum of peasants only loosely submitted to the Temple (paying, e.g., 
a limited tribute in form of temple offerings or perhaps none at all, maybe 
and maybe not contributing corvée labour)12. Temple accountants, after 
all, recorded transactions which regarded the Temple economy; they were 
not engaged in social statistics. Evidence from the third millennium 
suggests that free, kin-based peasant communities will have been an 
important part of the total social fabric13. 

Secondly, we do not know the real constitution of the bureaucracy. 
Because we only know it from accounting and glyptics we may be inclined 
to see it as a suppressive and theocratic yet fundamentally Weberian 
bureaucracy. Ethnographically, however, this picture is highly improbable, 
and prosopographic studies of third millennium material has given Marvin 
Powell [1986:10] the impression that »the entire bureaucracy is knit together 
by an elaborate system of kinship, i.e., what we would call nepotism and 
influence«. 

Thirdly, the specific organization of urban society, of the total settlement 
structure (not least concerning outposts like the town Habuba Kabira built 
in Northern Mesopotamia during Uruk V and then abandoned, and the 
relations to other administrative centres developing no later than Uruk 
III) and of most trades and handicrafts is unclear. Were traders Temple 
officials (in the mid-third millennium, some private venture must be 
presumed, see [Adams 1974:248])? Were the »chief«, »junior Chiefs« and 
»foremen« of the professions testified in the profession list (see [Nissen 

1 2 Details of the settlement structure, it is true, suggest that an inner core of 
settlements (until some 12 km from the city) was bound more strongly to the centre 
than those farther removed [Nissen 1983:144f]. The outer zone can be surmised 
not to belong to the Temple estate proper; but we have no means to assure that 
all land of the inner zone was submitted uniformly to the theocratic system. 

1 3 For a discussion of the general arguments for the presence of such communities, 
see [Diakonoff 1975]. [Diakonoff 1969a] is an English summary of his epoch-making 
investigation of 24th century Lagas. 
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1974:12-14]) really members of an all-encompassing hierarchy, or is the 
organization of the profession list due to the particular and biased 
perspective of literate Temple bureaucrats? Is the appearance of the 
»chairman of the assembly« in the profession list an indication that a 
formerly primitive-democratic assembly of citizens had been subsumed 
under the Temple hierarchy, or is this just an expression of priestly wishful 
thinking14? Once again, third millennium parallels suggest that the real 
situation was more intricate than the information which we are able to 
extract from the written documents. 

These conclusions from third millennium parallels may be combined 
with an observation made by Joan Oates [1960:44-46]: since both the 
essentials of temple groundplans in Eridu (one of the originally isolated 
settlements of the extreme south) and many other religious customs exhibit 
continuity since the fifth millennium, at least the culturally pivotal segment 
of the Late Uruk state building population appears to be autochthonous. 
The violent increase in population after the mid-fourth millennium, on the 
other hand, is probably not to be ascribed to autochthonous breeding alone. 
Influx of new population segments regimented somehow by the Temple 
institution (whose organization may have taken over much from the 
corresponding Susa institution) may have contributed to the creation of 
the three-class situation described by Carneiro (see quotation (D)): thanks 
to the surplus extracted from the Temple clients and subjects, the Temple 
staff could evolve into a new upper class, while the clients and possible 
enslaved workers made up the new lower class. Non-subject populations 
(be they autochthonous or immigrants) may have continued a traditional 
non-state existence with only limited submission to the statal institution15. 

1 4 Or ours? Our own bureaucratic conditioning in combination with the internal 
rationality of the book-keeping records may easily lead us into more Weberian 
readings of the text than intended by its original authors. 
1 5 While proto-literate Uruk was a full-fledged state according to Wright and Johnson 
(quotation G) it is thus far from certain that it would be so according to Carneiro 
(quotation E) and Runciman (quotation F). From their point of view, the control 
system will probably have directed not a state but only an estate immersed into and 
influencing a pre-state society. Especially for Runciman, who sees early seventh 
century Athens as a »proto-state« only, the proto-literate Uruk system can have 
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For the very same reason, however, they will have been out of the 
administrative focus of the Temple managers. That accounting rationality 
which, as we shall see, contributed to the formation of mathematics, was 
only concerned with the relation between the Temple estate and its officials 
and dependants—and whatever the real complexities of state formation, 
the written record only reflects the pseudo-redistributive features of the 
situation. 

As long as we restrict ourselves to the proto-literate period alone, 
however, all talk of the »real complexities« is, firstly, pure speculation, and 
secondly inane speculation. It is only given sense by the perspective of 
the following, »Early Dynastie« period (cf. [Diakonoff 1969a:178-180], and 
[Powell 1978:139]). 

IV. City states and centralization 

Apart from an initial lacuna of some 200 years in the written record, 
the source situation improves steadily and significantly during the 
following millennium. This has several reasons. 
— Firstly, the script evolved to the point where it is fairly well under

stood—both because of changes in the sign repertoire and because of 
incipient use of syllabic writing. Due to the latter development we even 
know that the language in use was now Sumerian, while we have no 
means to decide in which language the pictographs of the proto-literate 
period were told16. 

been no more. 

1 6 Traditionally, it is true, the opposite view has been accepted on preliminary 
evidence from a single, somewhat ambiguous sign combination in a single text. 
However, the ongoing progress on a large project on the archaic texts directed by 
Hans Nissen (see [Nissen 1986b]; the results of the project are reflected in many 
references in the present paper) has uncovered no supplementary testimony; for 
this and other reasons discussed by Robert Englund [1988:131-33] in a two-page 
footnote, we must now opt for a vigorous nescimus. 
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— Secondly, writing was used much more broadly and more systemati
cally. Around the mid-third millennium royal inscriptions, literary texts 
and political and juridical documents (some of them involving 
communal and private land) turn up. Even the traditional genre, the 
economic texts, improves in coherence and systematization. 

— thirdly, certain aspects of early third millennium society are reflected 
in oral epics written down in the second half of the millennium. 

— fourthly and finally, on a number of archaeological sites strata from 
the third millennium cover those from the late proto-literate period, 
for which reason the latter are poorly known. 

The first 500 years after the proto-literate phase are known as the Early 
Dynastic period (ED). Its first part is characterized by continued population 
growth—around 2900 B.C. Uruk had grown to 6 km2, half of Imperial Rome 
at its culmination—and by further dirrdnishing rainfall and lowering water-
level in the Gulf and hence also in the great rivers. Around the mid-third 
millennium, moreover, a new main branch of the Euphrates was formed. 
This had decisive consequences, as discussed in some detail by Nissen 
[1983:141-148]. What is important in the present connection is the develop
ment of a system of city states, competing and often at war for the same 
water resources; and of kingly functions in these city states, formally 
originating as Temple offices but in reality regents on their own and eager 
to stand forward in their inscriptions as benefactors and protectors of the 
temples of their cities and city gods (see the collection of royal inscriptions 
in [Sollberger & Küpper 1971]). 

One of the Sumerian epics offers an interesting insight into the social 
structure, somewhat at cross purposes with naive identification of State 
and Temple estate. In Gilgames and Agga (translated in [Römer 1980]) we 
are told that Agga, son of king Enmebaraggesi, proceeds with his army 
from Kish to Uruk and delivers an ultimatum. King GilgameS of Uruk first 
tries to convince the council of elders of his city to fight back; he fails, and 

My present pet hypothesis (the reasons for which I present in [Hoyrup 1992]) 
is that Sumerian shares so many grammatical features with »creole languages« (on 
which see, e.g., [Romaine 1988]) that it may have originated as a Creole at the influx 
of new population segments in the later fourth millennium. 
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instead he puts the matter before the council of »men« (capable of bearing 
arms? or commoners, if the »eiders« are elder by status and not by age?), 
who agree with GilgameS and entreat the aristocrats and mighty of the 
city to fight for Eanna, the city's temple established by An the heavenly 
god and »cared for« by the hero-king. 

Most likely, the epic was only committed to writing toward the end 
of the third millennium; but since Enmebaragesi is a historical person (he 
has left an inscription, and belongs around the 27th century, in early ED 
II) the written text must build on fairly stable oral transmissions. Moreover, 
the conciliar institutions were definitely not as powerful toward the end 
of the millennium as presupposed by the text. The social situation 
delineated in the poem must therefore correspond to some historical reality. 

That, however, is striking. Admittedly, Eanna is mentioned as the pride 
of the city—but definitely not as supreme owner or overlord. The affairs 
of the city are taken care of by the king in agreement with the two councils. 
The whole make-up reminds more of the Iliad than of the managerial 
society mtimated by the proto-literate archives. If the higher Temple 
officials are mentioned (and they probably are!) it is only as rich and 
powerful »1st class Citizens«, i.e., as aristocrats or »eiders«. 

On the other hand, there is no doubt that the managerial tradition was 
very much alive, as testified by the continued and expanding use of the 
same script and the same accounting techniques as in Uruk IV-III, and by 
the persistent use of the familiar lexical lists. We are thus confronted with 
a truly dual society, as suggested above: one aspect can be described with 
some approximation as that »military democracy« which Engels portrays 
in Der Ursprung der Familie17. The other is the formally redistributive, 
functional state presupposed in his Anti-Dühring—and since these two 
complementary theories anticipate the main approaches of modern political 
anthropology we may conclude that the disagreements within this field 
correspond to the dialectic of real state formation18. 

This aspect has been investigated by Thorkild Jacobsen in several publications 
[1943; 1957]. 
1 8 Basing himself on other evidence, Nissen [1982] argues for duality of the Sumerian 
society along several other dimensions. 

18 



... At least to the dialectic of real state formation as it happened in Meso
potamia. The duality is, indeed, more obvious here than in many other cases 
(cf. however chapter XII on parallels in Medieval Europe). That is seen, 
e.g., if one compares the ways in which early Mesopotamian and other 
ancient monarchs made use of the techniques of literacy, once developed 
for accounting, to glorify themselves. While most royal inscriptions of the 
Ancient world boast of prowess and military success, until mid-ED III 
Sumerian royal inscriptions boast of temple building, of gifts given to the 
temple, of ceremonies performed, and of canal-building. Early Meso
potamian literacy was thus no transparent medium but a strong ideological 
filter which would not allow certain utmost important aspects of the kingly 
function to be seen19. 

Towards the end of the Early Dynastic period the temples and temple 
estates have come under the sway of the city kings, who treat them as their 
private property20. The existence of communal land is testified by sales 
contracts, but these always show that the land is sold to private individuals 
with high social status (high officials, members of the royal family), and 
often »at a nominal price« ([Diakonoff 1969a:177]; cf. [Powell 1978:136f]). 
Since peasant clans will in any case only have sold their hereditary land 
when in distress or when submitted to severe pressure, we may conclude 
that this was probably the point where a state in Runciman's sense was 

1 9 In this connection one may also recall the oft-made observation that nobody would 
have guessed from the written record that Sumerian rulers might be buried with 
a large retinue of killed servants (as it was actually the case in Ur, during the first 
phase of ED III). 
2 0 This is particularly clear in a series of »reform texts« by Uru'inimgina, either 
elected king of Lagas by the assembly or usurper in the late 24th century B.C., 
describing the abuses which had developed and his restoration of good old time, 
which includes giving back the temple land appropriated by the ruler to the gods 
(a recent though not fully convincing discussion of the obscure texts and an 
exhaustive bibliography is [Foster 1981:230-237]; cf. also [Hruska 1973]). But since 
Um'inimgina and his consort are to function as stewards of the gods on their 
reacquired estates, realities did not change at least on this point [Tyumenev 
1969a:93f]. Whether his protection of »widows and orphans« fared any better is 
unclear. In any case, Uru'inimgina was soon brushed aside by Lugalzagesi's 
conquest and unification of the whole Sumerian region. 
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establishing itself (cf. above, quotation F, and note 15). 

In the mid-24th century, as a next developmental step, the whole 

Sumerian region was then united into one territorial state by conquering 

kings, first by Lugalzagesi of Umma and soon afterwards by the Semitic 

Sargon of Akkad. Powell [1978] sees this as a result of the conflicts arising, 

inter alia, from growing social and political tensions caused by the increase 

of private large-scale property—tensions which could not be released or 

held in check within the single city state, in spite of attempts like Uru'inim-

gina's »social reform«21. From now on, the »despotic« territorial state or 

empire can be regarded as a rule in Mesopotamia and the decentralized 

phases as interludes. 

For reasons of obvious necessity, Sargon and his dynasty introduced 

more far-ranging social controls than any predecessor, many of them 

further developments of the traditional accounting controls. Already the 

Early Dynastic radical transformations of the socio-political structure, 

however, had led to changes in the domain of written administration. Both 

phases of the transformation were reflected in the structure and practices 

of the environment responsible for this adrrdnistration. The evolution which 

took place during the Sargonic reign continued trends established during 

the preceding two centuries while at the same time reshaping them to the 

advantage of government. 

The first step is testified in Fara (Ancient èuruppak) around the mid-

third millennium. Here, for the first time, the scribes turn up in the admini

strative documents as a separate and hierarchically organized group, even 

provided with overseers and a »senior scribe« [Tyumenev 1969:77]; until 

then, the very term is absent from the sources—with the exception of one 

Jemdet-Nasr tablet which shows that the profession is not hidden in one 

In fact, the analysis reminds strikingly of Engels' (and Aristotle's) analysis of the 

Solon reforms in Die Ursprung der Familie.... Even this formation of a mature state 

in Athens followed upon a phase considered as »military democracy «—and followed 

shortly after the establishment of a state in Runciman's sense. 

That conflicts between the city states became intense in late ED III is obvious 

from the surviving royal inscriptions. After centuries of mounting city-walls 

combined with amazing royal taciturnity on warlike matters, proclamations of 

military triumph and menaces against potential aggressors suddenly abound. 
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of the uninterpreted lines of the proto-literate profession list. 
The reason for the emergence of the profession is probably straightfor

ward: writing itself was used more widely for socially important purposes, 
apparently in connection with the beginning of the above-mentioned socio
economic transformations of ED III (see [Powell 1978:136f]). It is precisely 
in Fara that legal contracts, viz concerning the sale of land, turn up (see 
[Krecher 1973,1974]). In Fara, too, a monetary function becomes visible 
for the first time (in Fara accomplished by copper, in later ED III by silver). 
Temple estate accounting, too, grew in extent and systematics. We seem 
to stand at the threshold dividing »ultra-limited literacy« from »limited 
literacy«, to use a conceptual distinction proposed by John Baines [1988: 
208]. 

As pointed out by Baines, »limited literacy« is really a new situation, 
with problems and possibilities of its own. First of all this reflects itself 
in the education of the literate-to-be. Even though the old lexical lists were 
still in full use (but in decline after Fara), new types of school-texts emerge, 
as it appears from Deimel's collection ([1923]; on p. 63 we find a student's 
drawing of the proud teacher); of special importance are the mathematical 
exercises, to which I shall return below. Finally, the Fara period produced 
the beginning of literary texts, testified by fragments of a temple hymn and 
by the first proverb collection [Alster 1975:15,110]. It seems that the scribes, 
once they had become a profession halfway on their own22, tried out the 
possibilities of the professional tools beyond their traditional scope (this 
will be even more obvious when we come to the mathematical exercises)— 
and a perusal of the tablets which the Fara scribe students produced 
suggests that they liked the enterprise: in many of the empty corners of 
tablets, irrelevant but nice drawings have been made, portraying teachers 
or deers or featuring complex geometrical patterns. One gets an immediate 
impression of enthusiasm for the freshness of scholarly activities similar 
to that reported from Charlemagne's Palace School in Aachen or from 
Abaelard's and Hugue of Saint Victor's »12th century renaissance«. 

Halfway only—many of Deimel's didactical tablets carry names of what seems 
to be authors, editors or teachers, and many of the persons mentioned carry a 
priestly title [Deimel 1923:2*f]. 
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The trends beginning in Fara continue during ED III, during the 
Sargonic era, and during the post-Sargonic decentralized 22nd century 
interlude. The number of legal contracts of many sorts keeps growing; 
archives are used on many levels23. Systematic school teaching continues, 
though relatively few records (among which, however, mathematical 
exercises) survive. Writing becomes more phonetic and orderly already 
in ED III (Maurice Lambert [1952:76] speaks of an outright reform of writing 
under Eannatum of LagaS)24. Even the creation of literary text continues, 
though with a change. No longer an expression of semi-autonomous scribal 
identity, hymns are written in the royal environment where they serve to 
demonstrate the king's affection for those temple institutions which had 
been subjected to royal authority, as discussed by William Hallo [1976:184-
186]. Sargon's daughter Enheduanna may indeed be the first poet in world 
history known by name. Gudea, the most important ruler of LagaS during 
the post-Sargonic decentralized interlude, appears to have had epics 
composed on command which transposed his own feats into the mythical 
past. Also in another respect is he seen parading as a culture hero: not only 
a temple builder in the abstract like the kings of earlier inscriptions, Gudea 
has drafted the ground-plan himself »in the likeness of Nisaba [the scribal 
goddess], who knows the essence of counting« (Cylinder A, 19,20-21, in 
[Thureau-Dangin 1907:110]); he has also formed and baked the brick, 
brought precious materials from foreign countries, and performed all other 
crucial steps in person. Though the ruler of a city-state similar to those 
of former times and perhaps conscious of himself as a restorator of the 
order of old, Gudea no less than the Sargonides represents the tendency 
to make inter alia scribal culture subservient to a fundamentally secular 
power. 

This is no less true in the following centralizing period, the so-called 
Third Dynasty of Ur or »Ur III« (not to be mixed up with »Uruk III«, a 
period named after an archaeological stratum in a different city), coinciding 

Foster [1982:7-11] distinguishes three Sargonic archive types: family or private; 
»household« (with a horizon restricted to a single city) and »large household«. 

2 4 When systematic writing of the Semitic Akkadian began, using the phonetic values 
of the Sumerian signs, orderly succession of the signs became compulsory. 
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with the 21st century B.C. 5 The founding king, Urnammu, subdued the 

whole of Southern Iraq, and undertook large building programs. Since 

relatively few written documents are known from his time, we have no 

detailed knowledge of his policies, nor from the first 20 years of his 

successor èulgi. At that point, however, èulgi instituted a military and 

administrative reform, and from then on huge amounts of administrative 

tablets exist. They uncover a centralized economy submitted to meticulous 

control. It is probably not true, as has been believed, that all land belonged 

to the state or to temple estates in practice controlled by the state; that all 

industry was governmental; that all merchants were exclusively government 

agents; nor that all manual work was done by semi-enslaved populations. 

But the very fact that these theses have been widely held show that royal 

estates, governmental trade and governmental workshops and even textile 

factories worked by slaves were all-important26. The precise booking of 

rations, work-days, and of flight, illness and death within the work-force 

allotted to each overseer also reveals an extremely harsh regime. As pointed 

out by Robert Englund in his conclusive words [1990:316], the understand

ing of working conditions conveyed by the administrative texts »kann 

vielleicht helfen, sich in den historischen Darstellungen des 3. Jahrtausends 

v. Chr. die Kosten der babylonischen Paläste und Statuen plastischer vorzu

stellen«. 

In this situation, whatever autonomy may have been left to communities 

and crafts will have been severely restricted. This is demonstrably true 

for scribal culture. The scribe, of course, was the pivot and, in principle, 

the hero of an administrative system the precision and scope of which 

Nikolaus Schneider [1940:4] regarded as »überspitzt« even from his writing 

perspective within the National Socialist war economy. The scribal title 

was used as an honorific title of dignitaries in general [Falkenstein 

1953:128]. Moreover, in one of the hymns glorifying King èulgi he also 

2 5 Brief expositions are given by Nissen [1983:207-213] and Liverani [1988:267-283]. 

A recent critical survey of the state of the art concerning Ur III administration is 

given by Robert Englund [1990:1-6]. 

2 6 An overview of the centralized economy as well as the exceptions is given by 

Hans Neumann [1988]. Cf. also [Neumann 1987:151-154] on non-statal artisanate. 
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presents himself as »a wise scribe of [the scribal goddess] Nisaba«, a 
characteristic which stands as the culmination of a long series of images 
(transi. [Klein 1981:189,191]): 

(H) I, the king, from the womb I am a hero, [...], I am a fierce-faced lion, 

begotten by a dragon, [...], I am the noble one, the god of all the lands, 

[...], I am the man whose fate was decreed by Enlil, [...], I am éulgi who 

was voluptuously chosen by Inanna [goddess of Uruk], I am a horse, 

waving its tail on the highway, [...], I am a wise scribe of Nisaba. Like my 

heroism, like my strength, my wisdom is perfected, its true words I attain, 

righteousness I cherish, falsehood I do not tolerate, words of fraud I hate! 

Looking back at Gilgames and Agga we observe that nothing is left of 

dual society. The world of kingly prowess and that of scribal administration 

(identified with wisdom and justice) are united in the same person who 

boasts on both accounts in the same composition. 

The so-called Ur-Nammu law-code, which should in fact carry èulgi's 

name ([Kramer 1983]; cf. [Neumann 1989]), shows a similar mixture in its 

prologue (ed., transi. [Finkelstein 1969:66-68]). At the same time it elucidates 

the royal idea of justice, which on one hand involves metrological 

regularization and reform, on the other repeats the nice words (and the 

details!) of Uru'inimgina and Gudea too much in the manner of a literary 

topos to be really convincing (cf. [Edzard 1974]). 

Two other èulgi hymns [Sjöberg 1976:172f] tell about the king's 

purported time in the scribal school, and thus make clear which aspects 

of scribal cunning were central seen from the official perspective (which, 

we can be fairly sure in a society like Ur III, was also the perspective 

communicated to the students): addition, subtraction, counting and 

accounting according to one; writing, field-mensuration and drawing of 

plans, agriculture, counting and accounting (and a couple of ill-understood 

subjects) to the other. 

Traditional topoi and nice hand-writing apart, the idea of justice had 

been reduced to unified metrology and menaces against trespassers of royal 

regulations, and that of scribal art to functionality within the administrative 

apparatus. According to all evidence, scribes were taught in school to be 

proud of their function in the administrative machinery; no more place 

is left (in the official ideal) to professional autonomy than to communal 

primitive democracy. The higher level of literary (and, as we shall see 
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below, mathematical) creativity was in all probability the preserve of a 

»court chancellery« (»Hofkanzlei«, [Kraus 1973:23]) where year names, royal 

hymns, politically suitable epic poems and royal inscriptions were 

produced. On all accounts, the scribal art had been harnessed to a no longer 

dual state—in trite practice in as far as rank-and-file scribes are concerned, 

as a source for ideology in the case of the elite. 

V. Breakdown and apogee 

In spite of the immense role played by the scribes in Ur III, the 

problems associated with »limited literacy« appear to have been solved 

or suppressed. Scribal autonomous thought, as any autonomy except 

perhaps nepotism and appropriation of »public« property among the 

privileged, is absent from the sources. But the cost of bureaucratic control 

was too high, and the price of extensive building activities and an all-

encompassing administrative network was a work-force plagued by illness, 

death and problems of flight—and even, if we are to believe indirect 

literary evidence, rebellious strikes27. Internal breakdown resulted28, 

After toiling 40 years night and day in the great marsh, the minor gods decide 

to confront their chamberlain (the god Enlil); they do so, armed with spades and 

hods to which they have set fire, and claim that the chamberlain call in the collective 

leadership (consisting of Enlil himself together with the gods An and Enki). When 

asked for the instigator, the strikers deny the existence of such a person and declare 

their solidarity—thus begins the plot of the Old Babylonian Story ofAtraJjasïs (ed., 

tr. [W. G. Lambert & A. R. Millard 1969]; this passage pp. 45ff). The whole 

description is too close to the social psychology of real wild cat strikes to have been 

freely invented, and the setting suggests that the author builds on experience from 

Ur III estates rather than contemporary events. 

In the end, the problem is solved by a »social reform«: man is created in order 

to take over the toil of the gods. 

2 8 Most likely, ecological reasons were also involved in the breakdown, accentuating 

the incompatibility between the costs of the state apparatus and the productivity 

of the work force. In any case, the political centre of Iraq from now on moved 
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followed by now irresistible barbarian invasions and another interlude of 

decentralization, the beginning of the »Old Babylonian« period (2000 to 

1600 B.C.). 

One of the resulting smaller states (Isin) continued the Ur III system 

as best it could for a century, and has provided us with a school hymn 

describing the high points of the scribal art as embellished »writing on 

the tablets« together with use of »the measuring rod, the gleaming 

surveyor's line, the cubit ruler which gives wisdom«29, not far from èulgi's 

ideals though without his emphasis on accounting. The other main 

successor state (Larsa) inaugurated a trend which was to culminate during 

the next phase of centralization, achieved by Hammurapi of Babylon (1793-

1750)30. On the whole, the system of state-controlled production was 

abandoned. Royal land was often (though not always) given to tenants 

instead of being organized as large estates run by servile labour, or it was 

assigned to officials or soldiers who leased it to farmers. Similarly, land 

belonging to wealthy city-dwellers was often leased—and in general, 

private possession of large-scale landed property became common. (The 

survival of community-owned land is disputed, cf. [Komoröczy 1978] versus 

[Diakonoff 1971]). 

Similarly, public foreign trade was replaced by private trade; at least 

one major city appears to have been run by the body of merchants with 

some autonomy [Oppenheim 1967]. Royal workshops had probably been 

taken over by their managers at the breakdown of the Ur III system, and 

were now run privately; free labourers working for wage largely replaced 

the semi-enslaved workers receiving rations in kind. We even observe a 

kind of banking developing, conducted by members of an institution for 

unmarried noble-class women using their double kinship affiliation (to the 

northwards. 

29Lipit-estar Hymn B, lines 21-23, transi. [Vanstiphout 1978:37]. 

3 0 A very readable narrative not only of Hammurapi's history and policies but also 

of the socio-political and cultural conditions since early Old Babylonian times is 

given by Horst Klengel [1980]. Other works to be consulted include [Dandamajev 

1971], [Diakonoff 1971], [Gelb 1965], [Jakobson 1971], [Klengel 1974, 1977], 

[Komoröczy 1978,1979], [Kraus 1973], [Leemans 1950], [Oppenheim 1967], [Renger 

1979], and [Stone 1982]. 
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real kin, and to the pseudo-kin of the institution) to bypass traditional 
obstacles to free trade in land [Stone 1982]. 

The activity of the latter institution testifies to the tendency to evade 
the constraints of communal traditions; it is also, on the other hand, one 
of many proofs that land—the all-decisive productive asset—was not 
exchanged on real market conditions (cf. [Jakobson 1971]). Individualism 
and monetary relations dominated the economy, but capitalism was far 
away. None the less, the new economic structure caused multiple changes 
in the socio-cultural sphere. 

Firstly, of course, business did not give up accounting and archives 
just because it was private. On the contrary, these spread to new social 
circles. Private letter-writing emerged, describing both private business 
and personal affairs—until then, only official letter-writing had been 
known. Seals, hitherto insignia of officials, became tokens of private identity. 
And of course, accountants and surveyors in private employment and street 
scribes writing down the personal letters for pay appeared, as did free-lance 
priests performing private religious rites. 

Secondly, individualism itself took shape as a world view, manifesting 
itself not only in the private seal and the personal letter but also in the 
religious sphere and in art. While Ur III had consummated the transforma
tion of the ordinary member of the primitive community into a subject of 
the state31, the Old Babylonian era made him reappear as a private man. 

On the other hand, Old Babylonian society was still a royal state. The 
king was, as during many preceding centuries, the largest estate owner, 
and directed many affairs while local autonomies when existing were 
restricted. A new duality had thus evolved, where clearly the »modern« 
aspect of society was the more vulnerable. Corresponding to the traditional 
royal aspect of society the ancestral royal ideology also survived, and in 
fact got its most famous expression precisely in this time: the preface and 
postface to Hammurapi's »law-code« (translated in [Pritchard (ed.) 

3 1 This is in fact part of the complaint of the minor rebellious gods in the Story of 
Atrajjasis (above, note 27). While they were originally the »sons«, i.e. the lower-
ranking members of the clan community, and the »chamberlain« thus nothing but 
the »eider« member governing common affairs, he has now become the master 
and they the dumb subjects. 
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1950:164-180]), where the king appears as sort of Bronze Age social 

democrat, assuring for his country affluence and justice. (The details of the 

text and the king's personality as it can be seen from his letters makes this 

look somewhat more honest than in èulgi's comparable text). 

The institution which connects this to the development of mathematics 

is the scribe school32. Before discussing the school itself, however, a brief 

remark should be made about language. Sumerian had been retreating as 

a spoken language already during Ur III, and maybe centuries before, as 

can be seen from the increasing dominance of Akkadian names. Official 

writing, it is true, persisted in Sumerian. In early Old Babylonian times, 

Sumerian was in all probability a dead language, and all non-scribal 

business was done in the Babylonian dialect of Akkadian. Official writing, 

always produced by one scribe and meant to be read by another scribe, 

was still made with some recourse to Sumerian: at times full and more 

or (often!) less grammatically correct Sumerian, at times staple Sumerian 

word signs used as abbreviations within otherwise Akkadian sentences. 

The Sumerian literary tradition, moreover, was transmitted in the scribal 

school, though increasingly in bilingual versions. 

As to the school itself, its situation reflected that of the general economy. 

Some schools have been found within palace precincts, and may hence 

be regarded as official institutions. Others, however, have been located 

in living areas for scribes; they can hardly have been anything but private 

enterprise ([Lucas 1979:311f] offers a survey). In both cases, however, the 

students were trained for similar, »notarial«, accounting and »engineering« 

functions, i.e., for key positions in general social practice in private or 

official business33. Evidently, the sine qua non for any scribe was to master 

Two fairly recent presentations are [Sjöberg 1976] and [Lucas 1979]. Older 

important general discussions are [Falkenstein 1953], [van Dijk 1953:21-27], [Gadd 

1956], [Landsberger 1960], and [Kraus 1973:18-45]. Didactical texts illustrating 

various aspects of the school enterprise have been published and translated by 

Kramer [1949] and Sjöberg [1972, 1973, 1975]. 

3 3 Mostly in public administration. »Scribes were limited to positions connected 

with administration or with substantial accumulations of private capital. Perhaps, 

also, they filled out contracts and legal documents at the gate of the city. If I were 

to make an intuitive sweeping estimate, I would say that perhaps seventy percent 
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the practical skills needed to perform these tasks. 
Besides these skills, however, future scribes were taught to be proud 

of their profession. A number of texts have survived which were used in 
the school to inculcate professional pride. They tell us about the curriculum, 
but they also tell us which part of the curriculum was central for profes
sional pride. The picture gained from these texts stands in significant 
contrast to actual scribal functions. 

Firstly, indeed, the continuation of the Sumerian tradition beyond 
Hammurapi's time is, as formulated by Kraus [1973:28], »das größte Rätsel, 
welches der altmesopotamische Schreiber uns aufgegeben hat«. Scribes had 
to learn Sumerian because other scribes used Sumerian! Even more 
paradoxical, scribal school students were expected to speak the dead 
language with good pronunciation. Tradition alone will not do (though 
even the survival of traditions requires a motivation on the part of their 
carriers and hence an explanation), since the scribal school tradition appears 
to take a fresh start in the early Old Babylonian period (all the texts 
formulating its ideology belong to the second millennium). 

Sumerian simply, however, is not the culmination of the scribal art. 
According to the »Exarnination Text A« 3 4 , the accomplished scribe must 
know everything about bilingual texts; he must know occult writings and 
occult meanings of signs in Akkadian as well as Sumerian; he must be 
famüiar with the concepts of musical practice, and he must understand 
the distorted idiom of a variety of crafts and trades. Into the bargain then 
comes mathematics, to which we shall return. All that, as a totality, has 

of the scribes had administrative positions, twenty percent were privately employed, 
and the remainder became specialists in the diagnosis of illness, charms, magic, 
and other activities calling for some knowledge of writing«, as formulated by 
Landsberger [1960:119] in answer to a question whether the important role played 
by secret idioms of various crafts in the »Exarnination Text A« (see below) could 
correspond to future employment. 

Employment outside the »notarial«, accounting and »engineering« sphere was 
clearly secondary: "A disgraced scribe becomes a man of spells«, we are told by 
a proverb [Lucas 1979:325]. 

3 4 Ed., transi. [Sjöberg 1975]; cf. [Landsberger 1960:99-101]. Admittedly, the earliest 
extant copies of the text are quite late (viz Neo-Assyrian); as observed by Sjöberg, 
however, the contents of the text seem to require an Old Babylonian origin. 
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a name (of course Sumerian): nam-lu-ulu, »humanity« ([van Dijk 1953:23-
26]; [Sjöberg 1973:125]). 

True enough, the phenomenon has some similarity both to the practice 
of legalese and to the worst aspects of Modern humanism as a self-
aggrandizing device for bureaucrats and court servants. Instead of making 
analogies, however, we may try to formulate an explanation starting from 
a more precise analysis of the Babylonian concept itself. We may then notice 
that everything has to do with scribal practice, but scribal practice transposed 
from the region of practical necessity into that of virtuosity. What appears 
from other didactical texts is that the scribe is expected to be proud, not 
of accomplishing his actual tasks but of his identity and ability as a scribe. 

This connects scribal ideals to both aspects of contemporary general 
ideology. On one hand, the scribal function as a whole was by tradition 
a public function. If the King was to guarantee affluence and justice, who 
but the scribe was to do the job? On the other, the scribe was also an 
individual, a private man. In order to assure oneself of being something 
special, a human being par excellence, it was of course excellent to stand out 
as the one who gives the king prudent advice, and this is in fact part of 
scribal boasting [Landsberger 1960:98]. But there was not much satisfaction 
in pointing to trite everyday scribal activities, i.e., to the actual ways to 
»guarantee affluence and justice«. After all, phonetic Akkadian could be 
written with some 80 cuneiform signs. Everybody would be able to learn 
that. But everybody would not attain the level of virtuosity. Scribal 
professional pride needed something really difficult as its foundation; but 
the difficulties had to belong at least formally to the territory of scribal tasks 
if it was to serve professional pride. This, according to all evidence, is the 
reason for the specific configuration of Old Babylonian scribal »humanism«, 
and for its appearance as art pour l'art. 

Another characteristic of the »examination texts« and related didactical 
texts should be mentioned before we leave the subject. In contrast to the 
picture presented by the Fara school texts they always appear to reflect 
a rather suppressive ambience—ever-recurrent in an early text (known as 
»Schooldays«) where the school-boy tells his experience of the day are the 
words »caned me« [Kramer 1949:205]. In »Examination text A« the student 
stands back as an ignorant dumbfounded by the teacher. Admittedly, it 
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is the teacher who speaks through the text. But the double-bind situation 
which it suggests is still psychologically informative. The message seems 
to be that the scribe should be proud of being a scribe, but only privately; 
on service he should be a humble functionary knowing his place. Scribes 
were to be servants, not rulers and in reality rarely advisors of those in 
power. The scribe was to keep balance between actual loyalty and personal 
autonomy. His situation may have been similar to that of a Medieval clerk. 
Yet Renaissance humanism was as far ahead as capitalism; the Old 
Babylonian scribe was, after all, closer to the Fara scribe testing for the first 
time the possibilities of his professional tools than he was to Benvenuto 
Cellini. 

VI. Mathematics 

»The State« as a concept turned out to be subject to more dispute than 
presupposed by Wittf ogel, my initial punching ball. What about mathemat
ics? 

Nowadays, of course, we know the meaning of the term inside our own 
world—at least until we are asked about borderline cases like accounting, 
engineering computation, magic squares or generative grammar. Well 
within the border we have a cluster of indubitably mathematical practices, 
disciplines and techniques, cohering through shared use or investigation 
of abstract, more or less generalized number or space or of other abstract 
structures. 

Many single elements of this cluster can be traced far back in time, and 
be found in non-literate contexts, often at quite advanced levels. Currently, 
the term »ethnomathematics« is used about these elements when found 
in non-literate cultures [M. Ascher & R. Ascher 1986]. It is important to 
notice, however, that »ethnomathematics«, no less than »mathematics«, 
is our concept. The inhabitants of Malekula in Vanuatu would hardly have 
recognized the bunch of elements of their culture classified by us as 
»mathematical« as one entity. Their »kinship group theory« belongs more 

31 



closely together with the kinship and marriage customs in general than 
with the drawing of closed patterns, which on the other hand belongs with 
the relation and passage between life and death35. Counting and the 
geometry of house-building will belong to still other domains. 

Non-literate populations visited by modern ethnographers are not 
identical with the ancestors of Ancient civilizations; but it is a fair 
assumption that the mathematical techniques and practices of the latter 
constituted something similar in structure (or rather, lack of own structure) 
to ethnomathematics. Similarities may well have gone much further—as 
we shall see, graphs similar to those of Malekula were familiar in the 
Ancient Near East. If we are going to look for mathematics as one entity 
we may thus choose between two options: either we define one specific 
domain (traditionally number and counting) as being their mathematics, 
which will allow us to postulate the existence of mathematics far back into 
an indefinite past; or we may decide (as I intend to do) that the distinctive 
characteristic of mathematics as one entity is the coordination of several 
abstracting practices. 

The choice of coordination as the defining feature does not free us from 
all arbitrariness. It is still a question, e.g., whether counting and addition 
are one or two practices; if they are two, the introduction of addition is 
already mathematics, since it cannot be done in isolation from counting. 
So, I shall end up by defining the transition to mathematics as the point 
where préexistent and previously independent mathematical practices are 
coordinated through a miriimum of at least intuitively grasped understand-

The abstract marriage algebra of Malekula is described by M. Ascher & R. Ascher 
[1986:137-139], the graph-theoretically refined closed patterns by M. Ascher 
[1988:207-225]. The disconnectedness between the two does not imply, of course, 
that the intellectual training gained through graphs cannot have made it easier for 
the informant to formulate the principles of marriage rules explicitly for the benefit 
of the ethnographer. 

Ascher & Ascher [1986:132] make the point that the »category mathematics is 
our own« but stop short of drawing the same conclusion about ethnomathematics, 
for fear perhaps of devaluating the non-literate cultures which they discuss. This 
caution should be superfluous: the elements of ethnomathematical thought are no 
more random or isolated than our elements of mathematical thought—their 
connections are different. 
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ing of formal relations. Remaining ambiguities I shall accept as an 
unavoidable ingredient of human existence. 

VII. From tokens to mathematics 

The earliest mathematical technique which can be attested in the Near 
East is represented by small objects of burnt clay found as far back as the 
late ninth millennium B.C. and still present in the proto-literate period36. 
From early times, a variety of shapes are found: spheres, rods, cones, 
circular disks, more rarely other shapes. Many types are found in two sizes, 
and in certain cases the objects are marked by various incisions. During 
the fourth millennium, the number of shapes and of extra varieties created 
through multiple incision proliferates violently. 

Because of continuity with later metrological notations (on which 
below), the objects must be tokens, i.e., tangible symbols for other objects— 
normally goods of economic importance, it appears. Obviously, the tokens 
constitute a system of symbols, used all over Iran, Iraq, Palestine and 
Turkey. 

The emergence of the system appears to coincide with the change to 
agricultural subsistence [Schmandt-Besserat 1986:254]. Agriculture itself, 
of course, will have had no need for symbolization, nor will barter of grain 
for obsidian (or whatever exchange can be imagined). The most plausible 
suggestion for the function of the token-system is supplied by the 
excavation of a fifth miUennium site (Tell Abada) in east-central Iraq [Jasim 
& Oates 1986:352]. Tokens are found in several places; yet groups of varied 
tokens (e.g., 8 spheres, 4 cones, 1 disc, one rod) contained together in 

Denise Schmandt-Besserat, who discovered the widespread appearance and high 
age of a system which until then had only been recognized in the later fourth 
millenniiun, has published a long array of papers on the subject, of which I shall 
only refer to the original publication [1977], an early popularization [1978], and 
a recent paper [1986] discussing inter alia social and cognitive interpretations. 
Another recent publication on the matter to be mentioned is Jasim & Oates [1986]. 
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vessels are found only in one place, but there repeatedly: in the most 
important building of the village, which according to a number of infant 
burials may have had religious functions, but whose many rooms shows 
it not to be a mere shrine (or »temple«). Most likely, it was also a com
munal storehouse, the heart of a religiously sanctified redistributive system 
which was moving toward taxation in favour of responsible personnel, 
and within which the tokens have served for accounting [Schmandt-Besserat 
19862680. 

This interpretation is supported by other evidence. Tell Abada is not 
the only place where the tokens turn up in non-residential buildings [ibid., 
254]. Moreover, tokens (or, rather, prestige versions of tokens made in 
stone) are also found as high-status grave goods from the sixth millennium 
onwards,, e.g. in the fourth millennium site Tepe Gawra (near Ninive)—in 
the grave apparently possessing the highest status 6 stone spheres constitute 
the total deposit [Schmandt-Besserat 1986:255]. Admittedly, Jasim and Oates 
[1986:351f] mention this as an argument for non-accounting functions of 
the objects; more plausible, however, is Schmandt-Besserat's explanation 
([1986:269] and, in more detail, [1988:7f]) that the occurrence of tokens in 
the deposits of high-status burials reflects a high-status position for those 
who administered by means of tokens while living; their presence in infant 
graves in Tepe Gawra and elsewhere, furthermore, suggests that the 
manipulation of tokens was (or belonged with) a hereditary function (as 
burial deposits in children's graves are normally taken by archaeologists 
as evidence for hereditary social ranking)37. 

Due to later continuity the meaning of certain tokens can be interpreted. 
So, a disk marked with a cross appears to stand for a sheep (and two disks 
for two sheep). Most, however, are uninterpreted or only tentatively 
interpreted, while the principles involved are only subject to limited doubt. 
They can be illustrated by Schmandt-Besseraf s suggestion that a small cone 

It may be objected that we would not expect so highly developed stratification 
in the beginning of the Neolithic. Some indications exist, however, that the ecology 
of the Near East was rich enough to support stratified settlements and to call for 
organized redistribution as early as the late Mesolithic Natufian, and that ranking 
and even hereditability of high status had developed by then (see [G. A. Wright 
1978:218-221]). 
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stands for a specific measure of (i.e., a specific type of basket or jar 
containing) grain, a small sphere for another, larger measure/container, 
and large cones and spheres for still larger measures [1986:268]. Other types 
might signify other staple products (dried fruit, oil, wool,...). We observe 
that the marked disk stands for both quality (sheep) and quantity (one) 
at the same time; the same holds for the cone if representing the grain-
contents of a specific container. There is no symbol for abstract number or 
for volume as such. Since the containers for grain and for oil were different, 
»volume concepts« had to be specific. Measure only exists as »natural 
measure«, and number only as »concrete number«38. 

The fourth millennium proliferation of the number of token types 
corresponds to the need of the more highly organized economy of social 
systems like that of the Susiana plain. New commodities had to be handled, 
and those of old to be followed in more detail (from later evidence we may 
guess, for instance, that »sheep« would be differentiated into ewes, rams 
and male and female lambs). In addition, the tokens were now used as 
»delivery notes« for goods sent from the periphery to Susa, enclosed in 
sealed containers made of clay (»bullae«)39. 

A disadvantage of the sealed bulla as a bill of lading was that it had 
to be broken in order to be »read«. A solution, however, was at hand: 
before the tokens were put into the bulla they were pressed into its surface, 
each leaving a clearly visible impression. The observation that thereby the 

Evidently, this cannot be read out from the tokens themselves. It follows from 
an agreement between general ethnomathematical experience and the reflection 
of the token system in proto-literate metrologies. 

One question which cannot be solved in this way is whether »bundling« was 
included into the system. If, e.g., a small disk corresponded to an animal, would 
then a large disk correspond, e.g., to »a hand« (5) or »hands and feet« (20) of 
animals? Would a »sphere-container« be supposed to contain a fixed number of 
»cone-containers«? At some point in the development such bundling was 
introduced, but we have no means to assure that it had already happened in the 
Neolithic. 

3 9 At this point we begin to approach hard facts. This last-mentioned use of the 
tokens follows from the geographical distribution between Susa and lower-ranking 
settlements of seals, broken sealings, bullae prepared for use but not yet closed, 
and dispatched bullae (see [Wright & Johnson 1975:271]). 
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enclosed tokens had become superfluous will have called forth another 
step: the replacement of the hollow bulla by a flattened lump of clay where 
the impressions could be made (by tokens or, rather, by styli able to make 
similar impressions) and over which the cylinder seal could be rolled. These 
are the first genuine clay tablets, normally known as »numerical tablets«; 
like the bullae, they are found in Susa and the Susian orbit as well as in 
Habuba Kabira, the Uruk V-outpost (those of Uruk are found in rubbish 
heaps and cannot be dated)40. 

As carriers of information, the numerical tablets had an important 
advantage over the bullae: their surface could be structured, first by 
distinguishing the four edges of an approximately square tablet and next 
by dividing the surface into compartments through incised lines. Another 
advantage was discovered in Uruk IV: through pictographs quality could 
be separated from, or added to, quantity. A drawn circle with a cross was 
used to indicate sheepness, and impressions looking like pictures of small 
and large cones and spheres were used to indicate the number of sheep41. 

The whole development from the introduction of bullae with impres
sions of tokens and seals to the creation of the pictographic script was 
evidently coupled to the development of a complex society and to the needs 
of statal administration for more precise controls, as it was delineated 
above. It was no consequence of state formation per se: as pointed out 
already, the control involved in state formation need not be bureaucratic 
control. But the development was a consequence of state formation as it 
actually happened in the Sumero-Susian area, and we may assume that it was 

4 0 See [Le Brun & Vallat 1978:47, 57] for Susa and [Jasim & Oates 1986:349] for 
Habuba Kabira. 

4 1 Readable expositions of the various facets of the development are given by Nissen 
[1985] and by Damerow, Nissen & Englund [1988, 1988a]. 

It should be observed that the sequence bulla—numerical tablet—pictographic 
tablet is in the main derived from the inner »logic« of the process combined with 
indirect arguments rather than from direct stratigraphie criteria: because only 
numerical and no pictographic tablets are found in Habuba Kabira, this setlement 
must be earlier than Uruk IV, where pictographic writing is attested. But then, since 
bullae and numerical tablets are found in Habuba Kabira, they must be earlier than 
pictographic writing; etc. 
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the age-old connection between sanctified unequal redistribution and token 
accounting which made bureaucratic control a natural corollary of the 
further change of the redistributive system toward taxation. 

Improvement of book-keeping is an improvement of a mathematical 
technique, which was thus an effect of state formation. But book-keeping 
alone does not constitute mathematics. 

On the other hand, mathematics did emerge in the process, and even 
in the form of multiple coordination. Firstly we may look at the 
metrological sequences and number systems used in the texts. These were 
first analyzed thoroughly by Jöran Friberg [1978], whose preliminary results 
have now (on the whole) been confirmed and expanded through computer 
analysis as part of the Berlin Uruk project [Damerow & Englund 1987]. 

The first thing to be observed about these systems is that counting is 
still concrete. In fact, although the basic signs (varied through combination 
in various ways and addition of strokes) are pictures of the small and large 
spheres and cones42, a number of different systems are in use, with 
different relations between the visually identical signs. 

Firstly, there are two sequences for counting*3. One (the »sexagesimal 
System«) starts by a small cone (»1«), continues by a small circle (»10«), 
a large cone (»60«), a large cone with an impressed small circle (»600«), 
a large circle (»3600«), and culminates with a large circle with an impressed 
small circle (»36 000«). This system, characterized by its systematic shift 

In principle, the appearance of the signs could be an accidental result of the fact 
that these are the impressions which can be made by vertical and inclined 
impression of a thin and a thick circular stylus; the existence of bullae where the 
tokens actually contained are impressed [Schmandt-Besserat 1986:256] suggests, 
however, that the similarity between tokens and signs is not accidental, and that 
the circular stylus was chosen precisely because it could so easily produce the 
desired impressions. 

4 3 A sequence »for counting« is characterized by a separation of quantity from 
quality, as, e.g., in our »3 sheep« or »6 m«. A »metrological sequence«, on the other 
hand, has quality inherent in quantity (as in »mmmm« instead of »4 m«). 

Throughout the history of Mesopotamian mathematics this distinction remains 
less clear than the historian of mathematics might prefer. Instead of our »4 m«, 
e.g., an Old Babylonian scribe would usually have written »4«, expecting everybody 
to know that lengths are measured in this unit. 
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between the factors 10 and 6, is used to count slaves, cattle, tools made 
from wood or stone, vessels (standing for a specific measure of their 
customary content), and probably lengths. 

The other main counting system (the »bisexagesimal System«, with units 
in the ratios 1:10:60:120:1200:7200, i.e., successive factors 10,6,2,10, 6) is 
used to count products related to grain (rations? bread?), and certain other 
products. 

Besides, three metrological sequences have been identified. One is used 
for capacity measures for grain. If the basic unit is B (a small cone), the 
next are 6 B (small circle), 60 B (large circle), 180 B (large cone) and 1800 B 
(large cone with inscribed small circle)—the factor sequence is thus 6,10, 
3, 10. We observe that both order and ratios differ from those of the 
sexagesimal number system. 

Another metrological sequence (testified only in Uruk III/Jemdet Nasr) 
is used for areas. It was still in use in far later times, which allows us to 
interpret the small cone as an iku (c. 60m -60m). Then follows a small cone 
with inscribed small circle (6 iku), a small circle (18 iku), a large circle with 
inscribed small circle (180 iku) and a large circle (720 iku) (factor sequence 
6, 3,10, 6). 

A third metrological sequence is of unidentified use. 

Obviously, all sequences are based on the principle of bundling, which 
demonstrates that principles derived from counting were applied to the 
regularization of natural measures. Apart from that (admittedly important) 
step, however, the plurality of sequences and the absence of any system 
in the succession of the same symbols and in the sequence of ratios is 
hardly a proof that the career of mathematics had begun. 

This beginning, however, is demonstrated by closer investigation of 
features not yet mentioned. Firstly, what I have just described is just one 
part of the sequences, from the »basic unit« upwards. This is the part whose 
signs derive from the old token system, and which may therefore be of 
indefinitely older age—even though it is not implausible that the counting 
notations and the area notation were fresh creations, taking over the 
symbols of the grain system and adapting them to the actual bundling steps 
of the verbal counting systems and to the area metrology in use (on areas, 
see below). The other part consists of fractional sub-units, which are 
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positively new. In the counting sequences, the first sub-unit (»Y 2«, in the 
sexagesimal system, and in specific contexts perhaps »V 1 0«) is symbolized 
by the small cone turned 90° clockwise, which would evidently make no 
sense for freely rattling tokens. In the grain system, a first step is made 
in a similar fashion44, producing »V5 B« (=»C«). In a second step down
ward, »Yn C« (n=2,3,4, probably 5 and possibly higher values) is symbol
ized by n small cones arranged in a rosette. (No area units below the iku 
are attested, but this may well be because such smaller units do not occur 
in allocations of land—our only epigraphic evidence for area metrology). 
This involves an knowledgeable application of »inverse« counting to 
metrological innovation, and must thus be characterized as mathematics 
as defined above. 

Another metrological innovation based on mathematical premeditation 
pertains to the calendar—more precisely, one of the calendars45. Until 
much later, indeed, the »time-keeping calendar« is a luni-solar calendar, 
whose months are on the average 29V2 days, shifting between 29 and 30. 
Of these months there are 12 to a year, and about every three years an 
intercalary month is inserted in order to adjust the year to the tropical and 
agricultural year. To the meticulous Ur III administration, months of 
changing length were unacceptable, as we may easily imagine, and a 
system was employed where the overseer was responsible for pressing 
30 days worth of work out of each worker per month, irrespective of its 
real length, and got food and fodder rations for his workers and animals 
according to the same principle. Now, through fastidious analysis of certain 
proto-literate herding texts Robert Englund has been able, firstly, to confirm 
an interpretation of the time-keeping notation proposed by Vaiman [1974] 
on intuitive grounds, and secondly to show that the Ur III administrative 
calendar was in reality a proto-literate invention and practice. 

The sign itself, it is true, differs from the turned picture of the cone used in the 
counting sequence: it might look as a picture of the half- or quarter-sphere tokens, 
and could thus have been present already in the token-system. But like the fractional 
counting number, it is turned 90° clockwise, indicating that both are conceptualized 
as belonging to the same (»fractional«) category. 
4 5 The following description of Sumerian and proto-literate timekeeping is built 
on Robert Englund's pioneering work on administrative timekeeping [1988]. 
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The notation combines the pictogram showing a sun half raised above 
the horizon with strokes (counting the years), ordinary sexagesimal 
numbers (months) and sexagesimal numbers turned 90° clockwise (days). 
Already for the reason that these distinctions only make sense when the 
symbols are fixed in clay will this be a fresh invention of the proto-literate 
period. The free creative manipulation of several sexagesimal counting 
systems demonstrates mental independence of context-bound counting and 
ability as well as resolution to combine different elements of mathematical 
thought in order to create an adequate tool46. 

Similarly, even the creation of a counterfactual calendar in order to 
attain mathematical regularity can be seen legitimately as evidence of 
coordination, viz between bureaucratic organization and mathematical 
thought. It will also involve at least an intuitively based decision that the 
rounding error was not larger that acceptable. On both accounts the 
administrative calendar thus testifies to the emergence of genuine mathe
matics. 

All this had to do with the complex of counting, metrology and 
accounting. A final observation involves geometrical practice in the 
network. 

We have as yet no direct proof that the area of a rectangular field was 
calculated from its length and width—none of the texts which appear to 
indicate lengths and widths contain area information. But two pieces of 
indirect evidence can be found. Firstly, the same area system (or at least 
an area system with the same factor sequence) is known from later times 
to be strongly geared to the length unit47. Thus, the basic area unit is the 
sar, which is the square of the fundamental unit of length (the nindan or 
»rod«, equal to c. 6 m), but whose name (presumably meaning a »garden 

4 6 A similar albeit weaker observation could be made from the existence of 
»dependent metrological sequences« produced from those described above through 
addition of strokes and used to count or measure specific varieties of the goods 
counted or measured by the corresponding fundamental system—for instance, to 
measure emmer instead of barley. In this case the innovation may go back to the 
late pre-literate creation of supplementary token types (and token sequences?) by 
means of incisions. 

4 7 See Powell [1972], the principal reference for Sumerian area measures. 

40 

324 



plot« [Powell 1972:189-193]) suggests an independent origin as a »natural 

unit«. The iku itself is a square eèé (the e§é, meaning a »rope«, being equal 

to 10 nindan). Further on in the sequence, the bur (=18 iku), again appears 

to have originated as a »natural unit«. 

This suggests that the system emerged from a process of mathematical 

normalization, where natural seed or irrigation measures were redefined 

in terms of length units, thus stabilizing the system, as Powell points out 

[ibid., 177]—and since the upper end of the sequence is already present 

in Uruk III (where no area units below the iku are testified but may still 

have existed), the redefinition must have taken place already then. 

The other piece of indirect evidence is a proto-literate tablet referred 

to by Damerow & Englund [1987:155 n.73]. It deals with a surface of which 

the two (identical) lengths and the two (slightly different) widths are told. 

Calculating the area by the »agrimensor formula«48 one finds a nice round 

value: 10 times the highest area unit, i.e., c. 40 km2. The implausibly large 

value tells us that we have to do with a school exercise, and the improbabil

ity to hit upon the round value by accident suggests that the exercise was 

constructed so as to achieve it, and thus that the area had to be calculated 

as done in later times. 

Area measurement is not the only element of geometrical practice 

attested in the proto-literate period. Already the ground-plan of the late 

pre-literate »Limestone Temple« [E. Heinrich 1982:74 and Abb. 114], 

perhaps even two fifth millennium temples [ibid., 32 and Abb.71, 74], 

possess a regularity which suggests architectural construction. Remains 

of a ground-plan left under an early Uruk IV (or possibly late Uruk V) 

temple, moreover, shows that it was carefully laid out by coloured string 

([Heinrich 1938:22], cf. [Heinrich 1982:63,66]). One of the many different 

groups of experts present in proto-literate Uruk must hence have been 

architects skilled in practical geometrical construction49—and since only 

I. e., average length times average width. This method was used in the computa

tion of the area of not too irregular quadrangles at least from ED III to Old 

Babylonian times, and even far into the Middle Ages. 

4 9 Like the idea of writing (but not the script itself), this technique also seems to 

have been borrowed by the proto-Elamite culture (which had a centre in Susa but 

had others far into the Iranian East, and which was more or less contemporary 
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»official« prestige buildings suggest the existence of a geometrical plan, 
they must have worked exclusively for the Temple. 

We can also be reasonably sure that the planning of buildings and of 
building enterprises will have involved computation of brickwork and man
power requirements. Firstly, a culture which defines a specific administra
tive month for the sake of fodder calculations would hardly take the 
enormous costs of prestige building just as they came. Secondly, the 
evidence for precise geometrical lay-out coupled to the standard brick 
demonstrates that calculations could be made, as indeed they were in later 
times; it is plausible that this was even the idea behind the mutual 
adjustment of standards. If so, however, the computation of areas and 
volumes from linear dimensions will have arisen already in the architects 
sphere, and the gearing of area measurement to measures of length will 
also have involved the architectural branch of practical geometry. Proto-
literate mathematics will already have coordinated number and metrical 
space—one and the other, we may safely assume, as practical concerns 
and not as abstract fields of interest50. 

The formation of mathematics as a relatively coherent complex was 
thus concomitant with the unfolding of the specific Uruk state. Is that to 
say that it was a direct consequence of statal bureaucratic rationality—sort 
of modified and attuned Wittfogel thesis, mechanistic-functionalist though 
on revised premisses? Hardly. Other early bureaucratic states have existed 

with Uruk in). This follows from Beale's and Carter's careful analysis [1983] of 
the geometry of the proto-Elamite architectural complex of Tepe Yahya IVC, in 
which base-lines separated by integer multiples of a standard measure (equal to 
1.5 times the standard brick length) define the exterior edge of outer walls and 
the mid-lines of inner walls. Apart from a different choice of ratio between the 
standard measure and the standard brick, moreover, the same code appears, e.g., 
in buildings from Habuba Kabira (the Uruk V outpost mentioned in chapters III 
and VII). 

5 0 One field which was not yet integrated (and which never was until the modern 
era) was »ethnomathematical graph theory«, cf. [M. Ascher 1988]. That it was none 
the less present we may infer from somewhat later evidence: in the Fara tablets 
such »graphs«, complex symmetric patterns drawn by a continuous line, turn up 
time and again—see the specimens in [Deimel 1923:31] (broken)); Qestin 1937: 
CLXXX, #973]; and [Edzard 1980:547]. 
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without producing similar results51, and bureaucratic management of 
agriculture would probably have been better served by natural measures 
(as suggested by the changes in Babylonian metrology after the mid-second 
millennium). Bureaucracy itself does not demand the type of coherence 
inherent in the Uruk formation of mathematics. What is involved is, we 
might say with Weber, a particular spirit of bureaucracy, one tempted by 
intellectual and not by merely bureaucratic order. We also find it expressed 
in the lexical lists, which are more than a means of teaching the script: they 
also provide an ordered cosmos, and a cosmos of a specific sort: putting 
wooden objects together in one category, vessels in another, etc., amounts 
to what Luria [1976:48ff] labels »categorical Classification«, in contra
distinction to his »situational thinking«52. Still, the lists are a means for 
teaching, and thus a vehicle not only for literacy but also for the »modern«, 
abstracting mode of thought—precisely the mode of thought preferring 
mathematical coherence to situationally adequate seed measures, etc. The 
latter part of their message will have supported, and have been supported 
by, the development of the main administrative tool: the clay tablet with 

A beautiful example seems to be presented by the linear B tablets of the 
Mycenaean palace bureaucracy. Even though Mycenaean art bears witness of a 
strong and inquisitive interest in geometrical regularity [H0yrup 1983] there is to 
my knowledge no evidence whatsoever of a transformation of scribal accounting 
arithmetic into mathematics. 

5 2 Illustrated, e.g., by this dialogue [ibid., 55]: 
Luria, explaining a psychological test: »Look, here you have three adults and one 

child. Now clearly the child doesn't belong in this group". 
Rakmat, an illiterate peasant from Central Asia: »Oh, but the boy must stay with 

the others! All three of them are working, you see, and if they have to keep 
nmning out to fetch things, they'll never get the job done, but the boy can do 
the running for them [...]«. 

Situational thinking was found in Luria's investigation of prevailing modes of 
cognition in Soviet Central Asia to be »the controlling factor among uneducated, 
illiterate subjects«, while both modes were applied (with situational thinking 
dominating) among »subjects whose activities were still confined primarily to 
practical work but who had taken some courses or attended school for a short time«. 
»Young kolkhoz activists with only a year or two of schooling«, on the other hand, 
employed the principle of categorical classification »as their chief method of 
grouping objects«. 
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its ordered formats . 

In so far as the emergence of mathematics is to be ascribed to a 

particular Uruk variant of the bureaucratic spirit, this spirit was thus 

interacting intimately with, and largely a consequence of, the school 

organization of teaching (whose typical features we already encountered 

in a mathematical exercise). If a complex process is to be reduced to a 

simplistic formula, the emergence of mathematics was called forth neither 

by technical needs nor by the bureaucratic organization or by writing per 

se, but only through the interaction of these with each other and with that school 

institution which provided recruits and technical skills to the bureaucracy. 

VIII. Trends in third millennium mathematics 

As long as the Sumerian city-states remained dual societies, mathematics 

was on the same side as writing and bureaucracy. Throughout the third 

millennium, therefore, the career of mathematics runs parallel to that of 

expanding bureaucratic systems, spreading literate activities, and improved 

writing. In so far as all this was a simple continuation of the trends inherent 

in the proto-literate state, mathematics too was a continuation. 

Let us first look at metrology. It may wonder that no metrological 

sequence for weights has been mentioned above (unless, of course, the 

unidentified sequence contains weight units)—especially in view of the 

fact that metal smelting is actually attested in Uruk [Nissen 1974:8-11]. But 

technical activities of this sort were not the concern of accounting, and 

whatever the craftsmen have done was not committed to writing and thus 

subjected to mathematical regularization54. 

This problem of the interplay between tool and mode of thought I shall not pursue 

any further in the present connection, only refer to its position as the central theme 

in [Damerow & Lefèvre (eds) 1981]. 

5 4 Import of metals will of course have been a matter of bureaucratic interest. But 

nothing so far known suggests that archaeologists have come upon tablets from 
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Later, when copper and silver acquired monetary functions, on the other 
hand, weight became an accounting concern par excellence. In the beginning 
of ED III, thus, the weight system is well attested. A consequence of this 
late development of weight metrology is a high degree of mathematical 
systematization (see [Powell 1971:208-211]) in the shape of 
»sexagesimalization«, adoption of the fixed factor 60 from the principal 
(in ED III the only) counting system, in analogy with what had already 
happened in the proto-literate creation of the calendar notation. Starting 
from the top, a »load« (some 30 kg, the Greek »talent«) is divided into 60 
mana, each again subdivided into 60 gin (the later Sekel). The gin is 
subdivided into §e, »barleycorns«, which in real life weigh much too little 
to fit another sexagesimal step; but 180=3-60 3e to a gin agrees fairly well 
with real barley. 

Sexagesimalization was not the preserve of the weight system. In 
general, when pre-existent systems were extended, it was done »the 
sexagesimal way«. So, e.g, 603 and 604 were added to the counting sequence; 
the gin was transferred from weights to other systems in the generalized 
sense of Y60; and established systems were expanded upwards through 
multiplication of the largest traditional unit by sexagesimal counting 
numbers. This development is most straightforwardly explained as the 
natural consequence of the situation that mathematics was already present 
as a coherent way of thought, both in actu and as impetus and challenge, 
carried by continuing school teaching. 

Another perceptible trend is parallel to that of centralized reforms of 
writing and bureaucratic procedures (and, though only on the ideological 
level, to the recurrent idea of a »social reform«): intentional and methodical 
changes of metrology in order to facilitate bureaucratic procedures. This 
is of course analogous to the proto-literate introduction of the administra
tive calendar; the instance which is best certified in the pre-Ur III period 
is the Sargonic introduction of a new capacity measure in the order of the 
barrel, the »gur of Akkad« of 30 ban = 300 sua (« 300 1) instead of the 
current gur of 24 ban = 240 sua and the LagaS gur of 144 sua (see [Powell 
1976:423], where the advantages of the new unit in connection with 

the archive of trade. 
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computations of rations are discussed). 
A third trend, finally, is akin to the appearance of literary texts, and 

like literary text it begins in the Fara period, concomitantly with the 
emergence of the scribal profession as a separate group. We might speak 
of a first instance of pure mathematics, namely, of mathematical activity 
performed in order to probe the possibilities of existing concepts and 
techniques and neither for immediate use in practice nor for plain training 
of skills to be used in practice. 

The evidence is constituted by the oldest mathematical exercises after 
those of the proto-literate period, which could only be distinguished from 
real-world accounting and mensuration by the occurrence of round and 
implausibly but not impossibly large numbers and by the lack of the name 
of an official carrying responsibility for the transaction [Friberg 1990:539]. 
One of the Fara problems (Qestin 1937, #188]; unpublished analysis by Jöran 
Friberg) is almost of the same type, with the difference that now the area 
involved is rather impossibly large. Two other Fara texts [ibid., #50 and #671] 
require that the content of a silo containing 2400 »great gur«, each of 480 
sila, be distributed in rations of 7 sila per man (the correct result is found 
in #50: 164 571 men, and a remainder of 3 sila; the solution of the other 
tablet is wrong or at best uncompleted—analysis of the two texts and of 
the method used in [Hoyrup 1982]). A fourth text (analyzed by Jöran 
Friberg [1986:16-22]), comes from the Syrian city Ebla (whose mathematics 
was avowedly taken over from the Sumerians) and is presumably of 
slightly later date. It deals with the successive division of 100,1000,10 000, 
100 000 and 260 000 by 33 (concretely: if 33 persons get 1 gubar of barley, 
how much barley do you count out for 100,1000,10 000,100 000 and 260 
000 persons?). 

Apart from being division problems and from the »impossibly large« 
numbers of rations dealt with, the three last problems have one decisive 
thing in common: the divisors are irregular, they fit the metrologies and 
number systems used as badly as possible (Ebla spoke a Semitic language 
and had decimal number words, but combined these in writing with the 
Sumerian sexagesimal system; 33, of course, is irregular on both accounts). 
As Jöran Friberg [1986:22] puts it, 
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(I) the fact that three of the four oldest known mathematical problem texts55 were 
concerned with exactly the same kind of »non-trivial« division problems must 
be significant: the obvious implication is that the »current fashion« among 
mathematicians about four and a half millennia ago was to study non-trivial 
division problems involving large (decimal or sexagesimal) numbers and »non-
regulär« divisors such as 7 and 33. 

A number of school exercises dating between the Fara period and Ur 
III (mostly Sargonic) have been identified (see [Powell 1976]). Some of them 
are characterized by the occurrence of »impossibly large« numbers, e.g., 
a field long enough to stretch from the Gulf to central Anatolia. There is 
no trace, however, of continued interest in »pure mathematics«—which, 
in view of the striking statistics cited by Friberg, must be significant. As 
literary creativity, once a scribal exploration of the possibilities of a 
professional tool, was expropriated by the royal court as a political device, 
so also mathematical exploration appears to have vanished from a school 
more directly submitted to its bureaucratic function in a society loosing 
its traditional dual character. Two verifiable forces survived as detenninants 
for the development of »school-and-bureaucracy mathematics«: 
sexagesimalization and systematization governed by the dynamics of 
internal coherence; and regularization determined by the requirements of 
bureaucratic efficiency. 

A small and isolated tablet found on the floor of a Sargonic temple 
suggests that a third force may possibly have operated outside the school-
and-bureaucracy system. More on this below in connection with the Old 
Babylonian development, to which it is connected (note 69). 

Apparently for rhetorical reasons, Friberg discards the proto-literate school 
exercises which he himself has been the first to identify. 
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IX. The paramount accomplishment of bureaucracy 

Waning duality dwindled further in Ur III, the school-and-bureaucracy 

complex reached a high point, and so did bureaucratic and accounting 

rationality. No wonder, then, that Ur III brought about the culmination 

of the tendencies of late ED and Sargonic mathematics. 

We already encountered èulgi's administrative reform above, and we 

remember that metrological reform was presented as a cornerstone in his 

establishment of »justice«. Another, mathematically more decisive part of 

the administrative revolution was the development of the conceptual and 

technical tools for the many calculations inherent in the reform. 

First of all a new number notation was created as a final outcome the 

process of sexagesimalization: the sexagesimal place value system, which 

permitted indefinite continuation of numbers into the regions of large and 

small. The idea had been in the air for several centuries, as demonstrated 

firstly by the generalized use of the gin in the sense of Y 6 0, and next also 

by the particular idiom of a late Sargonic school exercise discussed by 

Powell [1976:427], where a »small gin« is introduced for xlm of Y6 0. But 

precisely the use of names for the fractional powers shows that the system 

was not positional, and was not extendable ad libitum. We can thus be fairly 

sure that the introduction of place value does not antedate Ur III56. 

This conclusion is not changed by the claims and the partially new text material 

presented by Whiting [1984], who conflates place value notation with what I have 

here called »sexagesimalization«. But Whiting's evidence underscores how much 

was in the air in the actual computation techniques in use at least since the Sargonic 

era, and his explanation of two apparent writing errors in a pre-Sargonic tablet 

of squares (OIP 14,70, transliterated and translated in [Edzard 1969]) suggests that 

an idea similar to the gin-tur was used already in the 25th c. B.C. 

The errors so abundantly present in the computations on which Whiting bases 

his argument, on the other hand, make it obvious that the system after which 

calculators were groping was not yet at hand as more than an inherent possibility— 

similarly, perhaps, to the way the decimal place value system may have been 

potentially present in the Chinese use of counting rods for perhaps 2000 years before 
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The Mesopotamia!! place value notation was a pure floating-point-
system, with no indication of absolute place (in the likeness of a slide rule); 
it could thus only be used for intermediate calculations—in accounting, 
one sixth of a workday, e.g., would be designated »10 gin« [Powell 
1976:421] in order to avoid misunderstandings. For this reason, only very 
few indubitably Ur III tablets carry indubitable place value numbers57, 
though some do (one instance is discussed [ibid., 420]). 

The important point about the place value notation is not the possibili
ties it offers in additive and subtractive accounting, where the disadvantage 
of a double number system will have outweighed the ease of writing which 
it brought about. It lies in the multiplicative domain, in the possibilities 
of the system to surmount the conflict between mathematical and technical 
rationality (as discussed in connection with the tendency of proto-literate 
scribes to prefer mathematical coherence to practical orientation), and to 
do this more radically than could be done by changes in the metrological 
system. If a platform had to be built to a certain height and covered by 
bricks and bitumen, e.g., changes in length measures could not be made 
which at the same time would facilitate manpower calculations for the 
earth- and brickwork, the computation of the number of bricks to be used, 
and the consumption of bitumen. But once the place value system was 
available, tables could do the trick. A »metrological table« could be used 
to transform the different units of length into sexagesimal multiples of the 
nindan. A table of »constant f actors« would tell the amount of earth carried 
by a worker in a day, the number of bricks to an area unit, and the volume 
of bitumen needed per area unit. With these values at hand everything 
was a question of sexagesimal multiplications and divisions, which again 

giving rise to the genesis of a genuine place value notation (see [Martzloff 1988:170f, 
181-184]), and to the way it was demonstrably mimicked by the Greek idea of 
pythmens (see Pappos, Colledio II.l, in [Hultsch 1876:1,2]). 
5 7 In the integer range between 1 and 599, place value and »normal« administrative 
notation cannot be distinguished. Therefore, the scribe did not need to decide 
whether he used one or the other in such cases, nor can we settle the question. 

A few undated tables of reciprocals (see below) probably belong to Ur III, but 
the paléographie distinction between Ur in and Old Babylonian tablets is not very 
safe for tablets containing exclusively or predominantly numbers. 
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were facilitated by recourse to tables, this time tables of multiplication and 

of reciprocal values. The conflict between »natural« and »mathematical 

measure« was solved similarly in other domains, and so well solved that 

supplementary technical measures could be introduced ad libitum, as 

indicated by an apparent proliferation of brick systems. This was the great 

advantage of the system in a society where the scribes were financially 

responsible overseers of all sorts of productive activities. 

It is a fair guess that the place value system was probably invented 

with the purpose to solve these problems, but since we do not possess the 

memoirs of the inventor we cannot know58. What can be known is that 

other highly adequate place value systems are known historically to have 

spread at a snail's pace, in processes taking hundreds of years or even 

longer. If the invention was not made in èulgi's think-tank (something like 

the administrative department of Kraus' conjectured Hofkanzlei), a central 

decision must at least have been made to propagate the system through 

the scribe school, which must thus have been under centralized control 

(as one would guess anyhow, given the character of Ur III society and 

ëulgi's interest in having the school teach what his scribes needed). 

Much the same could be said about other aspects of the administrative 

system, especially about the introduction of a system of balanced accounts, 

at times with automatic cross-checking59. The school provided the adminis

tration with accountants and calculators whose collective competence has 

hardly been equalled by any comparable body before the 18th or 19th 

century (CE, for once!). Judged on the purely utilitarian premisses inherent 

in the èulgi hymns cited above, the Ur III school did everything that could 

be done. 

It is remarkable, then, that no trace whatsoever is left of non-utilitarian 

So much was in the air, indeed, that the most difficult step was not to get the 

idea in itself but to find the courage to do so. For an isolated inventor (be he 

practical calculator or teacher) the system would be worthless. Only when backed 

by tables of constants, reciprocals etc., and thus only when large-scale use made 

it economically feasible to produce these, were place value numbers any good. 

5 9 See [H0yrup 1980:19f, and 85f notes 39,42 and 44], which contains cross-cultural 

comparison, whose references for Ur III book-keeping itself, however, are partly 

outdated. The most recent treatment of the subject is given by Englund [1990:13-55]. 
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mathematical interests from the period. Not only are texts lacking, which 
in itself proves nothing, since no school texts at all from the period have 
been identified. More decisive: an investigation of the mathematical 
terminology of the subsequent Old Babylonian period shows that terms 
used for current operations of utilitarian calculation are Sumerian; the key 
terms of the non-utilitarian branches, on the other hand, are Akkadian, 
and the oldest non-utilitarian texts formulate even the additive and 
subtractive operations (for which current Sumerian terms existed of course) 
in Akkadian—with the exception of the finding of reciprocals and the 
extraction of square-roots, which referred to tables in the Ur III tradition, 
and the traditional Sumerian terms for which were even adopted as 
loanwords and provided with Akkadian declination60. According to all 
evidence, Ur III thus managed to bring its scribes to a high level of 
mathematical competence without engendering any sort of pure-mathe
matical interest, i.e., without leading to any intellectually motivated 
investigation of the possibilities of professional tools beyond the needs of 
current business—in contrast to the situation in Fara, where much more 
modest competence did call forth »pure« investigation. Borrowing an 
expression from a classical discussion of other aspects of the Mesopotamian 
intellect [von Soden 1936], Ur III demonstrates »Leistung und Grenze« of 
the early bureaucratic state as a promotor of mathematical development. 

X. The Culmination of Babylonian mathematics 

The vast majority of Mesopotamian genuine mathematical texts come 
from the Old Babylonian period. Before Marvin Powell and Jöran Friberg 
began their work, almost nothing was known from the third and fourth 
millennia, and no system whatsoever had been noticed in the meagre 
material (even the connection between the Ur III administration and the 

6 0 The details of the argument build on my investigation of Old Babylonian »algebra« 
[Hoyrup 1990]. 
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creation of the sexagesimal system was only suggested as a conjecture by 
Powell in 1976). From the 1300 years separating the Old Babylonian from 
the Seleucid period, again practically nothing was known (since then, Jöran 
Friberg has located a few items). Finally, a small number of texts with 
Seleucid dating had been published. No wonder that the Old Babylonian 
period was considered the culrnination of Babylonian mathematics, which 
in histories of mathematics was simply identified with this climax. 

In part, this is certainly a consequence of the source situation. As there 
is some though not full continuity from Old Babylonian to Seleucid 
mathematics, something must have existed in the intermediate years. Yet 
today, when at least a sketchy picture of the state of the mathematical art 
in the early and the intermediate period can be made, Old Babylonian 
mathematics is enforcing its particular character upon us in more real terms: 
never before, and never after, was comparable depth and sophistication 
achieved in Ancient Mesopotamian mathematics. Even the source situation 
seems to reflect realities and not merely the random luck of excavators 
and illegal diggers: after the Old Babylonian period the institutional focus 
for the production of sophisticated mathematics disappeared. 

Why is that? What was the make-up of Old Babylonian mathematics? 
And what was its purpose? 

First of all, Old Babylonian, quite as much as third millennium 
mathematics, spells computation. All texts compute something, they never 
prove in Euclidean manner, and they only explain through didactical discussion 
of specific examples of computation. 

Many computations are purely utilitarian, and for good reasons. The 
texts are scribe school texts (the teacher's copies, not students' solutions 
as most of the pre-Ur III texts which have come down to us); and graduate 
scribes, as we remember, would normally go into notarial jobs, where they 
needed little but accounting mathematics, or into engineering-like occupa
tions, where a wider range of practical geometry etc. would be required61. 

6 1 It seems likely that some specialization was present. According to Landsberger 
([1960:97]; cf. [1956:125f]), indeed, the Old Babylonian »lexical lists distinguish, 
according to degree of erudition and specialization, fifteen varieties of dubsar or 
scribe« which, however, all disappear in the subsequent period, together with the 
scribe school. The evidence is insufficient, however, to decide to which extent the 
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Utilitarian mathematics was thus a continuation of Ur III mathematics, 

involving sexagesimal calculation, the use of the tables of metrological 

conversion and of »constant factors«, knowledge of accounting and 

surveying procedures and of computational techniques at the level of the 

rule of three, familiarity with the computation of areas and (occasionally 

fairly intricate) volumes62. All this, in fact, is found, often in complex 

combinations as in »real scribal life« where the manpower needed to dig 

a trench and carry off the dirt was more interesting than its volume. 

Just as important in school, however, were non-utilitarian computations, 

to judge from the statistics of extant texts. Dominating in this field was 

a domain traditionally denoted »algebra« by historians of mathematics, 

and which is in fact homomorphic with second- and higher-degree equation 

algebra of the Medieval and Modern epoch. The designation can be argued 

to be problematic, both because a literal reading of the terms of the Old 

Babylonian discipline indicates that it does not deal with number but with 

areas (quite literally: with fields), and because a close investigation 

demonstrates that the methods used were indeed sort of »naive« (i.e., 

reasoned but not explicitly demonstrative) cut-and-paste geometry63. 

Many problems belonging to this category look fairly abstract. For 

instance, we may be given the sum of the length and the width (l+w) of 

a rectangular field and the sum of the area and the excess of the length 

over the width (A+Q-w)), and then be asked to compute the length and 

the width (AO 8862, in MKT I, 108f, cf. interpretation in [Heyrup 1990: 

job specialization was reflected in specialized school curricula. 

It should be observed that dub-sar NiG.èlD, translated »mathematician« by 

Landsberger [1956:125], should rather be understood as »accountant«. 

6 2 Often of course by means of what we would call »approximate formulae«, 

forgetting in this distinction that even the most exact area formula becomes 

approximate when the terrain surveyed is hilly and no Euclidean plane. 

Karen Rhea Nemet-Nejat (forthcoming, chapter III) presents a survey of practical 
problem types occurring in the Old Babylonian mathematical texts. 

6 3 [Hoyrup 1990] presents the arguments for this interpretation in philological and 

mathematical detail, while [Hoyrup 1989] presents an overview. [Hoyrup 1985] 

is a fairly complete but prelirninary and rather unreadable exposition (»It is difficult 

to follow the red thread—provided there is any«, as Asger Aaboe put the matter). 
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309ff]). In this case, only the remark that »I went around it« tells that the 

person stating the problem speaks of a real field; other problems are even 

more deprived of the smell of real life. Still others, however, attach 

themselves directly, e.g., to military engineering practice, as may be 

illustrated by this example64: 

BM 85194, rev. II.7-21—ed. MKT I, 149. The translation is mine, and builds on 

my reinterpretation of the Old Babylonian mathematical terminology (I have left 

out indications of restituted damaged passages and corrected a few copyist's errors 

tacitly). Without going into irrelevant details, the following explanations should 

in principle make the text comprehensible for those who want to wrestle with a 

real piece of fairly complex Babylonian mathematics: 

1) Numbers are written in a sexagesimal place-value system (Neugebauer's 

notation). 

2) Horizontal extensions (length, breadth) are measured in the unit nindan 

(«6 m). 

3) Vertical extensions are measured in kùs (cubits), where 1 kùs = V12 nindan 

~ 50 cm. 

4) Volumes are measured correspondingly, in the unit sar = nindan2-kùs, 

here left implicit (»gan« is not the unit but an indicator of category and 

loose order of magnitude). 

5) To »append« designates a concrete addition, and to »tear out« the 

corresponding concrete subtraction. 

6) To »detach the igi of n« means finding its reciprocal 0Q—actually looking 

it up in the table of reciprocals. 

7) »To raise« means calculating a concrete entity through multiplication, as 

done, e.g., in operations involving proportionality. 

8) To »double« designates a concrete process—in the actual case the doubling 

by which a rectangle is produced from a right triangle. 

9) To »break« denotes a bisection into »natural« or »customary« halves—as, 

in the actual case, one side of a triangle is customarily bisected when its 

area is calculated. 

10) To »make a Surround« means constructing a square with side a; if we do 

not care about the real (geometric) method of the Babylonians we may 

translate it »to Square«. 

11) The »equilateral« of an area is the side which it produces when laid out 

as a square; in numerical interpretation, its square root. 

Some hints can be found in MKT 1,186. Those who want to apply the geometrical 

interpretation (not given in MKT) should be aware that a rectangle n [cubit high] 

by n [nindan long] is dealt with as a square; i.e., the units which anyhow are left 

implicit are disregarded. Cf. Hoyrup 1985: 56. 
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7. Of dirt, 1,30,0 (sar), gân. A city inimical to Marduk I shall seize. 

8. 6 (nindan) the (breadth of the) fundament of the dirt. 8 (nindan) should still 

be made firm before the city-wall is attained 

9. 36 (kùs) the peak (so far attained) of the dirt. How great a length 

10. must I stamp in order to seize the city? And the length behind 

11. the fyurliurum (the vertical back front reached so far?) is what? You, detach the 

igi of 6, the fundament of the dirt—0;10 you see. Raise 0;10 to 

12. 1,30,0, the dirt—15,0 you see. Detach the igi of 8—0;7,30 you see. 

13. Raise 0;7,30 to 15,0—1,52;30 you see. Double 1,52;30— 

14. 3,45 you see. Raise 3,45 to 36—2,15,0 you see. 1,52;30 

15. make surround—3,30,56;15 you see. 2,15,0 from 3,30,56;15 

16. tear out—1,15,56;15. What is the equilateral? 1,7;30 you see. 

17. 1,7;30 from 1,52;30 tear out—45 you see, the elevation of the city-wall. 

18. \ of 45 break—22;30 you see. Detach the igi of 22;30—0;2,40. 

19. Raise 15,0 to 0;2,40^10, the length. Turn back, see 1,30,0, the dirt. Raise 22;30, 

20. \ of the elevation, to 40, the length—15,0 you see. Raise 15,0 to 6— 

21. 1,30,0 you see, 1,30,0 is the dirt. The method. 

To a first inspection, this looks like a slightly idealized piece of 

engineering mathematics: a siege ramp formed like a right triangular prism 

is to be constructed, and we know certain parameters concerning the 

structure and have to find the others. (The minor blunder that an already 

given value is asked for again, instead of another which is actually found, 

will be due to an editor-copyist's mixup with other problems dealing with 

the same configuration—one follows on the same tablet). 

A second look, however, changes everything. The construction has 

already started; we already know how much dirt is going to be used for 

the ramp, as well as the height already reached and the remaining distance. 

But we do not know the intended total length or final height of the ramp, 

nor the length of the part built so far! The outcome, after intricate 

geometrical considerations, is a problem of the second degree. 

Evidently, such a problem would never present itself to a surveyor in 

real life. In fact, no single second-degree (or higher) problem in the texts 

solves a problem which could be encountered in practice, nor can any be 

imagined within the Babylonian horizon. And yet, such problems were 

extremely popular (the same unfinished ramp, for example, turns up in 

another tablet making use of a somewhat different terminology and thus 
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probably produced in a different school)65. Definitely, mathematics needed 
not be applicable in order to acquire high status within the curriculum—if 
only it looked applied, as the above puzzle from the engineers' wonderland. 

This may look as a paradox. Why should evidently »pure« mathematics 
be disguised as applied? Neugebauer [1954:790], obviously disgusted, 
speaks of »educational artificiality which fancies it is making simple 
geometrical problems more appealing by using practical examples 
containing unreal examples«. Why should pure mathematics be restricted 
to computation? And why on earth should a school for future clerks, 
managers and engineers make so much of the training of useless skills? 

The answers have to do with the position of the scribal profession and 
the role of the scribal school. Like the writing of phonetic Akkadian, 
accounting mathematics and trite computations of prismatic volumes were 
too uncomplicated to serve as foundation for professional pride. In order 
to demonstrate virtuosity, Akkadian had to be supplemented by Sumerian 
and secret writing, and the volume computation had to be turned around 
into a second-degree puzzle. Higher »algebra« was thus the expression 
of scribal »humanism« corresponding to the numerate aspect of the scribal 
vocation (and a choice expression), as Sumerian was the expression 
corresponding to the literate aspect. The important thing about second-
degree »algebra« was not that it could not be used; the distinctive 
characteristic was that is was complex, i.e., non-trivial. The situation repeats 
that of the Fara scribes on a higher level, whose investigation of the 
possibilities of writing produced the first literary texts, and whose 
comparable experiments with their computational tools produced »pure« 
division problems. 

But virtuosity had to be scribal virtuosity in order to serve professional 
pride (which would of course be the only sort of pride at which a scribal 
school could aim). Therefore, even complex mathematical problems should 

6 5 More precisely: such problems were popular according to their place in the corpus 
of texts and thus in the curriculum. There is no particular reason to believe that 
average students liked them. To the contrary, the generally suppressive character 
of the examination texts might suggest that mathematics was, within scribal 
humanism no less than in 19th century (CE) German neohumanism, also accepted 
because of its disciplining effects. 
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belong at least in form to the category of scribal problems. Though »pure« 

in substance, scribal mathematics w a s b y necessity applied in form. 
Strictly speaking, furthermore, the numerate aspect of the scribal 

venture was not mathematical in a general sense but computational. The 

virtuoso scribe had to be a virtuoso in finding the correct number. Pure 
mathematics in the sense which w e have derived from the Greeks w a s not 

open as an option. O n l y pure computation w o u l d make the day 6 6 . 

Finally, the scribe was a practitioner, no philosopher or teacher. In 

Babylonia as everywhere else, the main thing for a practitioner is to be 

able to handle his methods aptly and correctly. In mathematics at the O l d 

Babylonian level, this requires more than a modicum of understanding 6 7 . 

But in all vocational training then as n o w , apt and correct handling of 

methods is learned primarily through systematic training supported by 
explanation, not vice versa—as it was once formulated, y o u d o not 

extinguish a fire by lecturing on the nature of water. Though transmission 

of methods was the central aim of the school, the solution of (adequately 

selected) problems was thus necessarily the central teaching mode—as, again, 

real, practical problem solution was the ultimate purpose of the training 

of utilitarian methods. 

The situation was certainly going to be different in the Middle Ages, even for 
professional groups ressembling the Old Babylonian scribal profession. By then 
Greek mathematics was already at hand, and »scribal« computation could (and 
would, in the Islamic and Christian worlds) be seen as a special instance of that 
lofty enterprise. What is at stake here is the option of inventing something like Greek 
mathematics, which was a task quite different from that of assimilating the 
Elements—cf. the analysis of the former process in [Hoyrup 1985a:17-30]. 

6 7 Truly, quite a few historians of mathematics have supported the view that it was 
based on a tool-kit of recipes found empirically and assimilated by the scribes 
through rote learning—a view mostly based on familiarity with one or two problems 
quoted in translation in some semi-popular exposition. Scholars really familiar with 
the sources have always known that Babylonian mathematics could only have been 
produced by people who understood what they were doing, and they have 
supposed that oral explanations will have accompanied the terse expositions written 
in the tablets. During my own investigation of the sources I have located a couple 
of texts which in fact contain this fuller explanation (see [Hoyrup 1989:22-25], and 
[Hoyrup 1990:299-305, 320-328]). 
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Nothing thus remains of the supposed paradox when it is seen in the 
light of Old Babylonian scribal humanism. But another important character
istic persists which should be discussed. The »unfinished ramp« illustrated 
the »humanist« character beautifully, through exaggerating features which 
are present yet less conspicuous in other problems. But exaggeration is, 
already by definition, untypical, and so also in this case. The text is so 
much of a riddle that we can almost hear the real wording of lines 9-10 
as »[...] Tell me, if you are a clever scribe, how great a length must I stamp 
in order to seize the city?«. Most texts, however, are much more terse and, 
more important, the majority of those which contain several problems are 
fairly or even highly systematic (with the exception of some late Old 
Babylonian anthology texts—the »unfinished ramp« is known from 
precisely these). The riddle shows the family likeness between Old 
Babylonian »pure computation« and »recreational mathematics«, which 
before it became a column in newspapers and mathematics teachers' 
journals was a »pure«, virtuoso outgrowth of practitioners' »oral mathemat
ics«68. But systematization is of course foreign to any genre of campfire 
riddles, mathematical as well as non-mathematical. The systematics of the 
Babylonian mathematical texts reflect that school system in which they 
were composed, and that tendency to establish »bureaucratic order« even 
in the intellectual realm which had characterized it since the proto-literate 
period69. If many of the distinctive »humanistic« characteristics of Old 

The relation between practitioners' mathematics and recreational problems is 
discussed in [Hoyrup 1987:288-290], and again more fully in [Hoyrup 1990a], which 
also takes up the »scholasticized« character of Old Babylonian »pure« mathematics. 
6 9 Evidently, this difference in kind between recreational and scribe school 
mathematics does not preclude that a scribe school in need of non-trivial problems 
and corresponding methods borrowed them from a non-literate, recreational 
tradition. Evidence exists that this is precisely what happened: 

Firstly, it is characteristic that the key terminology of the early »algebra« texts 
is Akkadian (as is in principle the whole Old Babylonian mathematical corpus even 
in texts where Sumerographic shorthand and Sumerian technical terms abound). 
In one text the quadratic completion, the essential trick in the solution of second-
degree equations, even seems to be designated »the Akkadian« (viz., Akkadian 
method; see [Hoyrup 1990:326]). No doubt, thus, that »algebra« was no heritage 
from the Sumerian school tradition. 
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Babylonian mathematics must be explained with reference to the parti
cularities of the carrying school institution as a relatively autonomous 
institution in an individualistic culture, its over-all character of mathematics 

was still guaranteed by the traditional character of the school as developed 
in interplay with the bureaucratic state. 

The dependence of Old Babylonian mathematics on the school-and-
bureaucracy-complex and its characteristic double-bind conditioning, on 
the other hand, was also the factor which effectively inhibited the emer
gence of theoretical mathematics of the Greek kind. As I have formulated 
it elsewhere [1990:337], the scribal school was »only moderately inquisitive 
and definitely not critical«. This befitted the education of future »humble 
officials knowing their place« yet proud of their social status. In later times 

Secondly, at least a cognate of second-degree »algebra« predates Ur III. Another 

favourite problem, indeed, shares part of the characteristic terminology (and, 

presumably, the naive-geometric technique) with the »algebra«: the bisection of 

a trapezium by a parallel transversal. The oldest known specimen of this problem, 

however, is the tablet mentioned in the end of chapter VIII, which was found on 

the floor of a Sargonic temple (see [Friberg 1990:541]). 

The problem is so specific that independent reinvention is unlikely. But if the 

school has not transmitted the problem and its solution, who has? My best guess 

is an Akkadian surveyor's environment, which can quite well have existed in central 

Mesopotamia in the early Old Babylonian epoch, to the north of that Sumerian 

core area where graduates from the scribe school may possibly have had a 

monopoly of surveying. 

Interestingly, one Sargonic school exercise (A 5446, see [Whiting 1984:65f ]) seems 

to presuppose knowledge of a basic »algebraic« identity. It asks for the areas of 

two squares of side K-r, where R is a very large, round measure, and r a very small 

unit. Without knowledge of the identity (R-r)2=R2-2Rr+r2 (which of course follows 

easily from geometrical considerations), the calculation will be extremely cumber

some. 

Even in the Sumerian South, it should be added, scribal monopoly on surveying 

and geometrical practice is not too firmly established. Krecher [1973:173-176] points 

out that Fara contracts for purchases of houses involve a »master who has applied 

the measuring cord to the house« (um-mi(-a) lû-é-és-gar), while a »scribe of fields« 

(dub-sar-gâna) is involved when land is bought; a Sargonic document groups 

together the »surveyor« (LU2.ES.GID), the »scribe« (dub-sar) and the »chief of the 

land register« (SA12.DU5). Krecher supposes even the »master« and the »surveyor« 

to be scribes, but in particular concerning the latter we cannot know for sure. 
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similar institutions would provide fairly suitable vehicles for the transmis
sion of the ultimate outcome of the Greek mathematical endeavour; yet 
the dawn of the Greek endeavour itself was too dependent on non-
suppressive critical discussion to be within the reach of a scribal school 
culture. 

XL Devolution 

I shall finish my discussion of Mesopotamia by some cursory and 
undocumented remarks on the state, the scribal profession and the 
development of mathematics after the end of the Old Babylonian period, 
before passing to some even more brief comparative observations. 

The end of the Old Babylonian epoch inaugurated the dissolution of 
much of the complex which, according to the above, had shaped and even 
engendered Mesopotamian mathematics. 

Firstly of that sort of state which, since its emergence as a pseudo-
redistributional organization, had guarded the pretense to be the upholder 
of justice and affluence (in spite of often contrary realities). The end of the 
Old Babylonian epoch was brought about by the Hittites, who sacked 
Babylon, after which a warrior people (the Kassites) took over power in 
the Babylonian area. They exploited it, not by taxation however vaguely 
disguised as redistribution but by direct extorsion, as conquerors would 
mostly do until the advent of the more sophisticated methods of the 
Modern era, taking over part of the land, allying themselves with the 
autochthonous upper class and pressing tribute from a re-communalized 
peasant class. City life, on that occasion, did not disappear completely—but 
the proportion of town to country dwellers reverted to the level of the pre-
literate Middle Uruk period. 

The scribe school disappeared. Administration and scribes were still 
needed, but scribes were from now on trained as apprentices inside their 
»scribal family«. 

The self-asserting individualism of the Old Babylonian period dis-
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appeared. The particular scribal expression of Old Babylonian individual
ism, »humanism«, disappeared, too. Instead, scribal pride was founded 
on the membership in an age-old tradition. That cloak of magic and secrecy 
which Wittfogel ascribes to the bureaucrats of the managerial and 
functional state is in fact a product of the intellectual crisis caused by its 
breakdown. 

Even mathematics disappeared—at least from the archaeological 
horizon. But realities are involved, too. Techniques, of course, survived. 
But the few texts of later times suggest that the integrity of mathematics 
as a subject on its own disappeared—while Old Babylonian mathematical 
texts would contain nothing but mathematics, things were now mixed up. 
»Pure« scribal interest in mathematics disappeared, it seems. The evidence 
suggests, indeed, that second-degree algebra, even though it turns up again 
in a few Seleucid texts, survived in a practitioners' (surveyors' and/or 
architects') rather than in the scribal environment70. Moreover, the 
evolution of metrology suggests that technical mathematical skills declined. 
As explained above, the routines and procedures associated with the place 
value system overcame the conflict between mathematical and technical 
rationality, thus making the use of »natural measures« unnecessary. From 
the Kassite era onwards, however, the metrological system changes; field 
measures keyed to the squared length unit, e.g., are replaced by seed 
measures. Apparently, technical efficiency was no longer compatible with 
»mathematical efficiency«, i.e., coherence and simplicity. 

In the Late Babylonian epoch (from c. 600 B.C. onwards), finally, 

mathematics reappears above the horizon. Its practitioners are no longer 

primarily scribes, i.e., accountants and engineering managers; instead, they 

designate themselves as »exorcists« (äsipu) or »priests« (sangû). The latter 

title, oddly enough, coincides with the Sumerian sanga, who was not only 

a priest but also a manager of temple estates and a teacher in the Fara 

For one thing, the set of Sumerian equivalents for Akkadian technical terms 

changed—tab, once used as a Sumerogram for eçëpum (»to double« or »repeat 

concretely «—arithmetically, to multiply by an integer n below c. 10) came to 

designate addition. It thus appears that the scribes translated the language of 

»algebra« into their favourite Sumerian tongue for a second time without knowing 

that (or without knowing too precisely how) it had been done before. 

61 

345 



school; the Late Babylonian sattgtf-mathematician, however, was no practical 
manager as his proto-literate predecessor but an astrologer. 

The astrologer-priests who created Late Babylonian mathematical astro
nomy performed technical wonders, no doubt. Their skill in developing 
interpolation schemes, six-place (sexagesimal places!) reciprocal tables etc. 
is impressing. But if we understand mathematics as »a coherent way of 
thought, both in adu and as impetus and challenge«, then the high point 
of Mesopotamian mathematics was reached in Hammurapi's Bronze Age 
and never again. 

XII. Supplementary comparative observations 

A possible test of the plausibility of the theses advanced above on the 
connections between the specific process of state formation and develop
ment and the emergence and shaping of mathematics would be cross-
cultural comparison. Implicitly, of course, much of the analysis is already 
cross-culturally based, through the use of theoretical tools sharpened on 
non-Mesopotamian whetstones. In the present appendix I shall only point 
to two possibilities of explicit comparison. 

First, of course, Egypt suggests itself, as every time a mirror is to be 
held up to Mesopotamia71. State formation in Egypt was roughly contem
porary with that of Uruk, presumably slightly later. Its background, 
however, was more explicitly in agreement with Carneiro's warfare model. 
Pharaoh united Egypt through conquest, and courtly art demonstrates that 
he was proud of that. The early Egyptian state was not built on any 
redistributive pretext or ideology72. 

7 1 Apart from the general literature, the following builds in particular on [Baines 
1988]; [Brunner 1957]; and [Hoyrup 1990b]. 

7 2 Or, at least, only on redistribution in an utterly distorted form (cf. [Endesfelder 
1988]): Pharaoh took hold of the societal surplus and redistributed part of it to his 
officials while returning perhaps promises of cosmic stability to the general peasant 
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Writing was also roughly contemporary, and presumably slightly later. 
But until late in the Old Kingdom, literacy was extremely restricted, and 
not before the Middle Kingdom, i.e., in the outgoing third millennium, 
did a scribal school arise. 

If no other forces were present which could nourish the process, we 
should thus expect the development of mathematics as a coherent whole 
and, especially, of »pure« orientations, to be much slower than in Meso
potamia. As far as it can be judged from the meager evidence from the 
Old Kingdom, this seems indeed to be the case. Firstly, some generosity 
is already required to see the development of the Egyptian unit fraction 
system as evidence of a »pure« orientation; but even if that is granted one 
will have to observe that the unit fraction system seems only to be created 
as a system in the Middle Kingdom, in the wake of the new scribe school 
institution. No other branch of Egyptian mathematics can at all be 
considered non-utilitarian. Secondly, it is questionable how far the 
unification of single techniques into a coherent whole had developed before 
it was definitely brought about by the unit fraction system. 

While Ancient Egypt is a mirror through which the Mesopotamian 
development is recurrently observed, Medieval Western Europe is rarely 
mentioned as an analogue. In one important aspect, however, the Medieval 
West is relevant, viz as a dual society. If Gilgameè shares essential features 
with the Homeric kings, he can also be compared to a Frankish warrior-
king. The Church, on the other hand, shares with the Sumerian Temple 
the status of a purported institutionalization of the common good; to a large 
extent, its incomes derived from benevolent gifts (often compulsory, it is 
true, and in the case where the gift was a nobleman's donation of land 
with appurtenant peasants it could only be made productive through 
continued compulsion; but these details are irrelevant for my present 
purpose, and nobody knows whether realities were much different in 
Sumer). The interesting thing is that literacy was until the High Middle Ages 

the exclusive ally of the ecclesiastical »Temple Institution«; except for a few 
dreamers of learning like Charlemagne and Otto III one can describe the 
history of Central Medieval learning without ever presenting the feudal 

population. 
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power in person. »Who was the feudal lord who donated land for the 
Cluny monastery? It doesn't matter: feudal lords did that sort of thing!« 
»Who pacified the French core areas in the late 10th century to the extent 
that cathedral schools could revive? No single lord or king, it was part 
of a general trend visible in many places«; etc. And vice versa of course: 
in the Poema de Mio Cid, the tale of this most Christian hero of the Spanish 
reconquista, the role of the Church is as secondary as in Gilgamesand Agga. 
Societal duality is thus a recurrent historical type in state formations not 
yet fully satisfying Runciman's criteria (quotation F), and literacy and 
learning belong with the institutionalization of alleged general interest, 
not with the warrior-robber lordship in its interaction with a pre-state, com
munal or kinship-based sector. 

The Medieval parallel can be pursued further, into the High Middle 
Ages. Then, as we know, duality was reabsorbed, and royal centralization 
was well served by literate clerks. But at the same time the environment 
of learning, rapidly growing and therefore less directly subject to the 
»Temple« institution, went through a process of intellectual emancipation, 
first in the »twelfth century renaissance« and then in the universities. But 
scholars remained clerks, firstly because of the general socio-cultural and 
the particular institutional context, secondly because of the future social 
position of most university students. As in the Old Babylonian scribal 
school, though less strictly, the traditional binding to the »Temple« and 
the actual nexus to scribal (notarial and cameralistic) functions in existing 
society set limits to the tendencies toward intellectual enfranchisement. 
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"Dynatnis, the Babylonians, and 
Theaetetus 147c7 - 148d7". Historia 

Mathematica 17 (1990), 201-222. 



ERRATA 

For some reason, a large number of my corrections in the proofs of the present paper 
were not taken into account by the publisher. Fortunately, most errors are merely 
irritating but do not disturb the argument of the text («corrections* of quotations 
against the manuscript, misspelled Greek, or disrespect for the convention by which 
assyriologists distinguish Sumerian from Akkadian words). A few, however, affect 
the core of the discussion. The complete list is as follows (superscript ±n 

-indicates line number, counted from above or below, respectively): 

Page Actual text Read 

203* 8 are not 
203* 1 8 another circle of diameter d2 
204* 4 "two feet 
2 0 5 - 8 corrected 

2 0 6 - 9 ÔTJXoç reo ye XoyiaxiKco 
207* 1 3 Ç 
2 0 8 - 2 0 lbs is 

2 0 8 - 1 8 ib-sia 
208~ 1 5 mithartum 
2 0 9 - 2 2 ib-sia 
209- 2 1 ib-sia 
2 0 9 ' 1 9 side (at 
2 0 9 - 1 7 And in still other instances 

2 1 1 + 7 mithartum 
2 1 1 + l 6 Aristotle in 

211* 1 7 1019 b33f, and 
212 + 1 ° ib-sia 
2 1 5 - 2 a-S à 
2 1 8 + 1 3 mass 
2 1 8 - 1 2 cbq 
218" 1 ib-sia 

aren't 

the diameter d2 of another circle 
"of two feet 

faithful 

8f}Xov %Q) ye XoyiGZoKQ 

ib - s i e 
i b - s i e 
mitftartum 
i b - s i s 
i b - s 1 e 
side—at 

In one specific type of texts, 
finally 

mitfrarturn 
Aristotle refers to in 
1019 b 33f (cf. above), and 
i b - s i 8 

a - 5 à 

masse 
3 bq 
i b - s i a 

Remaining errors are my own responsibility, either because I did not notice them in 
the proof sheets or because I committed them myself in the first place. I have 
located three: 

213~ 9 mithartum mithartum 
2 IS*12 ökol oyk'oç 

Finally, the ascription of the Liber podismus to Nipsus on p. 218" 2 1 is mistaken, 
as shown by Bubnov (Gerberti Opera mathematicaedô. N. Bubnov, Berlin 1899, p. 399). 

Jens Hoyrup 
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Dynamis, the Babylonians, and Theaetetus 147c7-148d7 

JENS H0YRUP 

Institute of Communication Research, Roskilde University, P.O. Box 260, 
Roskilde DK-4000, Denmark 

DEDICATED TO OLAF PEDERSEN ON THE OCCASION OF 

THE BEGINNING OF HIS EIGHTH DECADE 

Traditionally, the Greek mathematical term dynamis is interpreted alternately as "square" 
and "root/side o f square." A survey o f the usages o f the term and of the related verb 
dynasthaiby Plato, Aristotle, and various mathematical authors including Eudemos/Hippoc-
rates, Euclid, Archimedes, Hero, Diophantos, and Nicomachos shows that all are compatible 
with a familiar concept of Babylonian mathematics, the square identified by (and hence with) 
its side. It turns out that a "geometers' dynamis"' and a "calculators' dynamis" must be 
differentiated; that the technical usage for the former became fixed only around the mid-
fourth century B.C. ; and that it vanished except in specific connections and formulaic 
expressions by the third century. Along with the conceptual congruity, the Babylonian and 
Greek terms share a number of everyday connotations. This suggests that the Greek concept 
may have been inspired or borrowed from the Near East. This hypothesis can be neither 
proved nor disproved directly by the sources, but it is internally coherent and fruitful with 

regard to the existing material. © I990 Academic Press. Inc. 

La tradition interprête alternativement le terme mathématique grec dynamis comme 

"carré" et "racine carrée". Un aperçu sur les modes d'emploi du terme grec chez Platon, 

Ans to te, et chez un nombre de mathématiciens (dont Eudème/Hippocrate, Euclide, Archi-

mède, Héron, Diophante, et Nicomaque) fait pourtant voir que l'on peut comprendre tous 

ces modes d'emplois à partir d'un concept familier aux mathématiques babyloniennes, à 

savoir le carré identifié par (et donc avec) son côté. Il s'ensuit aussi qu'il faut distinguer entre 

la "dfnamis des géomètres" et la "dynamis des calculateurs"; que l'usage du premier ne 

devient fixe qu'au milieu du quatrième siècle avant J.-C; et qu'il disparaît du discours 

géométrique courant à partir du troisième siècle avant J.-C. et n'est conservé que dans 

des contextes spécifiques. Le contenu conceptuel commun et l'existence de connotations 

secondaires partagées suggèrent la possibilité d'un emprunt du concept. Cette hypothèse ne 

se laisse ni prouver ni réfuter directement par les sources; elle résulte pourtant cohérente et 

féconde pour l'interprétation des documents existants. © 1990 Academic Press, inc. 

Gewohnheitsgemäß wird der griechische mathematische Terminus dynamis abwechselnd 

als "Quadrat" und "Quadratwurzel/-Seite" verstanden. Eine Übersicht über die verschiede

nen Anwendungen des Ausdrucks und des verwandten Verbum dynasthai bei Platon und 

Aristoteles und bei mathematischen Autoren von Eudemos/Hippokrates über Euklid, Archi

medes und Apollonios bis Heron, Nikomachos und Diophantos zeigt jedoch, daß sie alle mit 

einem bekannten Begriff aus der babylonischen Mathematik vereinbar sind, nämlich dem 

Quadrat identifiziert durch (und dadurch auch mit) seiner Seite. Es zeigt sich auch, daß eine 

"dynamis der Geometer" und eine "dynamis der Rechner" zu unterscheiden sind; daß 

erstere erst gegen Mitte des vierten Jahrhunderts v.u.Z. als technische Terminologie völlig 

standardisiert wird; und daß sie zur Zeit Euklids außer in besonderen Verbindungen und 
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formelhaften Ausdrücken wieder verschwindet. Zusammen mit der begrifflichen Überein

stimmung zwischen den babylonischen und griechischen Termini deuten eine Reihe von 

gemeinsamen alltagssprachlichen Konnotationen daraufhin, daß der griechische Begriff von 

der nahöstlichen Mathematik angeregt oder übernommen worden ist. Diese Vermutung läßt 

sich aus den Quellen weder endgültig beweisen noch widerlegen; sie ist aber nicht nur 

kohärent, sondern auch fruchtbar für die Interpretation des gesamten Quellenmaterials. 

© 1990 Academic Press, Inc. 

Among the most debated single terms of ancient Greek mathematics is the 
word dynamis [1], the basic everyday meaning of which is 4'power/' 4'might/' 
"strength," "ability," etc. [GEL 452a"b]. Responsible for this debate are first of 
all the paradoxical ways in which Plato uses the term in Theaetetus, especially 
because these appear to disagree with Euclid's use of the term in the Elements. 

The word is absent from Books I through IX of the Elements. In Book X, 
Definition 2, however, we read that straight lines (evdelai) are "commensurable 
in respect of dynamis (8vvâp.ei a-vy^xerpoi) whenever the squares on them (rà cbr' 
avT<i)v TETpày<x)va) are measured by the same area." This indicates that dynamis 
should be read as "square," while raising the problem of why it is used instead of 
the current term tetragon. 

In Plato's Theaetetus, a "dynamis of three feet" ([Ôvi/a/xis] rpiirov^ appears to 
be a square with an area of 3 square feet (147d 3-4) [2]. A little bit later, however, 
dynamis is the term chosen for certain lines (ypafifxal)—viz., lines which "square 
off" (TETpaya>vi£eiv) nonsquare numbers (anachronistical^ expressed, lines the 
lengths of which are surds). The latter use of the word has given rise to the other 
traditional interpretation of the word, as "side of square" or "square root"—at 
times as "irrational square root." 

A third text has often been taken into account in these discussions. In Eudemos' 
account of Hippocrates of Chios' investigation of the lunes (as quoted by Simplicios 
[Thomas 1939, 238]) it is stated (in words which are often taken to go back to 
Hippocrates himself) that similar circular segments have the same ratios "as their 
bases in respect of dynamis" (KOÙ at ßacreis avràv bvvânei), while circles have 
the same ratio "as the diameters in respect of dynamis.'" The Euclidean dative 
form dynamei is thus found (with approximately the same meaning) in a text dating 
back to the fourth or maybe even the fifth century. 

FURTHER OCCURRENCES: THE EARLY EPOCH 

In this paper, I intend to show that the apparently equivocal use of the term 
need not be considered equivocal after all in light of an analogous conceptual 
structure in Babylonian mathematics. Before presenting this parallel I shall, how
ever, give a more precise survey of the mathematical usages of the Greek term, in 
order to uncover more fully its context and development. 

There are, indeed, a number of less frequently discussed occurrences of the 
term and of the related verb dynasthai (ôvvao-Oai; non-technical meaning "to be 
able/strong enough (to do something)," " to be worth," "to be able to produce," 
etc. [GEL 451b-452a). As a preliminary (semantically uncommitted) translation 
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integrating connotations of physical power as well as commercial value, I shall use 
"be worth" when discussing the mathematical uses of the verb. Instead of the 
expression 4'in respect of dynantis" I shall mostly use the Greek dative dynâmei. 

The verb is used in close connection with the noun in the central Theaetetus 
passage (148a6-b2): 

THEAETETOS. We defined all the lines that square off equal-sided numbers on plane surfaces 
as lengths, and all the lines that square off oblong [i.e., nonsquare—JH] numbers as dynâmeis, 
since they are not commensurable with the first sort in respect of length but only in respect 
o f the plane figures which they are worth. 

This translation reproduces McDowell as quoted by Burnyeat [1978, 493], with 
these exceptions: "dynâmeis" is used instead of "powers"; "are worth" instead 
of "have the power to form"; and "in respect of length" instead of "in length," 
in order to render the parallel uses of the dative forms ôwâpei and IJLTJKSL. It can 
be seen that the lines which are labelled dynâmeis "are worth" those squares of 
which they are the sides (anachronistically: The line of length is worth" the 
square of area 3). 

In the Eudemos/Hippocrates fragment, the diameter dx of one circle is said to 
"be worth" the sextuple of another circle of diameter d2 when it "is" its 
sextuple dynâmei, i.e., when d\2 = 6d2

2 (2485 and 250 5 combined); the diameter of 
a circle, being the double of the radius "in length" (/i/rj/cei) is its quadruple dynâmei 
(250 4). Furthermore, the two short sides in a right-angled triangle "are worth the 
same" (tcrov) as the hypotenuse (2501), while a line a is said to "be worth less" 
than two others b and c when a2 < bz + c2 (2424). 

In Aristotle's De incessu animalium 708 b33-709 a2, on the other hand, the hypote
nuse of a right-angled triangle is said to "be worth" (not "worth the same as") 
the two other sides [3]; according to Heath ([1949, 284] against [GEL 452 a44-45] 
following the Oxford translation), the same usage is meant in 709 a 18-22. An 
identical formulation of the Pythagorean theorem is found in the pseudo-Aristote
lian De lineis insecabilibus 970a12—14. 

In connection with a general discussion of "potency" and "potent" (ovvafitc 
and ôwarôs, respectively), Aristotle explains in Metaphysica 1019b33-34 that the 
term dynamis is used in geometry "by metaphor"; in 1046 a6-8 he explains the 
usage as due to "resemblance" (Ô/AOIOTTJÇ). An explanation of the concept as 
derived from Aristotelian (or older natural) philosophy should thus be ex
cluded—even though a metaphor along the lines of "the square which a line is 
able to produce" would perhaps not be far from Aristotle's own understanding of 
the term [4]. 

The examples given so far demonstrate beyond a doubt that dynamis and dy-
nasthai belong to accepted fourth- (and maybe fifth-) century geometrical par
lance. They might also suggest that the use of dynamis in Theaetetus as a designa
tion for a line (be it a specific sort of line) is a Platonic hint of an idiosyncrasy of 
the young Theaetetos—as suggested by Burnyeat [1978, 496]. 

The first of these theses is confirmed by another Platonic passage, while the 
second is falsified {pace Burnyeat). Politicus 266a-b contains a pun on the word 
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(already discussed by Burnyeat [1978, 496] and by Szabö [1969, 90]): Man, having 
the ability (dynamis) to walk on two feet (being4'of two feet in respect of ability'7 
ôt7rovç dvvafjLEi) is identified with the diagonal [of the unit square], which is also 
"two feet dynâmei." Similarly, the swine, being four footed in respect of ability, 
is the "diagonal of the diagonal" (being of four feet dynâmei it must be of length 
2, and so be the diagonal of a square with side V 2 ) . We observe that the "human" 
diagonal is regarded in the second instance as something possessing itself a diago
nal, i.e., as a square, in a way which defies both the interpretation of the dynamis 
as a square pure and simple and the traditional alternative "side'7"square root." 

Because Theaetetos and "the young Socrates" participate together in the dia
logue as they do in Theaetetus, Burnyeat interprets the passage as another refer
ence to Theaetetos' characteristic idiom. The pun is, however, put forward by the 
"Stranger from Elea," and furthermore with the words "since both of you are 
devoted to geometry." Had Plato wanted to hint at Theaetetos' own terminological 
contributions or habits he would hardly have chosen this way to express himself. 
Instead, the pun must be a play on the familiar and shared terminology of geometers 
of the period (or, rather, a terminology which a mid-fourth century philosopher 
would find natural in the mouth of a late fifth-century geometer). 

FURTHER OCCURRENCES: THE EPOCH OF MATURITY 

As is well known, almost all sources for the history of Greek mathematics 
date from the third century B.C. or later. Truly, in this age of maturity Greek 
mathematicians tended to make less use of the dynamis I dynasthai structure than 
their forerunners appear to have done in the period from Hippocrates to Eudemos. 
Still, both terms occur a number of times in the great mathematical authors from 
Euclid onward, and in ways which may serve to elucidate the terminology, reveal
ing continuity with earlier usages of varying character. 

In Data 64, 65, and 67, Euclid speaks of the amount by which one side of a 
triangle "is worth" more or less than the other two sides, with the same meaning 
and in the same connection as Hippocrates/Eudemos. In the ensuing demonstra
tions, however, he only refers to "the tetragons on" the sides. The same thing 
occurs in Proposition 86. It appears as if the dynamis!dynasthai usage had been 
current at a time (fifth and fourth century) when certain theorems and standardized 
expressions were first formulated (the point in question here being the extended 
Pythagorean theorem), and that those formulations were handed down faithfully 
[5]. But the actual proofs of the Data were formulated in the current terminology, 
which spoke of tetragons and not dynâmei. 

Stronger evidence for a changing usage is seen in the Elements. Here the dynamis 
is avoided even in the formulations of the theorems until Book X. So, the Pythago
rean theorem, which both Eudemos/Hippocrates and the Aristotelian corpus refer 
to time and again but in dynasthai dress, deals here with "the tetragons on" the 
sides (1.47). The same holds for XII.2, in which "circles are to each other as the 
tetragons on their diameters," whereas Eudemos/Hippocrates had spoken of the 
ratio "between the diameters dynâmei.'" 

In Books X and XIII we find the traditional usage—but only in definitions, in 
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theorems, and in proofs referring to definitions or theorems or (in a few cases) 
summing up a result in formulaic language. During the free discursive argumenta
tion on figures, all references are to "the tetragons on" the lines in question. X , 
Definition 2, which was quoted above, explains the formula "commensurability 
dynâmei" of two straight lines as "commensurability of the tetragons on" the 
lines, and can thus be taken as a paradigm for the general relation between formulae 
and free speech. 

The formulae which are used belong without exception to types with which we 
are already familiar from earlier sources. We find the counterposition of "commen-
surability in respect of length" (^TJKSL) and dynâmei (e.g., X , Definition 3); line a 
"being worth more" than line b (e.g., X. 14), "being wort h n times" b (e.g. XIII.2), 
or line a "being worth" lines b and c (e.g., XIII.10). Finally, a line may "be 
worth" an area (e.g., X.40) or a figure (e.g., XIII. 1). 

On the faith of Proclos, Archimedes is normally taken to have worked after 
Euclid. As observed by Schneider [1979, 61f, n. 82] and Knorr [1978, 221], how
ever, his works build on pre-Euclidean mathematics and not on the Euclidean 
Elements; as a witness of early terminology, he can thus be considered on a par 
with Euclid. 

Archimedes' use of the dynamisl dynasthai terminology varies from work to 
work—a fact which was used by Knorr as supplementary evidence in his investiga
tion of the relative chronology of the Archimedean corpus [1978, 264, n. 124a]. 
Most of the occurrences fall under the types also attested to in Euclid: ratio 
dynâmei in contrast to ratio simpliciter or mékei, and a line "being worth" a 
rectangle or a plane figure. At times, however, a line "is worth the same" as a 
rectangle (e.g., De sphaera et cylindro 1.29, 1241). Furthermore, there seems to 
be a tendency (according to Knorr's relative chronology) for earlier works to use 
occasionally the idiom in free speech and for late works to restrict it to formulaic 
expressions and quotations of established theorems. 

Like Euclid's work, the Archimedean corpus thus suggests that the dynamisl 
dynasthai usage was left behind in the free language of third-century geometers 
but was preserved (and still used) in a frozen state in formulaic expressions. This 
is further confirmed in Apollonios' Conic a, with one qualification: Apollonios takes 
advantage of the possibilities of the terms to compress complicated expressions, 
creating formulae of his own (e.g., III.54, 440 1 5 , where a ratio is composed from 
one ratio dynâmei and another ordinary ratio between areas). 

Later geometers would still use the formulae but only by tradition. This is 
demonstrated by Pappos, in whose Mathematical Collection (along with some 20 
corrected quotations of the old formulations) the dynamis and tetragon formulations 
of the Data are mixed up as "the dynameis of the sides of the triangles" (638 1 1" 1 3). 
Direct and indirect testimony is supplied by an anonymous 2nd century A . D . 
commentary to Theaetetus [Burnyeat 1978, 497]: It tells that "the ancients called 
tetragons dynâmeis'"', evidently, the readers were supposed not to know—and the 
commentator for his part seems not to know that the two terms, though somehow 
semantically connected, had been used differently. 

It is then no wonder that even Hero speaks of ratios dynâmei vs. mékei in 
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Metrica 1.19, 5418—nor that a passage of 1.34 (822 8 f) appears to make a rectangle 
and not a line the subject of the verb dynasthai (appears, since the passage is 
anyhow illegitimately elliptic and therefore possibly corrupt [6]). At other points, 
however, striking deviations from familiar expressions turn up. A passage in 1.15 
(4222"25) runs "and take away from dynâmei 121 dynâmei 36, remainder dynâmei 
25, which is mékei 5." Dynâmei 121 is thus simply VÎ2Î = 1 1 , which in a more 
traditional formulation might appear as "that which dynâmei is 121," correspond
ing also to the expression "B® dynâmei 180" found three lines above (freely to 
be interpreted B@ 2 = 180 or B© = VÏ8Ô). But the phrase in lines 22-24 contains 
none of those articles and relative pronouns which in normal Greek mathematical 
texts indicate elided words. Dynâmei N is simply used for V N . 

If we go to 1.17, 48 5 f, on the other hand, "the ratio of the (tetragon) on dynamis 
Br to the (tetragon) on Br, together with the (tetragon) on AA" designates the 
ratio of Br4 to Br2 • AA2. Dynamis N is thus N2. So, the Platonic ambiguity 
between "square" and "square root" turns up again in this rather late and very 
un-Platonic text (though grammatically distinguished as it should be in an efficient 
technical terminology). 

THE "CALCULATOR'S DYNAMIS" 

The BT4 of Metrica 1.17 is also spoken of as "the dynamodynamis upon BT" 
(4821), Diophantos' term for the fourth power. It might therefore seem that the 
numerically oriented mathematicians of later antiquity merely embraced a tradi
tional geometrical concept and shaped it for their own purposes. I shall call this 
concept (that of Hippocrates, Euclid, Archimedes, Apollonios and Pappos) the 
"geometers' dynamis " in agreement with the passages from Metaphysica and 
Politicus quoted above. More likely, however, the similarities between Plato's and 
Hero's texts should be explained with reference to an old, related but distinct 
"calculators' dynamis " To this point I shall return; for the moment I shall only 
argue for the existence of the entity in question. 

It turns up rather explicitly in Plato's Republic a 587d, during the discussion of 
the distance between the tyrant's phantasmagoric pleasure and real pleasure, 
which, when regarded as "number of the length" (rot) /z/rç/couç àpi0/x6ç), is argued 
by Socrates to be the "plane number" 3 • 3 = 9. It is then "clear, in truth, how 
great a distance it is removed according to dynamis and third increase" (Kara 
bvvap.iv Kai TpiTrjv ocvÇr)v)—a statement upon which Glaucon comments: "clear 
at least to the calculator" (Ô17A0Ç rw ye koyLariKO)). In this gently ironic portrait 
of his brother [7] Plato evidently supposes that the mathematically illiterate will 
have known the word dynamis as belonging to the field of practical calculation 
(logistics) rather than to that of theoretical geometry. Furthermore, logistics is 
supposed by Socrates' remark to deal with three different numerical manifestations 
of one and the same entity, as "number of the length," dynamis, and "third 
increase." As if to avert misunderstanding, Plato tells us that these are not just the 
"linear," "square," and "cube numbers" known from Greek theoretical arith
metic (and from The ae te tus), the "number of the length" being already a square 
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number; they correspond instead to the first, second, and third power of the 

entity. 

Presumably, the "calculators' dynamis" is also mentioned in Timaeus 31c-32a 

[8]. At most, however, this passage provides us with the extra information that the 

terminology for the "third power" vacillated. More interesting as an elucidation of 

the Republica passage and of the "calculators' dynamis" are the terms used in 

Diophantos' Arithmetica. As he explains in his foreword, Diophantos speaks of 

square and cube numbers as "tetragons" (TSTpâycùvoi) and "cubes" (KV/3OI), 

respectively (2 1 8~ 2 2). In agreement with general convention, however, the second 
and third power of the unknown number (the âpiOfiôs) are spoken of as dynamis 

(ôwa/uç, abbreviated A Y ) and cube (KV/3OÇ/Ky) (4 1 5* 1 7) [9]. Now, it is known that 

part of Diophantos' algebraic formalism is taken from earlier Greek calculators: 

the abbreviation £ for the àptd/xôç is used in a ca. 1st century (A.D.) papyrus (see 

[Robbins 1929] and [Vogel 1930]), and the term ovvaixoovvafii^; for the fourth 

power was used during the same century by Hero (cf. above). Furthermore, 

part of Diophantos' material (I.xvi-xix, xxii-xxv) is borrowed from traditions of 

recreational mathematics ("purchase of a horse," "finding a purse," etc.; see 

[Tropfke 1980,606-613]) which already in Plato's time had given rise to theoretical 

treatments ("Thymandes' flower"; see [Heath 1921, 94ff]). Since the distinction 

made between square number and dynamis coincides with that made in Republica 
587d, it appears reasonable to assume that even this is due to continuity, and that 

Diophantos' "general convention" followed the old calculators known to Glaucon 

in its specific use of dynamis [10]. 
If this is so, "geometers'" and "calculators' dynamis" are of course related 

but yet different concepts, and one must be assumed to derive from the other. For 

the moment, we will have to leave open the question of the direction of influence, 

and return our attention to the geometers' concept, which is better documented in 

the sources. 

INTERPRETING DYNAMIS 

The difficulty of explaining dynamis plainly as another name either for tetragon 

or for side is as evident as the difficulty of explaining away the evidence in favor 

of the rival explanation. Instead, two new interpretations (both involving centrally 

the verb dynasthai) have been proposed by Szabö and Taisbak. 

Taisbak [1980; summarized in 1982, 72-76] proposed a reading of dynasthai as 

"to master," in the sense that a line "masters" that two-dimensional extension 

which it is able to cover by a square; this extension should be understood as an 

entity different both from the square as a geometrical figure and from its area 

regarded as a number resulting from mensuration. In its origin, dynamis should 

then be a term for the extension. For later times, Taisbak proposed a reduction to 

an ill-understood rudiment. The use of the term for a line should result from 

informal speaking among mathematicians. 

Szabö's explanation [1969, 46f; reworked 1986] built on the well-documented 

use of dynasthai as "being worth" in a real commercial sense ("the shekel is worth 
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7 obols"). This is supposed to have inspired a use expressing the notion that a 
square is equal to some other surface (a rectangle or a sum of squares); for some 
reason ("irgendwie" [1986, 359]), the expression involves the side of the square 
as the subject, and not the square itself. Formally, a dynamis should be a line; in 
reality, however, it should denote the square constructed upon the line, but only 
on condition that this square is equal to another surface. 

In order to underpin his interpretation, Szabö claimed that the Kara ovva/xiv 
usage of the passages from Republica and Timaeus (in fact the earliest certain 
appearances of the mathematical dynamis) is derivative, while the dative dynâmei 
used from the late Platonic dialogues onward reflects the original thinking. Even 
if this hypothesis is granted, the rather loose language of the remaining pre-
Euclidean sources is problematic for a strict reading of Szabö's thesis—a line 
being sometimes worth other lines, sometimes "the same" as other lines, etc. If 
the thesis is read more loosely than originally intended, however, as informal 
speaking, neither the early Platonic occurrences nor the lax formulations are 
serious challenges; interpreted like this, on the other hand, the explanation comes 
closer to Taisbak's. 

Before considering either of these positions. I shall step outside the circle of 
Greek language and culture. 

A BABYLONIAN PARALLEL 

To a historian of Babylonian mathematics, the apparent ambiguity between 
"square" and "square root" has a familiar ring. Both the basic Old Babylonian 
term for a geometric square (mithartum) and the Sumerogram normally translated 
as "square root" (ibsis) appear (when translated into modern terminology and 
concepts) to designate alternately the square and its side. The semantic basis of 
ib-sii is equality (viz., equality of the sides of a square), whereas that of mithartum 
is the confrontation of equivalents (still as sides of a square). Interestingly, the 
Babylonian term for "countervalue" or "commercial rate" (mahirum) derives 
from the same root as mithartum, viz., from mahärum, "to stand up against, to 
encounter, to receive [an antagonist, an equivalent, a peer]." So, the linking of 
"square," "side of square," "commercial rate," "equivalence," and "confronta
tion of force," so puzzling in Greek mathematics, is shared with the mathematics 
of the old eastern neighbor. Could it be that the Greek term translates a borrowed 
technical concept, using a Greek term possessing the same connotational range as 
the original Semitic expression [11]? And could a possible borrowing, or simply 
the conceptual parallel, help us understand the nuances of the Greek term? 

Since our earliest sources (be it Plato or the Eudemos/Hippocrates fragment) 
use the dynamis terminology in developed form, the original idea behind it cannot 
be established beyond doubt, and conceptual and terminological diffusion (from 
Babylonia or, indeed, from anywhere) can be neither proved nor ruled out as a 
possibility. The answer to the first question is an uninteresting "yes—anything 
could be." For the time being, the hypothesis can only be tested for plausibility 
and fruitfulness, the former depending largely on the latter, i.e., on the answer to 
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our second question. We shall therefore need to take a closer look at the Babylonian 
concepts. 

According to its derivation and to cognate terms, mithartum designates an entity 
arising from the confrontation of equivalents (the confrontation of the line and its 
mehrum or "counterpart"—another derivative from the same root). A number of 
texts show that the mithartum, when a number is ascribed to it, is the length of 
the side and possesses an area [12]. No single text can be found where the square 
is identified with its area, as we would tend to do, and as is inherent in the Euclidean 
tetragon as a "figure" (crxripa), i.e., as something which is "encompassed by 
some boundary or boundaries" (VTTO TWOS T) TIVO)V opœv irepiexopevov) (Elements 
I, Definitions 22 and 14). On the other hand, other evidence shows beyond a doubt 
that the mithartum is a geometrical square and not a mere line adjacent to a 
square—e.g., BM 15285 [MKT I, 137f], where the squares are drawn. 

This may seem strange to us. From a culturally neutral standpoint, however, 
our own ways are equally strange. Why should a complex geometrical configura
tion—four equal lines at right angles delimiting a plane surface—be considered 
Identical with the measure of the plane surface, rather than with the measure of 
one of the lines? Once the configuration is given, one parametrization is as good 
as the other. So, the ambiguity of the mithartum concept vanishes: it is not 
alternately square and square root, but simply the figure identified by—and hence 
with—its side. 

The case of ib-si% is similar. Etymologically and in most occurrences the term is 
a verb. A phrase like "81-e 9 ib-si%" must apparently be read as "81 makes 9 equal-
[sided]" [13]. In some occurrences, the term is used as a noun related to mithartum, 

i.e., as a square figure parametrized by the length of its side (at times when the 
side of a square of known area is asked for, but occasionally as a description of 
the geometrical configuration itself. And in still other instances, the term occurs 
as a verb denoting the creation from a length of the corresponding quadratic figure 
(but not its area) [14]. Once again, the square is considered under the aspect of a 
figure made up of equal sides, not as a plane surface surrounded by such sides. 

THE "GEOMETERS' DYNAMIS" 

With this in mind we now return to the Greek material—first to the concepts 
"commensurable in respect of length" (pr}Ksi crvppsTpoi) and "commensurable 
in respect of dynamis" (àvvâpsi crvppLsrpoi) from Elements X , Definitions 2-3. 
Two straight lines (evdslai [ypappal]) are commensurable "in respect of length" 
if they have a common measure when each is regarded without sophistication as 
a length—a /x/rç/coç. They are commensurable "in respect of dynamis" when the 
tetragons on them have a common measure—that is, when the two lines themselves 

are commensurable if regarded in the Babylonian way, as representing squares. 
The common grammatical form (the dative) of pi)Kei and hvvàp,ei suggests that 
the two terms should stand in the same relation to the straight lines; since the line 
can indubitably be apprehended as a length, it should also be possible to apprehend 
it as a dynamis (and it should be seen so in "commensurability in respect of 
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dynamis"). But the parallel leads still further. Since in the former case the lengths 
themselves have the common measure, in the latter case the dynâmeis must be 
the things measured (remember that the Greek measuring procedure is a process 
of covering or taking away, cf. the anthyphairesis). The dynamis can hence hardly 
be anything but a mithartum, a square identified with its side (but still of course 
possessing an area to which a measuring number can be ascribed). Otherwise 
expressed, the dynamis is a line seen under the aspect of square. 

If instead of commensurability we had looked at ratio dynâmei and mékei, as 
known from Archimedes, the same arguments could have been developed. In both 
cases it becomes evident why we never find expressions like "commensurability 
in respect of tetragon" or "ratio in respect of tetragon": tetragons themselves are 
commensurable (if they are) and in possession of a mutual ratio—they are not 
aspects of a line. The absence of such expressions also follows from Taisbak's 
interpretation of the term; it is, however, somewhat enigmatic if "dynamis" is 
believed to be nothing but another word for "tetragon." Why, in fact, should 
Elements XII.2 when reformulating the Hippocratean theorem that circles have 
the same ratio "as their diameters dynâmei" also change the grammatical construc
tion if it had been meaningful to speak of ratios rerpayovoil Truly, grammatical 
habits might have changed over the centuries, but this would then affect both 
terms had they really been synonyms (as, in fact, we see in Pappos' late mix-up). 

If we turn to Theaetetus, the first use of dynamis as a "square of three [square] 
feet" is of course in harmony with the interpretation of the term as a mithar-
turn—rpitrovs, "of three feet," is an adjective and hence not necessarily to be 
regarded as an identity. The later passage, in which the young Theaetetos intro
duces his definition distinguishing two sorts of lines (ypafxfxcn), is more interesting: 
on the one hand, a line which can be "spoken of" as a length, i.e., a line the length 
of which can be measured by a rational number which can be used as its name, is 
called a "length," a /ATJKOÇ. On the other hand, a line which can only be "spoken 
of," i.e., be given a numerical name, when regarded under its aspect of dynamis, 
is called a dynamis (it will be remembered that the Greek term which translates as 
"rational" is p^roç, meaning "which can be spoken"). 

According to the mithart urn interpretation, the definitions introduced by 
Theaetetos are no longer shocking, clumsy, or childish, as they have been regarded 
by various authors. Theaetetos does not call a square root a square, or anything 
like that. Truly, any line can be regarded in advance as a dynamis, and Theaetetos 
restricts the use of the term to such lines which in a certain sense are only to be 
spoken of as dynâmeis. This is, however, a precise analog of another well-known 
Greek dichotomy: some numbers are "square numbers"; they can be "engendered 
as equal times equal" ( low icrà/aç yiyvso-Bai), i.e., produced as the product of 
two equal factors. In principle, a "square number" is also "oblong"—it can be 
produced as the product of unequal factors: 4 - 4 = 8 - 2 ; 3 - 3 = 9 - l. The name 
"oblong number" (àpi0/u,6ç irpo/xT/zcr/ç) is, however, reserved for such numbers 
which are only oblong, i.e., for nonsquare numbers. This delimitation, introduced 
by Theaetetos in the same dialogue just before the "shocking" definitions of 
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"length" and "dynamis" (147e9-148a4), has never shocked anyone. Yet, accord
ing to the mithartum interpretation, the logic of the two definitions is strictly the 
same. No puzzles are left. The passages from Theaetetus, as well as the entire 
material on the "geometers' dynamis," fit the interpretation of the dynamis as a 
concept of the same structure as the Babylonian conceptualization of the square. 

As already stated, the link between dynamis as commercial worth and as con
frontation of force is a feature shared with the Babylonian mithartum. No Babylo
nian mathematical term equivalent to dynasthai exists, however. Nor does there 
appear to be any concept or procedure in Babylonian mathematics which necessi
tates such a word. So, even if the dynamis may be imported from or inspired by 
Babylonia, the term dynasthai appears to be a genuine Greek development due to 
the integration of the dynamis concept into the theoretical structure of Greek 
geometry. We see in Theaetetus 148b2 a possible explanation for such a develop
ment, when Plato speaks of "the plane figures" which the lines dynantai, i.e., 
"have in their power to form when seen dynâmei" or "are worth" under the same 
aspect. This could also be the metaphorical sense which Aristotle in Metaphysica 
1019b33f, and it suggests that the Greeks may have conceptualized the term in 
Taisbak's manner in the mid-fourth century (and perhaps earlier), independently 
of its origin. This, in connection with the verb's connotations of equivalence and 
being worth, could then easily lead to the general loose usage in which lines or 
surfaces (Hero!) can be said to dynasthai other lines or surfaces, but where in all 
cases the equality involved is one of surfaces, not of lengths. 

On the other hand, the dynamis might also stand for a mithartum-like concept 
without having been borrowed at the conceptual level. Both concepts could have 
developed independently on the basis of analogous or shared measuring practices 
[15]. In this case, the shared secondary connotations of the two terms must be 
considered accidental (which, given the connotative richness of both languages, 
could easily have happened). 

THE "CALCULATORS' DYNAMIS" REVISITED 

Thus, if we restrict our reflections to the "geometers' dynamis," conceptual 
borrowing and independent development of analogous conceptualizations of the 
square figure are equally good causal explanations of the apparent mithartum-
structure of the Greek concept. This, however, brings us to the question of the 
"calculators' dynamis." If, as was argued, Greek calculators may plausibly have 
been in possession of second-degree algebra showing terminological continuity up 
to Diophantos, it can hardly have been an indigenous development: it would have 
been inspired (or, more probably, imported) from some Middle Eastern algebra 
descending from the Old Babylonian tradition. Now, I have shown elsewhere that 
Old Babylonian "algebra" cannot have been arithmetical, i.e., conceptualized as 
dealing with unknown numbers organized by means of numerical operations [16]. 
Instead it appears to have been organized on the basis of "naive," nondeductive 
geometry of a sort related to that used by al-Khwârizmï in his Algebra to justify 
the standard algorithms used to solve basic mixed second-degree equations (see 
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[Rosen 1831, 13-21], or one of the published Medieval Latin translations, e.g., 
[Hughes 1986, 236-241]), but of course without al-Khwarizmfs Greek-type letter 
symbolism. Since the Arabic treatise mentioned in note 11 was of a similar sort, a 
descendant which inspired Greek calculators can hardly have been much different. 
Even early Greek "calculator-algebra" will consequently have dealt with "real" 
lines and squares, not with sums and products of pure numbers [17]. Truly, the 
"real" lines and squares may have been rows and patterns of pebbles on an abacus-
board, rather than the continuous lines of a drawing—cf. below. 

At the same time, the branch of Old Babylonian mathematics in which mithartum 
and ib-si% occur most frequently is the so-called "algebra." So, if a conceptual 
import into Greece has indeed taken place, the plausible channel is "calculator-
algebra" rather than theoretical geometry. This would make the "calculators' 
dynamis" the primary concept from which the "geometers' dynamis" would be 
derived. 

Hero's curious phraseology ("dynâmei 25, which is mékei 5"—cf. above) might 
then derive from this calculators' tradition rather than from his Archimedean 
affiliation. It belongs indeed with a numerical calculation. As in Republica 587d, 
the same concrete entity is represented by several numbers; and as in the second 
passage from Theaetetus, the mathematics of the passage suggests the translation 
"root." If the segregation of a geometrical dynamis was only taking place during 
Plato's (and Theaetetos') youth, these specific parallels between Plato and Hero 
are probably manifestations of the closeness of both to the calculators' usage. 

If, on the other hand, the dynamis-concept was indigenously developed, we 
would rather expect its origin to belong with geometry and mensuration. This 
would make the "calculators' dynamis" a metaphor, and suggest that, in spite of 
its dependence on prescientific sources and methods, logistics had already come 
under the sway of scientific mathematics in respect of metaphorics and conceptual
izations around 400 B.C. If one reflects on the balance between references to 
logistics and to the purer branches of mathematics in the earlier part of the Platonic 
corpus (including Republica and Timaeus), this seems highly improbable. 

THE DYNAMIS OF FIGURATE NUMBERS 

Furthermore, seeking the origins of our term in logistics rather than theoretical 
geometry also better fits its use in the "Pythagorean" theory of figurate numbers. 
Here, indeed, the word dynamis turns up in a way which could well be related to 
its use in a "pebble-algebra" but not to its geometrical function. 

By "pebble-algebra" I refer to a possible representation of a second-degree 
"algebra" in Babylonian style by means of pebbles on the abacus board. Indeed, 
a person who says "calculator" in a Greek context says "pebble" or t/rj)$oç—the 
main tool of the calculator being the abacus with appurtenant pebble calculi. It is 
also a well-established fact that the "doctrine of odd and even," as well as the 
whole theory of figurate numbers, grew out of the patterns in which pebbles could 
be arranged (cf. [Lefèvre 1981]). It is therefore natural to assume that //some 
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calculator algebra was in use in classical Greece it was performed (exclusively or 
occasionally) with pebbles on the abacus board [18]. 

This observation is interesting for several reasons. First, the interest in figurate 
numbers (including the "square" and "oblong" numbers spoken of by Theaetetos) 
ceases to be the result of some play with abacus pebbles irrelevant to their normal 
use. Square, gnomonic, and oblong numbers occur naturally as soon as one tries 
to represent a mixed second-degree problem on the board. So, e.g., the problem 
jt + y = 8 , j c - y = 1 5 i s represented and solved thus: 

A B C D 

• • • • • • • • • • • • • • • • • • 
• • • • • => • • • • =̂ > • • • • 4> • • • • • 

• • • • • • • • • • • • • • • • • • 
• • • • • • o 

The virtual starting point for the analytical procedure is a pattern of 15 pebbles 
(A), whose length and width taken separately are unknown, whereas the sum of 
the length and the width is known to be 8. In the real process of solution we 
therefore start by laying out a gnomon with 8/2 = 4 pebbles in each leg, and fill 
out the inside until all 15 pebbles have been used (B). This shows that a square of 
1*1 = 1 pebble is lacking in order to complete the square (C), and that hence 1 
row has to be moved from bottom to the right in order to actualize the virtual 
rectangle (£>) [19]. 

Apart from the occurrence of oblong, gnomonic, and square numbers (all basic 
entities in the theory of figurate numbers), we see that one of the basic theorems 
of the theory follows immediately from the procedure—viz., that the sum of the 
first n odd numbers equals n2. Even the triangular numbers and the theorem that 
the sum of two consecutive triangular numbers is a square number are seen from 
the figure, although these observations play no role in the process. As soon as one 
starts reflecting on the patterns, these triangular numbers and their properties, as 
well as those of the gnomonic, square, and oblong numbers, lead to a series of 
obvious questions [20]; the theory of figurate numbers emerges as a theory dealing 

with the general properties of existent tools and practices instead of being an idle 
play picked up from nowhere. 

Second, an astonishing use of the term dynamis in Pythagorean or Neopythago-
rean arithmetic becomes meaningful. In configuration C, the mithartum-dynamis 

is evidently 4. This is the line which "squares off" the complete pattern in 
Theaetetos' words. Now, the term turns up in Nicomachos' Introduction to Arith

metic in a way which could easily be explained as a generalization of this usage 
but which is otherwise anomalous. If we look at configuration A, we see the 
number 15 being arranged in thirds—according to Nicomachos in parts which "by 
name" (ovopan) are 3 and dynâmei (or Kara bvvapiv—both forms are used) are 
5 (see, e.g., I.viii.7, 161]). This is no far-fetched transfer of the meaning in C, even 
though contact with the geometrical meaning is lost. 

375 



214 JENS H0YRUP HM 17 

Other 1st or 2nd century (A.D.) doxographic sources suggest that the usage is 
not a Nicomachean idiosyncrasy. They concern one of the central Pythagorean 
concepts, the tetractys or decade drawn up as a triangular number: 

According to Aëtius (Placita 1.3.8), the Pythagoreans "declare . . . that the dy

namis often is in four, and in the tetrad" (TCOV 8eKa . . . <fry)<jiv, rj bvvctixWècmv 
sv TOÎÇ réarcrapcTL Kai rr)i TSTpâôt) (Fragment 58 B 15 (Diels 1951 I. 5441]). Taken 
in itself this phrase is ambiguous, and could well mean that the power of the 
magical number 10 resides in its possible triangular arrangement as tetractys. 

Hierocles, however, is more explicit in a commentary to supposedly early Py
thagorean writings, stating that "the dynamis of the decad is the tetrad" (TT)Ç 8S 

ôcKàôoç ôvvafjLLç y rerpàç) ([Mullach 1875 I, 464B], quoted from [Souilhé 1919, 
23]). So, these two doxographers (who will hardly be suspected of innovative 
mathematical terminology) appear to refer to a generalization of the concept of 
dynamis different from but very close to that of Nicomachos: once more, the 
"base" of a nonsquare figurate number is taken as its characteristic parameter and 
given the name dynamis belonging originally to the same parameter in the case of 
a square figurate number. 

FURTHER OBSERVATIONS 

Can we get any nearer to the process, or has the meager material now been 
exhausted? We can, in fact, squeeze the sources somewhat harder, observing that 
the two "intermediate" Platonic dialogues contain the expression Kara ôvvafxiv; 

whereas the late dialogues (Theaetetus, Politicus) as well as all other authors 
(except the nongeometrical Nicomachos) invariably use the simple dative dynâmei. 

This suggests that the technical use of the term was only crystallizing in Plato's 
later years, around the mid-fourth century; by then, on the other hand, a fully 
technical "geometers' dynamis" was crystallizing. 

First, this observation makes it seem highly doubtful that Hippocrates' own 
words are rendered exactly in the Eudemos fragment, which agrees so perfectly 
with the style of late Platonic, Aristotelian, and Archimedean occurrences [21]. 
The fragment seems rather to contain Eudemos' reformulations in his own phrase 
structures of Hippocrates' ideas, concepts and basic terms (including probably 
some forms of dynamis and dynasthai). This conclusion is independent of all other 
hypotheses on the meaning and origin of our terms. 

Second, cautious assumptions on the temporal distance between the introduc
tion of a mathematical terminology and its crystallization in fixed linguistic forms 
(viz., the assumption that in an interactive environment this distance should be of 
the order of one or two generations of masters and students) support our earlier 
conclusion that the segregation of a distinct "geometers' dynamis" from a naive-
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geometric or pebble-based calculators' concept occurred during Plato's youth or 
shortly before. A central role could then perhaps be ascribed to Hippocrates and 
Theodoros. 

An observation made by Neuensch wander [1973, 329ff] may indicate in which 
connection the innovation took place. Time and again, the early books of the 
Elements use a principle which is neither proved nor stated as an axiom, viz., 

AB = CD <=> (AB) 2 = (CD) 2 

Now, it follows from Neuenschwander's analysis that when this principle is applied 
in Books II and IV, it is most often stated explicitly. When it is used in Books I 
and III, however, it remains implicit, except in III.35-36; precisely these two 
propositions deal with areas of parallelograms, and their subject-matter is thus 
related to that of Book II. We may conclude that only the tradition behind Books 
II and IV, the "metrical tradition" dealing centrally with areas of plane figures 
and continuing itself in the theory of irrationals, based itself on a set of concepts 
making it natural to notice and formulate the application of the principle, which is 
nothing but the interchangeability of equality mékei and dynâmei. This agrees 
perfectly with the hypothesis of a Near Eastern borrowing, because the branch of 
geometry which could be inspired by Babylonian "naive-geometric" algebra (or a 
Greek "calculators' algebra," forthat matter) is precisely the so-called "geometric 
algebra" of Elements II (I shall not mix up the discussion of this much-debated 
term with the present investigation). It also fits well with the branches of geometry 
which later make use of the dynamis idiom: Elements X and XIII, etc. 

A final observation concerns the very idea of a "conceptual import." Truly, the 
translation of dynamis from mithartum makes good sense of all occurrences of the 
term prior to Pappos. Still, the "geometers' dynamis" belongs within a conceptual 
context differing fundamentally from that of the mithartum: from the principle that 
the concepts of a connected body of thought are themselves connected we should 
therefore expect that the idea of a translation can only be approximately true. 

This is in fact borne out by closer analysis of some of our Greek texts. In the 
definition of "commensurability dynâmei" in Elements X , the entities which are 
explicitly measured by an area (x<âpoç) are the tetragons on the lines. Implicitly, 
however, the expression supposes that the lines regarded in their aspect of dy-
nâmeis are measured (since the lines themselves are commensurable in that as
pect). Earlier, in the Eudemos fragment, bases and diameters themselves are said 
explicitly to have a ratio (viz., the ratio of the areas of their squares) under the 
same condition. This must mean that the area associated with a line regarded as 
a parametrization of a square figure is less of an external accessory than the area 
of a Babylonian mithartum—the Greeks, apprehending the tetragon-square as 
well as circles and other plane figures as identical with their areas, tended to 
assimilate the dynamis-squ&re into the same pattern [22]. In the case of the "calcu
lators' dynamis" this becomes even more evident, since in Diophantos's work 
dynamis has assumed the numerical role in his problems which the area (a-s à or 
eqlum) and not the mithartum assumes in Babylonian texts. 
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Precisely this conceptual incongruity is probably the reason for the disappear
ance of the terms dynamis and dynasthai from the active vocabulary of geometers 
by the early third century, except in specific technical niches (commensurability 
dynâmei) and formulaic expressions. The terms did not fit the mental organization 
of Greek mathematics once its various branches and disciplines blended into the 
melting-pot of Alexandrian learning. 

As to the term dynamis itself, it is clear that the connotational similarity with 
mithartum does not reflect a borrowing of the Babylonian understanding of the 
square as a result of a confrontation of equals or counterparts. If not accidental, 
the shared connotations (involving physical force and commercial value) have to 
be explained at the level of the "folk etymology" (the "folk" in question being 
calculators or possibly geometers)—viz., as an attempt to understand why the 
Semitic masters called a "line regarded under the aspect of the appurtenant 
square" by a strange name related to the confrontation of values and force, a usage 
then reflected in the Greek term chosen to denote the same object. 

Such a pseudo-etymology may from the beginning have been connected with 
explanations proposed on the basis of the Greek language: the square which a line 
"has the power to form," "is worth," or "masters." Such metaphors may also 
have been introduced as secondary explanations when memory of a foreign origin 
had been forgotten (which could have happened quickly). A "Babylonian" and a 
"Greek" interpretation of the term need not be mutually exclusive; in some way 
they probably supplement each other. 

CONCLUSIONS 

As stated by Berggren [1984, 402], there are in the early history of Greek 
mathematics "sufficient documents to support a variety of reconstructions but an 
insufficient number to narrow the list of contending theories to one." This pessi
mism is confirmed by the impossibility of reaching consensus on the merits of such 
great reconstructions as [Szabö 1969] and [Knorr 1975] [23]. For the time being, 
no compelling reconstruction can apparently be written; instead, further progress 
may be made through the construction of scenarios for all or parts of the develop
ment which may open our eyes to hitherto unnoticed features in the source material 
at hand. Such scenarios should be internally coherent and in agreement with 
available documents, and should be compared with rival interpretations of history 
on the basis of their merits in these respects; however, they need not claim in 
advance to be necessary truths. 

The above discussion, which includes an abundance of hypothetical formula
tions, is meant primarily to provide suggestions for such a partial scenario. Still, 
the knitting is not so tight that all parts of the argument stand or fall together; nor 
are they equally hypothetical. 

Among the positively supported results is the distinction between a "geometers' 
dynamis" and a "calculators' dynamis." Both groups made use of the term, but 
they did so for different purposes and within different conceptual frameworks, and 
hence necessarily in partially different ways-wVfe the quotations from Hero. Direct 
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evidence was also given for the assignment of the crystallization of the geometrical 
dynamis usage to Plato's late years—and hence also for the doubt concerning the 
Hippocratean origin of the exact formulations in the Eudemos fragment. 

The interpretation of the geometrical dynamis concept as "a square identified 
by, and hence with, its side" is also supported by the sources regarded as a totality 
in the sense that the apparent ambiguities in the usage can only be surmounted by 
an interpretation of this kind. The possibility that such a concept can have been 
held is established through the mithartum-paralM. 

More hypothetical are the primacy of the "calculators' dynamis" over the 
"geometers dynamis" \ the interpretation of the early "calculators' dynamis" as 
belonging with a naive-geometric or pebble-based "algebra"; the suggestion that 
the segregation of a distinct "geometers' dynamis" is connected with the begin
nings of the theoretical tradition behind Elements II in the later fifth century; and 
the hypothesis that the dynamis is structurally similar to the mithartum because it 
is borrowed. Taken singly, these are nothing but possible hypotheses; together, 
they appear to form a plausible scenario fitting the complete available evidence, 
including evidence rarely taken into account (e.g., the finer details of Plato's 
formulations in their chronology, the hidden presence and absence of the dynâmei! 
mékei relation in Elements I-IV, and the peculiar Neopythagorean usage). 

Independent but secondary observations are the disappearance of the dynamis 
usage and its sole survival in formulaic language (which is not a new idea), and 
the explanation of this process in terms of the incongruity between the "dynamis-
square" and the normal Greek conceptualization of squares and other plane figures 
as identical with the surfaces covered. 
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NOTES 
1. Extensive references to the debate prior to the year 1975 will be found in [Burnyeat 1978]. Among 

later discussions o f the term, [Knorr 1975], [Taisbak 1980], and [Taisbak 1982] should be mentioned. 

2. Burnyeat [1978,492f ] renders the whole passage 147c7 to 148d7 quoting John McDowell 's English 
translation, rendering ôvva/xtç as "power . " In the Loeb edition, Fowler [1921] translates the term as 
" r o o t . " 

3. It should be kept in mind that the Greek verb is transitive; " * being worth Y" is thus as different 
from " J C being worth the same as Y" as " J C loving Y" is from " J C loving the same as K" (jealousy 
apart). 

4. Formulations like the latter are found in various commentators from late antiquity (see Burnyeat 
[1978, 500, n. 34]. An explicit derivation from natural philosophy is considered "beyond doubt" by 
Bärthlein [1965, 45], who, substantiating his claim, mixes up lines and numbers in quite anachronistic 
ways. 
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5. Aujac [1984a, b] has investigated such word-by-word preservation o f the phrasing o f theorems, 

involving also Euclid and pre-Euclidean spherics. 

6. Hero cites Archimedes, De conoidibus et sphaeroidibus v, for the statement that "the N / A (rectan

gle) under the axes [of an ellipse] is worth the circle A equalA to the ellipse" [ N = nominative case 

ending, A = accusative], but afterward uses the correct theorem that the product o f the axes equals 

the square of the diameter o f the circle in question. In a footnote, Heiberg proposes the correction 

" . . . is worth (the diameter^ o f the circle 0 equal 0 . . . " [° = genitive], which still takes the rectangle 

to be the subject o f the sentence; the emendation " . . . is worth (the diameter1*) o f the c i rc le 0 equal 0 

. . . " , however, would restore normal usage, apart from a legitimate though rather unusual inversion. 

7. The reading o f the passage as benign irony is supported by the similar portrait o f the jeunesse-

doré attitudes of the other brother Adeimantos in 420a. 

8. Souilhé [1919, 124] reads the passage differently, equating ôvi>a/uç with " f o r c e " and Ô K O Ç with 

"mass . " This is not very plausible in view of the context. This passage exhausts the number o f 

mathematical occurrences o f the dynamis in the Platonic corpus, together with another passage in 

Timaeus (54b) where, in the triangle obtained by bisection o f the equilateral triangle, one side is said 

to be the triple of the other "according to dynamis"' (Kara bvvaynv). (I disregard a possible hint in the 

notoriously obscure Republica 546b, and the occurrences in the pseudo-Platonic Epinomis). 

9. As pointed out by Rashed [1984, 113], the term dynamis is introduced at an earlier stage than 

unknown numbers. Only by saying that "it has been approved" (èôoKipâcrOr)) that in this form the 

square o f numbers becomes one of the "elements of arithmetical theory" (oroixsiov T T ) Ç àpio/LirjTiKfjç 

0£o>ptaç), does Diophantos make clear that he is already here aiming at the only actual use o f the term 

later on, viz., as a designation for the square of the unknown dpidpos. At the same time, he notes that 

he is following a general convention from a discipline of "arithmetical theory" which is neither 

Euclidean nor Neopythagorean (Nicomachos uses the term quite differently, as we shall see). Only 

Diophantos' own brand o f arithmetic seems to be left, i.e., algebra. 

10. Few instances of ancient second-degree "algebra" below the level o f Diophantos have survived 

in sources from classical antiquity. Some, however, can be found scattered throughout surveyors' and 

related texts. E.g., in the Geometrica ascribed to Hero, xxi 9-10 (380 1 5 - 3 1 ) , the dimensions o f a circle 

are found from the sum o f diameter, perimeter, and area, while the Roman agrimensor Nipsus (2nd c . 

A.D?) treats the problem of a right-angled triangle with known hypotenuse and area in his Podismus 

(297f). We can hence be sure that basic second-degree "algebra" was indeed known to the ancient 

practitioners. 

11. Next to nothing is known about the transmission o f Babylonian mathematics after the end o f the 

Old Babylonian period (c . 1600 B . C . ) , but that transmission took place is sure. As I have shown in my 

[1986, 457-468], a 12th-century Latin translation from the Arabic follows Old Babylonian ways down 

to the choice o f grammatical forms. That the Greek calculators owed part o f their technique to the 

Near East is also apparent from the name of their favorite instrument, the äßaC, the [dust] abacus, 

which is borrowed from western Semitic c b q, "light dust" (the root is absent in Babylonian). Since 

finally the term mahirum is testified in Hebrew in the related form meh7r, a Western Semitic (Phoeni

cian?) contact is no less linguistically possible than direct Babylonian influence. 

Without taking Proclos' Commentary more seriously than it deserves, we may also remember 

his ascription in 65 5 of "accurate investigation o f numbers" (TCOV apidixüv aKpißiis yi/ôwrtç) to the 

Phoenicians, which he derives from the needs o f logistics. 

12. E.g., BM 13901, passim [MKT III, 1-5]. The first problem can be translated: " I have added the 

area and my mithartum, it is f." The solution states that the mithartum, the square identified with its 

side, is £. 

13. This follows both from the Sumerian ergative suffix -e and from interrogative variants of the 

phrase showing 9 to be an accusative. Exemplifications can be traced through the glossaries o f MKT. 

14. A full documentation o f the varying uses o f ib-si% would lead too far astray. It belongs with a 
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larger investigation of Babylonian "algebra" (work in progress; preliminary report in [H0yrup 1984], 
final to appear in [H0yrup 1990]). 

15. I am grateful to Professor Tilman Krischer o f the Freie Universität Berlin for pointing out the 
importance o f this possibility in his comments on an earlier version of the present paper. 

16. Once more, documentation would lead too far astray—cf. note 14 above. The simplest part of 
the evidence comes from an analysis o f the terminological structure o f the texts. Two different 
"additive" operations are kept strictly apart in a way which has no meaning in an arithmetical 
interpretation, i.e., if the terms are synonyms for the one and only numerical addition. Similarly, two 
different "subtractions" and four different "multiplications" are distinguished. 

17. If we take Plato's testimony at its words, it suggests the same. The third power was spoken of 
as the "third increase," which fits well with a spatial conceptualization but rather poorly with an 
arithmetical representation before the introduction of exponential symbolism or spatial representation. 
Arithmetically, we would have the number itself, the increase (i.e., the second power), and the second 
increase, i.e., our third power. 

18. Since the abacus appears first to have been borrowed in the form of a dust abacus from the Near 
East (cf above, note 11), and since this device was used for geometric drawings throughout antiquity, 
occasional use o f real drawings on a dustboard is also a possibility and in fact appears to fit Nipsus' 
problem (see note 10) better than pebble manipulation. 

19. If the problem had been x - y = 2, JC • y = 15, we would start step B with the inner gnomon, 
the one with legs containing 2 pebbles, and add new layers at the outside. Apart from that, the same 
configurations would have to be used. Odd values of JC ± v, on the other hand, require further refinement. 

20. In his investigation of the prehistory o f incommensurability, Knorr [1975,142ff ] comes to similar 
pebble-configurations and conclusions from another angle and deals with the matter in much more 
detail. 

21. The same doubt as to the literal precision o f Eudemos's quotation was recently formulated by 
Knorr [1986, 38f] on the basis o f other evidence. 

22. Conversely, in its exact form the Greek concept could o f course have no place with the Babylo
nians. A Babylonian line (and any other geometrical entity) is identified by, and conceptually not 
distinguished from its measuring number. A Greek line, however, is conceptually distinct both from 
the number o f unit lengths contained in it when regarded as a length and from the number o f unit 
squares covering it when regarded dynâmei. 

23. Cf. also the review of a number of ongoing controversies in [Berggren 1984]. 

SOURCE EDITIONS USED 

Apollonios, Conical [Heiberg 1891]. 
Archimedes, all works: [Heiberg 1880]. 
Aristotle, De incessu animalium: [Peck & Förster 1937]. 
Aristotle (ps-), De lineis insecabilibus: [Hett 1936]. 
Aristotle, Metaphysical [Tredennick 1933]. 
Diophantos, Arithmetical [Tannery 1893]. 
Eudemos/Hippocrates-fragment: [Thomas 1939 I ] . 
Euclid, Datai [Menge 1896]. 
Euclid, Elements'. [Heiberg 1883]. 
Hero, Geometrical [Heiberg 1912]. 
Hero, Metrical [Schöne 1903]. 
Nicomachos, Introductio arithmetical. [Hoche 1866], 
Nipsus, Podismusi [Blume et al. 1848 I ] . 
Pappos, Collectioi [Hultsch 1876]. 
Plato, Politicusi [Fowler & Lamb 1925]. 
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Plato, Republica: [Shorey 1930]. 
Plato, Theaetetus: [Fowler 1921]. 
Plato, Timaeus: [Bury 1929]. 
Proclos, In primum Euclidis Elementorum librum commentarü: [Friedlein 1873]. 

REFERENCES 

Aujac, G. 1984a. Autolycos de Pitané, prédécesseur d'Euclide. Cahiers du Séminaire d'Histoire des 
Mathématiques 5 , 1-12. 

Aujac, G. 1984b. Le langage formulaire dans la géométrie grecque. Revue d'Histoire des Sciences 37, 
97-109. 

Bärthlein, K. 1965. Über das Verhältnis des Aristoteles zur Dynamislehre der griechischen Mathema
tiker. Rheinisches Museum für Philologie 108, 35-61. 

Berggren, J. L. 1984. History of Greek mathematics: A survey of recent research. Historia Mathematica 
1 1 , 394-410. 

Blume, F., Lachmann, K., & Rudorff, A. A. F. (Eds.) 1848. Die Schriften der römischen Feldmesser. 
2 vols. Berlin: Reimer, 1848, 1852. 

Burnyeat, M. F. 1978. The philosophical sense of Theaetetus' mathematics. Isis 69 , 489-513. 
Bury, R. G. (Ed., Transi.) 1929. Plato, Timaeus. Critias. Cleitophon. Menexenus. Epistles. Loeb 

Classical Library, Vol. 234. Cambridge, MA: Harvard Univ. Press/London: Heinemann. [Reprint 
1966] 

Diels, H. 1951. Die Fragmente der Vorsokratiker. Herausgegeben von W. Kranz. 3 vols. 6. Auflage, 
Berlin: Weidmann. [Reprint 1972] 

Fowler, H. N. (Ed., Transi.) 1921. Plato, Theaetetus. Sophist. Loeb Classical Library, Vol. 123. 
Cambridge, MA: Harvard Univ. Press/London: Heinemann. [Reprint 1977] 

Fowler, H., & Lamb, W. R. M. (Eds. Transis.) 1925. Plato, The Statesman. Philebus. Loeb Classical 
Library, Vol. 164. Cambridge, MA: Harvard Univ. Press/London: Heinemann. [Reprint 1975] 

Friedlein, G. (Ed.). 1873. Procli Diadochi In primum Euclidis Elementorum librum commentarü. 
Leipzig: Teubner. 

GEL: Greek-English Lexicon. 1968. Compiled by Henry George Liddell and Robert Scott. Revised 
and Augmented Throughout. . . With a Supplement. Oxford: Oxford Univ. Press. [Reprint 1976] 

Heath, Th. L. 1921. A History of Greek Mathematics. 2 vols. Oxford: Clarendon. 
Heath, Th. L. 1949. Mathematics in Aristotle. Oxford: Oxford Univ. Press. 
Heiberg, J. L. (Ed., Transi.) 1880. Archimedis Opera omnia cum Commentariis Eutocii. 3 vols. 

Leipzig: Teubner, 1880, 1881, 1881. 
Heiberg, J. L. (Ed., Transi.) 1883. Euclidis Elementa. 5 vols. (Euclidis Opera omnia, Vol. I-V). 

Leipzig: Teubner, 1883, 1884, 1886, 1885, 1888. 
Heiberg, J. L. (Ed., Transi.) 1891. Apollonii Pergaei quae graece extant cum commentariis antiquis. 

2 vols. Leipzig: Teubner, 1891, 1893. 
Heiberg, J. L. (Ed., Transi.) 1912. Heronis Definitiones cum varus collectiombus. Heronis quae 

feruntur Geometrica. (Heronis Alexandrini Opera quae supersunt omnia, IV). Leipzig: Teubner. 
Hett, W. S. (Ed., Transi.) 1936. Aristotle. Minor Works. Loeb Classical Library, Vol. 307. Cambridge, 

MA: Harvard Univ. Press/London: Heinemann. [Reprint 1980] 
Hoche, R. (Ed.). 1866. Nicomachi Geraseni Pythagorei Introductionis arithmeticae libri II. Leipzig: 

Teubner, 1866. 
H0yrup, J. 1984. Babylonian algebra from the view-point of geometrical heuristics. An investigation 

of terminology, methods, and patterns of thought. Second, slightly corrected printing. Roskilde: 

382 



HM 17 DYNAMIS 221 

Roskilde University Centre, Institute o f Educational Research, Media Studies and Theory of 
Science, 1985. 

H0yrup, J. 1986. Al-Khwârizmï, Ibn Turk, and the Liber Mensurationum: On the origins o f Islamic 
algebra. Erdem 2 (Ankara), 445-484. 

H0yrup, J. 1990. Algebra and naive geometry. An investigation o f some basic aspects of Old Babylonian 
mathematical thought. Altorientalische Forschungen 17, to appear. 

Hughes, B. B. , O. F. M. 1986. Gerard o f Cremona's translation o f al-Khwârizmï's Al-Jabr: A critical 
edition. Mediaeval Studies 48, 211-263. 

Hultsch, F. (Ed., Transi.) 1876. Pappi Alexandrini Collectionis quae supersunt. 3 vols. Berlin: Weid
mann, 1876, 1877, 1878. 

Knorr, W. R. 1975. The evolution of the Euclidean elements. A study of the theory of incommensurable 
magnitudes and its significance for early Greek geometry. Synthese Historical Library, Vol . 15. 

Dordrecht & Boston: Reidel. 

Knorr, W. R. 1978. Archimedes and the Elements: Proposal for a revised chronological ordering o f the 

Archimedean corpus. Archive for History of Exact Sciences 19, 211-290. 

Knorr, W. R. 1986. The Ancient Tradition of Geometric Problems. Boston, Basel, Stuttgart: Birkhäuser. 

Lefèvre, W. 1981. Rechenstein und Sprache. In Rechenstein, Experiment, Sprache, Historische Fall
studien zur Entstehung der exakten Wissenschaften, Damerow & Lefèvre, Eds. pp. 115-169. 

Stuttgart: Klett-Cotta. 

Menge, H. (Ed.) 1896. Euclidis Data cum Commentario Marini et scholiis antiquis. (Euclidis Opera 
Omnia, Vol . VI) . Leipzig: Teubner. 

MKT: Neugebauer, O. 1935. Mathematische Keilschrifttexte. I-III. (Quellen und Studien zur 

Geschichte der Mathematik, Astronomie und Physik. Abteilung A: Quellen. 3. Band, erster

dritter Teil). Berlin: Julius Springer, 1935, 1935, 1937. [Reprint Berlin etc.: Springer-Verlag 1973] 

Mullach, 1875. Fragmenta philosophorum graecorum. Paris: Didot. (data from [Souilhé 1919, viii]). 

Neuenschwander, E. 1972-1973. Die ersten vier Bücher der Elemente Euklids. Untersuchungen über 

den mathematischen Aufbau, die Zitierweise und die Entstehungsgeschichte. Archive for History 

of Exact Sciences 9, 325-380. 

Peck, A . L., & Forster, E. S. (Eds., Transis.) 1937. Aristotle, Parts of Animals, Movement of Animals, 
Progression of Animals. Loeb Classical Library, Vol . 323. Cambridge, MA: Harvard Univ. Press/ 

London: Heinemann. [Reprint 1968] 

Rashed, R. (Ed., Transi.) 1984. Diophante, Les Arithmétiques, tomes III (livre IV) , IV (livres V, VI , 

VII) . Texte établi et traduit. Paris: " L e s Belles Lettres." 

Robbins, F. E. 1929. P. Mich. 620: A series o f arithmetical problems. Classical Philology TA, 321-329. 

Rosen, F. (Ed., Transi.) 1831. The Algebra o f Muhammad ben Musa. London: The Oriental Translation 
Fund. 

Schneider, I. 1979. Archimedes: Ingenieur, Naturwissenschaftler und Mathematiker. Reihe Erträge 

der Forschung, Band 102. Darmstadt: Wissenschaftliche Buchgesellschaft. 

Schöne, H. (Ed., Transi.) 1903. Herons von Alexandria Vermessungslehre und Dioptra. (Heronis 

Alexandrini Opera quae supersunt omnia, Vol . III). Leipzig: Teubner. 

Shorey, P. (Ed., Transi.) 1930. Plato, The Republic. 2 vols. Loeb Classical Library, Vols. 237, 276. 

London: Heinemann/Cambridge, M A : Harvard Univ. Press, 1930, 1935. [Reprint 1978, 1963] 

Souilhé, J. 1919. Étude sur le terme âwa/buç dans les dialogues de Platon. Thèse complémentaire 

présentée à la Faculté des Lettres de l'Université de Poitiers. Paris: Felix Alcan. 

Szabö, À . 1969. Anfänge der griechischen Mathematik. München & Wien: R. Oldenbourg/Budapest: 

Akadémiai Kiadö. 

Szabö, Ä . 1986. Der Begriff "Dynamis" in der griechischen Mathematik. Bulletin de la Société 
Mathématique de Belgique 38, 341-365. 



222 JENS H0YRUP HM 17 

Taisbak, C. M.1980. "Dynamis" og "dynasthai". Etforslagtil tolkningaf enbetydningsfuldgeometrisk 
terminus i den graeske laere om usammâlelige linjestykker. Museum Tusculanum 4 0 - 4 3 , 119-131. 

Taisbak, C. M. 1982. Coloured Quadrangles. A Guide to the Tenth Book of Euclid's Elements. Opuscula 
Graecolatina—Supplementa Musei Tusculani, Vol . 24. Copenhagen: Museum Tusculanum Press. 

Tannery, P. (Ed., Transi.) 1893. Diophanti Alexandrini Opera omnia cum graecis commentariis. 2 vols. 
Leipzig: Teubner, 1893, 1895. 

Thomas, I. (Ed., Transi.) 1939. Selections Illustrating the History of Greek Mathematics. In two 
volumes. Loeb Classical Library, Vols. 335, 362. London: Heinemann/Cambridge, M A : Harvard 
Univ. Press, 1939, 1941. [Reprint 1967] 

Tredennick, H. (Ed., Transi.) 1933. Aristotle, The Metaphysics. 2 vols. Loeb Classical Library, Vols . 
271, 287. Cambridge, MA: Harvard Univ. Press/London: Heinemann, 1933, 1935. [Reprints 1980, 
1977] 

Tropfke, J. 1980. Geschichte der Elementarmathematik. 4. Auflage. Band 1: Arithmetik und Algebra. 
Vollständig neu bearbeitet von K. Vogel, K. Reich, H. Gericke. Berlin & New York: de Gruyter. 

Vogel , K. 1930. Die algebraischen Probleme des P. Mich. 620. Classical Philology 25, 373-375. 



I 

"Sub-Scientific Mathematics. Observations 
on a Pre-Modern Phenomenon". History of 

Science 28 (1990), 63-86. 





Hist. Sei., xxvii (1989) 
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IN M E M O R I A M N . I. B U K H A R I N 

1. T H E C O N C E P T S 

In the post-Renaissance world, mathematics used for technical or administra
tive purposes utilizes results and techniques derived from some level of 
'scientific' mathematics, though often transformed or simplified in order to be 
adequate for practitioners. Furthermore, modern practitioners of mathemat
ics have been taught their mathematics by teachers who have been taught by 
teachers (who ... etc.) who have been taught by mathematicians. In both 
senses, practitioners' mathematics can then be regarded as 'applied 
mathematics'. 

In the pre-Modern world, the situation was different. A quotation from 
Aristotle's Metaphysics — dealing not with mathematics but with knowledge 
in general — will help us see how: 

At first he who invented any art whatever that went beyond the common 
perceptions of man was naturally admired by men, not only because there 
was something useful in the inventions, but because he was thought wise 
and superior to the rest. But as more arts were invented, and some were 
directed to the necessities of life, others to recreation, the inventors of the 
latter were naturally always regarded as wiser than the inventors of the 
former, because their branches of knowledge did not aim at utility. Hence 
when all such inventions were already established, the sciences, which do 
not aim at giving pleasure or at the necessities of life were discovered .... 

So the theoretical kinds of knowledge [are thought] to be more the 
nature of Wisdom than the productive.1 

First of all, of course, this passage establishes the distinction between 
'theoretical' and 'productive' knowledge, between that knowledge which aims 
at nothing beyond itself (or possibly at moral improvement of the knowing 
person) and that knowledge which aims at application. We also observe, 
however, that Aristotle assumes the two kinds of knowledge to be carried by 
different persons. 
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This is no new observation if we consider the history of Greek science and 
technology. In the main, the two kinds of knowledge were indeed carried by 
separate social groups and traditions (the exceptions do not concern us for the 
moment). Among other things because of the source situation, the history of 
Ancient science and especially that of Ancient mathematics has normally 
focused upon that tradition which cared for theoretical knowledge. It has done 
so to the extent that the specific character (or even the separate existence) of 
the other traditions has often gone unnoticed. This might be relatively 
unimportant as long as nothing but Ancient mathematics itself was concerned. 
When we turn to those mathematical cultures inspiring or inspired by Ancient 
Greek mathematics, however, neglecting the existence and distinctive char
acter of the 'productive' traditions makes us blind to many facets of history; 
this is what I shall try to demonstrate in the following by pointing to new 
observations on mostly well-known material which are made possible by the 
explicit distinction between 'scientific' and 'sub-scientific' knowledge and 
traditions. 

The distinction concerns the orientation of knowledge, the purpose intended 
in the acquisition, the conservation and the transmission of knowledge. 
Scientific knowledge is knowledge which is pursued systematically and for its 
own sake (or at least without any intentions of application) beyond the level of 
everyday knowledge. 'Scientific knowledge' is thus the same as 'theoretical 
knowledge' in the Greek sense. The term 'scientific' is chosen because this is 
the kind of knowledge upon which descriptions of the history of science will 
normally concentrate (again, the exceptions are immaterial to the present 
argument). In order to avoid confusion with the vaguer everyday meaning of 
the word, the term will be kept in quotes throughout the article. 

Sub-scientific knowledge, on the other hand, is specialists' knowledge which 
(at least as a corpus) is acquired and transmitted in view of its applicability. 
Even sub-scientific knowledge is thus knowledge beyond the level of common 
understanding, and it may well be much more refined than 'scientific' 
knowledge — as it is evident if one compares the level of the 'scientific' 
knowledge presented in Nicomachus's Introduction to arithmetic with that of 
Old Babylonian 'algebra', the sub-scientific character of which shall be argued 
below.2 

All this might sound as nothing but new words for the familiar division of 
knowledge into 'pure' and 'applied'. This division, however, is bound up with 
the specific Modern understanding of the connection between the two levels. 
Roughly speaking, fundamental knowledge is assumed to be found by 'pure 
scientists' and then to be worked upon, recast and synthesized in new ways by 
'applied scientists' or 'technologists' in consideration of the problems and 
possibilities of current practice. These implications of the modern terms 
constitute one reason for avoiding them in descriptions of the non-Modern 
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world, where things were different, where practitioners' mathematics was not a 
separate level but an autonomous type of mathematics. 

Another reason is the existence of a 'pure' outgrowth of the sub-scientific 
corpus of knowledge — i.e., that sub-scientific knowledge itself consists of (at 
least) two levels of which one is intentionally non-applicable. I shall return to 
this question in Section 2; first, however, I shall point briefly to the two issues 
which have led me to formulate the distinction. Both concern mathematical 
knowledge, which is also going to be my sole subject in the following, although 
the distinction itself is of more general validity. 

One issue is the contrast between Greek and Old Babylonian mathematics.3 

The naïve first-order explanation of the difference between the two says that 
Babylonian mathematics aimed at practical application, while Greek math
ematics considered abstract entities and aimed at Aristotle's "Wisdom".4 This 
view derives from the formulation of Babylonian problem texts, which 
formally deal with fields, siege ramps, etc. Many problems, it is true, do train 
skills in practical computation; other problems, however, and indeed whole 
branches of Babylonian mathematics, are 'formally applied' but 'substantially 
pure' — i.e., the entities dealt with are those encountered in practical scribal 
(surveyor's, military engineer's, accountant's) life, but the problems about 
these entities are not only unrealistic as far as numerical magnitudes are 
concerned but also with regard to structure.5 The second-order explanation is 
then that the Babylonians had also discovered the joys of pure mathematics.6 

However, if these joys were the same to the Babylonians and, for example, to 
the Greeks, how shall we explain the fundamental difference between Greek 
and Babylonian 'pure' mathematics — Greek mathematics being roughly 
speaking determined by problems, for the solution of which new methods 
would have to be developed (cf. below), while Babylonian non-applicable 
mathematics was determined by the methods already at hand, for the display of 
which new problems were continually constructed.7 

These difficulties are cleared away if we look into the function of Babylonian 
mathematics for the scribes and in the scribal school. The social basis of 
Babylonian mathematics is 'sub-scientific' rather than 'scientific' in character, 
and the peculiar character of Babylonian 'pure' mathematics is close to that of 
non-applicable sub-scientific mathematics, as I shall discuss below. 

The other issue is the question of the sources of Islamic mathematics. When 
the tenth century Baghdad court librarian al-Nadïm wrote his Catalogue 
(Fihrisi), he mentioned 21 Greek mathematical authors but not a single pre-
Islamic non-Greek mathematician.8 This corresponds to the current picture, 
where Greek mathematics is still considered the all-important source. Still, 
India is also taken into account nowadays, and is in fact unavoidable if we 
trace, for example, Islamic trigonometry; at times, even Syrian, Pahlavi and 
Khorezmian learning are mentioned at least as undocumented or indirectly 
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documented possibilities. It is rarely observed, however, that Islamic math
ematics cannot have been taken over directly from Indian high-level mathema
ticians like Aryabhata and Brahmagupta;9 nor is the question discussed 
whether (for example) Khorezmian learning will have been comparable to 
Greek science in structure. 

There are, in fact, good and even compelling reasons to take non-Greek 
sources into account. But why then were they not known to the learned al-
Nadïm, who was in a position to know better than anybody else? Once again, 
the distinction between 'scientific' and 'sub-scientific' may be called in: the 
sources unknown to al-Nadïm were sub-scientific in character — practitioners' 
traditions which were transmitted not in books but orally and often 'on the 
job'.10 

2. T H E C H A R A C T E R A N D S T R U C T U R E O F SUB-SCIENTIFIC M A T H E M A T I C S 

Below, I shall address the character of Babylonian mathematics as well as the 
sub-scientific sources of Islamic mathematics in somewhat more detail. First, 
however, I shall consider the general structure of sub-scientific mathematics. 

Sub-scientific mathematics was carried by specialists' 'professions',11 and the 
chief aim for building it up and transmitting it was its practical applicability as 
a tool for the profession in question. Evidently, then, its main contents were 
methods and techniques for practical numerical and geometrical computation 
(and, in certain professional contexts, practical geometrical construction). Still, 
practical computation has mostly been lost from the sources,12 and often we 
know only the global results — accounts have been made, heritages have been 
distributed, taxes have been levied, armies have been supplied with food and 
pay, goods have been bought and sold. Paradoxically, then, we know the basis 
and raison d'être of sub-scientific mathematics less well than its 'pure' 
outgrowth: 'Recreational mathematics'. 

Recreational mathematics was once described by Hermelink as "problems 
and riddles which use the language of everyday but do not much care for the 
circumstances of reality".13 "Lack of care" is an understatement: a funny, 
striking or even absurd deviation from the circumstances of reality is an 
essential feature of any recreational problem. It is this deviation from the 
habitual which causes amazement, and which thus imparts upon the problem 
its recreational value. 

One function of recreational mathematics is that of teaching. Thus the 
following 

example of reduction of residues: A traveller, engaged in a pilgrimage, 
gave half his money at Prayâga; two-ninths of the remainder at Cast; a 
quarter of the residue in payment of taxes on the road; six-tenths of what 
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was left at Gâyâ; there remained sixty-three nishcas; with which he 
returned home. Tell me the amount of his original stock of money, if you 
have learned the method of reduction of fractions of residues,14 

which obviously serves to train a method of practical use, viz, that of 
"reduction of fractions of residues". The fancy application of a staple method 
may serve in part as an appetizer, in part also to suggest abstract or general 
validity: Look, this method may be used for any problem of a similar 
structure, not just for trite commercial calculation. 

In this end of the spectrum of recreational mathematics, it passes impercep
tibly into general school mathematics, which in the Bronze Ages as now would 
often be unrealistic in the precision and magnitude of numbers without being 
fun in any way. Whether fun or not, such problems would be determined from 
the methods to be trained. This organization around an existing stock of 
methods is also a valid description of the other end of the spectrum, the 
purpose of which was described in one example by Christoph Rudolph in 1540 
as the way "to find out, not without exceptional amazement of the ignorant, how 
many penning, creutzer, groschen or other coin somebody possesses".15 

Recreational problems stricto sensu are riddles; like an argot, they belong to 
the cultural superstructure of the profession. They set aside the members of the 
craft as particular, and particularly clever, people (whether in the opinion of 
others or in their professional self-esteem) - and set aside those who are able to 
solve the problems as especially clever members of the craft. Since the 
problems occurring in everyday practice will soon become trivial, these are not 
fit for kindling anybody's vanity. Instead, more complex problems are 
constructed, which still look as belonging in the professional domain, and 
which are still solvable by current professional techniques — but only on the 
condition that you are fairly clever. 

As a typical example illustrating the matter we may mention the "purchase 
of a horse", for example, in Leonardo Fibonacci's first version: 

Two men in possession of money found a horse which they wanted to buy; 
and the first said to the second that he wanted to buy it. If you give me y of 
your money, I shall have the price of the horse. The second asked the first 
for j of his money, and then he would equally have the price. The price of 
the horse and the money of each of the two is asked for.16 

All elements of the problem are familiar to the commercial calculator or 
merchant; but the situation as a whole is certainly not, both because of the odd 
coincidence of numbers and because the problem is indeterminate. In which 
market would the price of a horse be determined only as an arbitrary multiple 
of 11? 
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A more extreme example can be found in the Carolingian Propositiones ad 
acuendos juvenes: 

A paterfamilias had a distance from one house of his to another of 30 
leagues, and a camel which was to carry from one of the houses to the 
other 90 measures of grain in three turns. For each league, the camel 
would always eat 1 measure. Tell me, whoever is worth anything, how 
many measures were left.17 

Again, the elements of the problem will have been familiar in the Near or 
Middle Eastern environment where its origin is to bevsought. The solution 
given, however, is based on an unexpected trick (an intermediate stop after 20 
leagues), as is characteristic of riddles (and on the tacit assumption that the 
camel eats nothing while returning), and not on mathematical reasoning; if a 
little elementary mathematical reasoning is applied to the trick, furthermore, 
the solution is seen not to be optimal even on its own premisses. 

The latter case is extreme, but still illustrative of an important aspect of 
recreational mathematics. Actually, the problem-type is still alive in the 
contemporary Global Village, where one may find it dealing, for example, with 
jeeps and petrol in the Sahara. Once introduced a specious trick will, in fact, 
often be adopted into the stock of current techniques (even though it is of no 
use in professional practice), and new problems will be constructed where it 
can be used (often but not necessarily amounting to nothing but new fancy 
dressings of the same mathematical structure). 

Over the whole range from school mathematics to mathematical riddles, the 
methods or techniques are thus the basic determinants of development, and 
problems are constructed which permit one to bring the methods at hand into 
play. This not only contrasts with that foundation of applications out of which 
the superstructure had grown and to which it referred, but also with the 
structure of 'scientific' mathematics as embodied, for example, in Greek 
mathematics. 

That problems are primary and the methods used to solve them derivative is 
a matter of course (and almost of definition) when practical applications are 
concerned: the Eiffel Tower, built in order to demonstrate the possibilities of 
modern iron constructions, remains an exception. That the same holds for 
Greek pure mathematics follows from historical scrutiny. 

For one thing, we know the importance of the three 'classical problems' as 
foci of interest: doubling the cube, trisecting the angle, squaring the circle. 
When these were formulated as geometrical problems,18 no theoretically 
acceptable methods were known which would allow them to be solved; their 
whole history throughout Antiquity is the story of recurrent attempts to solve 
them by means of methods more satisfactory than those found by earlier 
workers.19 But we may also look at the theory of irrationals. The first discovery 
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of irrationals led to the problems of how to construct according to a general 
scheme lines which are not commensurate with a given line (or whose 
squares are not commensurate with a given square); how to classify mag
nitudes with regard to commensurability; and which are the relations 
between different classes of irrationals? The first problem is the one which 
was addressed by Theodorus according to Plato's Theaetetus 147D;20 further 
on in the same passage, Theaetetus makes a seemingly first attempt at 
the second problem; Elements X, finally, is a partial answer to all three 
problems. 

This role of the problem is no exclusive distinction of Greek mathematics. It 
is a global characteristic of all those later traditions which can be characterized 
as 'scientific'.21 As suggested above, it does distinguish, on the other hand, 
Greek mathematics from the non-utilitarian level of Babylonian mathematics. 
To see how, we may look at an Old Babylonian text:22 

A trapezoidal field. I cut off a reed and used it as a measuring reed. 
While it was unbroken I went 1 three-score steps along the length. 
Its 6th part broke off for me, I let follow 1,12 steps on the length. 
Again, \ of the reed and \ cubit broke off for me; in 3 three-score steps I 
went through the upper width. 
I extended the reed with that which [in the second instance] broke off for 
me, and I made the lower width in 36 steps. 
The surface is 1 bur [=30,0 nindan2]. What is the original length of the 
reed? 
You, by your making: pose the reed which you do not know as 1. 
Break off its 6th part, then 0;50 remain for you. 
Detach its igi, raise [the resulting] 1;12 to 1 three-score. 
Append [the resulting] 1,12 to 1,12; it gives 2,24, the false length. 
Pose the reed which you do not know as 1. 
Break off its | , raise [the remaining] 0;40 to 3 three-score, the upper width; 
it gives 2,0. 
Accumulate 2,0 and 36, the lower width. 
Raise [the resulting] 2,36 to 2,24, the false width; 6,14,24 is the false 
surface. 
Repeat the [true] surface until twice, that is 1,0,0; raise this to 6,14,24; it 
gives 6,14,24,0,0, 
and raise y cubit, which you broke off, to 3 three-score. 
Raise [the resulting] 5 to 2,24, the false length; it is 12,0. 
Break y of 12,0, to two, make it confront itself. 
Append [the resulting] 36,0,0 to 6,14,24,0,0; it gives 6,15,0,0,0. 
6,15,0,0,0 makes 2,30,0 equilateral. 
Append that 6,0 which you have left back to 2,30,0; it gives 2,36,0. 
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The igi of 6,14,24, the false surface, cannot be detached. What shall I pose 
to 6,14,24 which gives me 2,36,0? 
Pose 0;25. 
Because the 6th part broke off, write 6, let 1 go away; you leave 5. 
<The igi of 5 is 0;12; raise 0;12 to 0;25: it gives 0;5. > 
Append 0;5 to 0;25: it gives you [0;30, i.e.] y nindan as original reed. 

The problem pretends to deal with surveying practice, that is, with an 
essential constituent of Babylonian scribal practice. But it is obviously no real-
life problem but a puzzle. So far it belongs to the genre of recreational 
mathematics. Mathematically, however, it is above the level of normal 
recreational problems: firstly, it leads to a mixed, non-normalized second-
degree equation;23 secondly, this equation is itself only established by means of 
fairly complex first-degree operations. The first-degree operations involve 
repeated use of the 'single false position', which was a staple method of 
practical computation. Second-degree problems, on the other hand, would 
never occur in real scribal practice. Their solution built on a special trick (the 
quadratic completion), which appears to have been designated "the Akkadian 
method".24 In one sense, this trick corresponds to the trick by which the 
paterfamilias avoided having all his grain eaten by the camel. But even though 
not relevant for daily mensuration practice, the completion is a mathematical 
trick; it is, moreover, the basis of a whole mathematical discipline (second-
degree 'algebra') which was explored extensively and systematically in the 
search of problems permitting the use of the trick. 

The problem of the broken reed is thus a nice illustration of the general 
character of Babylonian 'pure' mathematics. It is similar to the recreational 
genre, but it is much more technical. It is, like recreational mathematics, 
governed by the stock of available techniques and methods, and its purpose is 
to display and/or to train these; and like recreational mathematics, it goes 
beyond the range of practically relevant problems and makes use of techniques 
of no practical avail. But being taught in a formal and highly organized 
school-system it becomes systemaic, building up quasi-disciplines according to 
the possibilities of the fund of methods. In this respect it is very different from 
medieval recreational mathematics, which was practised by reckoners who 
(when exposed to the problem of repeated doublings of unity) "strain 
themselves in memorizing [a procedure] and reproduce it without knowledge 
or scheme, [and by others who] strain themselves by a scheme in which they 
hesitate, make mistakes, or fall in doubt", as it was formulated by al-Uqlïdisï 
in Damascus in A . D . 952.25 Though basically sub-scientific in character, 
Babylonian mathematics demonstrates to what extent sub-scientific math
ematics could mimic 'scientific' mathematics under appropriate cultural and 
institutional conditions (and to which extent it could not).26 Babylonian 
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mathematics could be said to represent scholasticized sub-scientific 
mathematics. Al-UqlïdisFs reckoners, on the other hand, represent a 
lay, and presumably orally transmitted, type of sub-scientific mathe
matics. 

Even Egyptian mathematics belongs to the scholasticized type: it differs 
from Babylonian mathematics regarding mathematical substance (and differs 
fundamentally); but it shares the overall sub-scientific orientation coupled to 
the rigorizing effects of a systematic school system. Quite different, however, is 
another apparent intermediate form between the sub-scientific and the 'scien
tific' orientation: Diophantus's Arithmetic. This work, too, shares many of the 
features of sub-scientific mathematics, from single problems to the guiding 
role of methods. Still, the work is written on the background of Greek 
'scientific' mathematics, and this background had provided Diophantus with 
his perspective. What he does is to adopt a corpus of sub-scientific knowledge 
into the domain of 'scientific' mathematics (and expand it immensely). 
Diophantine arithmetic is therefore not to be regarded along with the 
scholasticized, quasi-'scientific' variants of sub-scientific mathematics but 
under the heading of sub-scientific traditions and their role as sources for 
'scientific' mathematics. 

Before we leave the discussion of the structure of sub-scientific mathematics 
and take up thé question of traditions we should take note that the subdivision 
into 'scholasticized' and 'lay' types is not the only relevant sub-division. 
Firstly, one can differentiate roughly between 'computational' and 'geometri
cal' orientation, as we shall do in the following discussion. Secondly, the 
concepts of 'practitioners' is of course vague; the computations of a caravan 
merchant and those of, say, a Sassanian royal astrologer are distinct not only 
according to subject-matter but also, and more decisively, when we ask for the 
level of mathematical sophistication. These distinctions are not only of 
internal relevance but also important if one wants to investigate the impact of 
various sub-scientific traditions upon 'scientific' mathematics. They can only 
be made, however, if we have a reasonably detailed knowledge of the sub-
scientific tradition in question, which is often not the case. I shall therefore not 
pursue them in any detail. 

Another highly interesting question regarding the possible relation between 
'scientific' and sub-scientific mathematics I shall leave as an open question, this 
time not because adequate source material does not exist but because I am not 
sufficiently familiar with it: How are we to describe the relation between the 
two types in India, in China and in Japan? It is my preliminary impression 
from the secondary literature that at least Japanese wasan exemplifies a 
process where the 'pure' level of sub-scientific mathematics gives rise to a 
direct and smooth creation of 'scientific' mathematics. Is this really so? If it is, 
can a similar process be traced in India and Japan? And can this provide us 
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with new insights into the possibly distinctive nature of Indian, Chinese and 
Japanese 'scientific' mathematics? 

3. TRADITIONS AND INDEX FOSSILS 

As stated initially, the term 'sub-scientific' describes an orientation of know
ledge. In principle, such an orientation could be individual and idiosyncratic, 
as are contemporary deviations from the 'scientific' orientation (cf. réf. 21). 
But since it belongs with specialists' 'professions', which themselves are 
continuous over time, sub-scientific mathematics can bê described historically 
as being carried by traditions. 

Fundamentally arithmetical and geometrical rules are interculturally true — 
these are the "2-2 = 4 — truths" which Karl Mannheim excluded from the 
concern of the sociology of knowledge;27 similar global orientations and 
interest in specific problems may arise not because of diffusion but from 
similar sociological and technical backgrounds; and even common errors may 
be explained as parallel simplifications or as random incidents. Much of the 
subject-matter and many of the techniques of sub-scientific mathematics, 
however, are so specific that they are indubitable witnesses of the duration and 
intertwinement of traditions. Often, such shared elements are even the only 
indications of otherwise purely hypothetical connections; we may regard them 
as the index fossils of cultural history. 

One such index fossil is the usage of 'parts of parts' and its extension into a 
system of ascending continued fractions.28 'Parts of parts' are expressions like 
"f of -J-" for & ascending continued fractions can be exemplified by the 
expression "y and y of y" ( = B). Both expressions are found in medieval 
Islamic mathematics, and they are mostly discussed with reference only to this 
area and to the post-Islamic tradition in medieval and Renaissance Italy. 
Though rare they can, however, be found in Middle Kingdom Egyptian and 
Old Babylonian sources, often (in Egypt exclusively) in connections which 
suggest popular usage or in problems of definite riddle character. In late Greek 
Antiquity, they turn up in the arithmetical epigrams of the Anthologia graeca — 
but only in problems concerned with trade routes, with the partition of 
heritages, or with the hours of the day (whether working hours, astrological 
time-keeping or questions to the gnomon-maker with no further explicit 
purpose); the only exception among those problems dealing with other subjects 
concerns a banquet taking place in Hellenistic Syria. In medieval Islam, the 
usage goes together with the so-called finger-reckoning tradition, which in 
Arabic was called hisäb al-Rüm wa'l-cArab ("computation of the Byzantines 
and the Arabs"). Even in the Carolingian Propositiones ad acuendos juvenes can 
it be seen — but only in a few problems of the same mathematical type as one in 
which it occurs in the Rhind Mathematical Papyrus. 
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The evidence does not allow us to determine whether the Babylonian and 
Egyptian usages were borrowed from some common contact (for example, a 
commercial intermediary), or whether shared computational tools or tech
niques or common Hamito-Semitic linguistic structures called forth parallel 
developments. But there is little doubt that the Greek use of composite 
fractions was borrowed from the Near East together with the techniques for 
time-keeping, astrology, and notarial and mercantile computation. The idiom 
of composite fractions turns out to be an important index fossil demonstrating 
that these techniques belonged in a common cluster, which was inspired or 
borrowed from the East as a relatively connected whole. The usage may have 
been in general use among Semitic speakers in the Near East, as the later 
Arabic sources suggest; but in the Greco-Roman world it never spread beyond 
the circle of practitioners of the techniques together with which it had been 
borrowed. It went inseparably together with a specific sub-scientific tradition. 

The usage (and hence probably the living tradition) may even have 
remained restricted to the Greek orbit. This is actually intimated by the 
Propositiones. Several problems from this collection point to the Eastern 
trading connections of the Roman world; but none of them contains compo
site fractions. As observed above, those simple ascending continued fractions 
which occur suggest an Egyptian connection — which may be indirect but 
which appears in any case not to be mediated by the channel reflected in the 
Anthologia graeca. 

The latter conclusion already involved another sort of index fossil: shared 
problems. Mathematical problems dealing with real applications may of 
course be shared already because features of social or technological organiza
tion are common (exceptions to this rule in the sphere of practical geometry 
will be discussed in Section 4); recreational problems, on the other hand, will 
often be so specious (regarding dressing, mathematical structure, and/or 
numerical constants) that chance identity can safely be ruled out. Shared 
recreational problems of this category therefore constitute firm evidence of 
cultural connections. 

Much work has been done, especially by German historians of mathematics, 
on the distribution of specific recreational problems. The basic results on each 
type are conveniently summarized in the new edition of Tropfke's Geschichte 
der Elementarmathematik,29 and there is no need to repeat the details. One very 
important category of problems is found in medieval India and Islam and then 
again in late medieval Western Europe. It includes the "purchase of a horse", 
the "hundred fowls", and many others. Some of these problems are also found 
in China, mostly in a different dressing but recognizable because of a peculiar 
mathematical structure; the same stock was also drawn upon by Diophantus, 
who of course stripped the problems of their concrete dressing.30 Some of the 
problems, finally, turn up in the Propositiones. Disregarding perhaps the latter 
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work, the distribution of this group of problems coincides with the trading 
network bound together by the Silk Route and its medieval descendants (when 
the Propositiones acquired their final form, Francia was no longer an active 
part of the network; instead, the very eclectic collection reflects the various 
influences to which the Roman world had been submitted in Antiquity). At 
least one problem belonging with the Silk Route group, however, can be 
traced to much earlier times: the successive doublings of unity treated so 
confusedly by al-Uqlïdisfs reckoners. In the same passage he says that these 
problems always deal with 30 or 64 successive doublings. The oldest version of 
the problem known to date is found in a mathematical tablet from Old 
Babylonian Mari.31 This text has direct affinities both to the (Islamo-Indian) 
chessboard problem and to the version in the Propositiones, and probably also 
to a Chinese version which I have not seen.32 Other problems may have 
originated elsewhere, but the Mari problem indicates that one of the centres 
from which the caravan-route merchants' culture grew was located in the 
Middle East (from where also the composite fractions appear to have diffused, 
without meeting with great success outside the Semitic-speaking area). 

The "Silk Route group" encompasses many but far from all popular 
recreational problem types. The Egyptian flavour of certain problems from the 
Propositiones was pointed out above. Similarly, the "non-Near-Eastern" 
problems of the Anthologia graeca may have been borrowed from the same 
location as the unit fraction system of which they make use — viz, from Egypt. 
True, they are not specifically akin to anything known from Middle Kingdom 
Egyptian sources (the shared interest in unhomogeneous first degree problems 
is too unspecific to allow any conclusions); but a large group appears to reflect 
precisely that kind of elementary mathematics teaching which Plato ascribes to 
the Egyptians in The laws 819A-C.3 3 

The riddle-character of recreational mathematics was referred to repeatedly 
above; like other riddles, recreational mathematics belongs to the domain of 
oral literature.34 Recreational problems can thus be compared to folktales. The 
distribution of the "Silk Route group" of problems is also fairly similar to the 
distribution of the "Eurasian folktale", which extends "from Ireland to 
India".35 However, for several reasons (not least because the outer limits of the 
geographical range do not coincide) we should not make too much of this 
parallel. Recreational problems belong to a specific subculture — the subcul
ture of those people who are able to grasp them. The most mobile members of 
this group were of course the merchants, who moved relatively freely or had 
contacts even where communication was otherwise scarce (mathematical 
problems appear to have diffused into China well before Buddhism). 

The parallel between recreational (and most sub-scientific) mathematics and 
oral literature is more illuminating in another respect. Around A . D . 900, Abu 
Kämil described the recreational problem of "the hundred fowls" as 
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a particular type of calculation, circulating among high-ranking and lowly 
people, among scholars and among the uneducated, at which they rejoice, 
and which they find new and beautiful; one asks the other, and he is then 
given an approximate and only assumed answer, they know neither 
principle nor rule in the matter.36 

This is not far from the scornful attitude of literate writers to folktales up to 
the Romantic era. Their disdain would not prevent many of them from using 
folk tale material; but Apuleius and Boccaccio (to name only two of them) 
would then rework the material and "make it agree with good taste". This is 
also exactly what Abu Kâmil does with the problem of the hundred fowls: 
instead of presenting without "principle or rule" a particular haphazard 
solution to the indeterminate problem, he shows how to find the complete set 
of solutions. He was not the only 'scientific' mathematician reworking sub-
scientific mathematics in this way. Diophantus's treatment of the "purchase of 
a horse" reflects the same attitude and intention; others, from al-Khwârizmï 
and Leonardo Fibonacci to Cardano, Stifel and Clavius would follow similar 
programs. Sub-scientific 'sources' for 'scientific' mathematics were thus 
accepted and used in a way which differed fundamentally from that in which 
'scientific' sources were used. Pointedly and paradigmatically: when medieval 
mathematical cultures got hold of Euclid he supplied them both with material 
and with norms for mathematical 'good taste'. With these norms in their 
luggage, mathematicians would look around in their own world and discover 
there a vast supply — anonymous and ubiquitous — of mathematical prob
lems and techniques beyond the range of what was already available in 
acceptable form; they would pilfer it (at times appropriate it wholesale), either 
without recognizing their debts (as Diophantus, Apuleius and Boccaccio) or 
while criticizing those poor fools who thought themselves competent (like Abu 
Kämil and eighteenth century literati). No wonder that sources dealt with like 
this were not reflected in al-Nadïm's Catalogue.31 

4. PRACTICAL GEOMETRY 

Both composite fractions (at least when used outside the Semitic speaking 
area) and the cluster of "Silk Route Problems" belonged with the calculators' 
craft. They should not make us forget other traditions of sub-scientific 
mathematics engaged not in commercial transactions and accounting but in 
practical geometry. Their practitioners were surveyors, architects, master 
builders, and the like. In some cultures, all or some of these preoccupations 
were taken care of, if not by the same persons then at least by the same groups 
as those engaged in accounting and so forth. So, surveying, accounting, and 
the allocation of rations were the responsibility of scribes with a common 
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schooling both in Old Babylonia and in Middle Kingdom Egypt38 (architects 
and master builders, on the other hand, may have belonged outside the scribal 
craft). In other cultures, however, the tasks were socially separated (Roman 
gentlemen might write on surveying but not on accounting). It is therefore 
reasonable to deal with geometrical practice as a distinctive topic, the sub-
scientific character of which need not be argued. 

A reason why this topic should at all be discussed and not merely be 
dismissed with a ditto is the character of its index fossils. Recreational 
problems reflecting geometrical practice are relatively rare and therefore not 
very informative (some exceptions will be mentioned below); the methods used 
in real life, however, are more significant than in the case of computation, 
because they often make use of one of several possible approximations or 
techniques. 

One familiar exemplification of this is the treatment of the circle. The Old 
Babylonians would find its area as of the square of the circumference 
(corresponding to the value n = 3) and the diameter as y times the circumfer
ence; if needed, they could use a correction factor, corresponding to n = 3y.39 

The Egyptians would find the area as the square on -§• of the diameter.40 These 
methods are obviously unconnected. The ratio 3 between the diameter and the 
circumference is used in the Bible,41 which fits well with that dependency of 
Babylonia which follows from borrowed metrologies (but which would of 
course prove nothing in itself). Ptolemaic Egyptian texts (written well after the 
conquest of Egypt by Assyrian and Persian armies and shortly after the 
establishment of Greek rule) determine the circular area as \ of the square on 
the diameter,42 which looks like a grafting of the Babylonian numerical 
assumption upon the traditional Egyptian habit to determine the area from 
the diameter (and not from the circumference, as the Babylonians had done). 
Combined with other evidence this fossil can be taken to imply that the 
originally separate traditions had amalgamated in the Assyro-Persian melting 
pot. The adoption of a mathematically poorer way to calculate the circular 
area in Egypt shows that the amalgamation did not change the sub-scientific 
character of the domain. Increased mathematical precision ('truth') was 
apparently no decisive criterion for preferences; the new way may have been 
accepted because it offered greater calculational ease - or simply because it was 
used by the engineers and tax-collectors of the conquerors. 

Later practical geometries, from the Roman agrimensors to the Hebrew 
Mishnat ha Middot, began using the Archimedean approximation (TÜ=^). 4 3 

This then confronts us with a new phenomenon. 3y can hardly have had any 
practical advantages over the ratio 3-j-—except perhaps in the hodometer, 
where Vitruvius appears none the less to have considered the latter value 
satisfactory.44 For easy computation in current metrologies, 3-J- was certainly 
to be preferred. The only reason to embrace 3-j is that it derivedfrom 'scientific' 
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mathematics. The adoption is thus a portent of later tendencies to transform 
the autonomous sub-scientific traditions into applied science*5 For long, 
however, it remained an isolated portend. The new value occurs as indubitable 
(or at least undoubted) truth, and often in eclectic connection with other 
techniques with no 'scientific' merit, as is characteristic of the sub-scientific 
traditions. Not only were societal conditions (in particular teaching systems) 
not ripe for the autonomous sub-scientific practitioners' traditions to be 
absorbed; 'scientific* mathematics itself was hardly developed to a point and in 
a direction where purposeful simplification and restructuration would make it 
solve the specific problems of geometrical practice. Even in late Antiquity and 
the early Middle Ages, the sub-scientific category remains important if one 
wants to understand the specific character of geometrical practice and its 
relation to the 'scientific' knowledge of the day. 

5. A L G E B R A 

This also comes true if we consider the distinctive mathematical innovation of 
the early Middle Ages: algebra.46 Conventionally, the rise of this discipline is 
traced to al-Khwärizmfs book on the subject.47 It is, however, obvious already 
from al-Khwärizmfs preface that not only the subject but also the name was 
already established before his time. A few decades after al-Khwârizmî, Thâbit 
ibn Qurrah wrote a treatise "On the rectification of the cases of al-jabr",4* 
where the discipline was ascribed to a group of "a/-yaZ>r-people". On close 
investigation the sources leave no doubt that these were the carriers of a sub-
scientific tradition, the doctrines and techniques of which had been systema
tized, excerpted and exposed by al-Khwârizmî from a 'scientific' perspective 
and then put on a Euclidean basis by Thâbit. The practitioners of the field 
appear to have been 'reckoners', people engaged in accounting and juridical 
and commercial computation.49 

The roots of this sub-scientific aZ-yaôr-tradition are not easily extricated, and 
may be diverse. Indian 'scientific' algebra is out of the game, its organization 
being clearly different from (and on a higher level than) that of the tradition 
known to al-Khwârizmî. But some connection to India must be present, since 
the (far from self-evident) term used metaphorically for the first power of the 
unknown in a second-degree problem (jidhr, 'root', 'stem', 'stub', etc.) is 
shared with Indian sources from the first century B . C . 5 0 But the term for the 
second power (mal, 'property', 'possessions', 'fortune', 'assets', etc.; translated 
census in medieval Latin texts) coincides firstly with the term used for the 
unknown in a whole class of first degree problems, and secondly with the 
Onaaopôç used in analogous Greco-Egyptian first-degree problems in the same 
function.51 As far as I know no equivalent term is found in the same 
standardized role in Indian sources.52 
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It is thus not very plausible that the sub-scientific al-jabr tradition was 
borrowed directly from India; since both early writers on the subject are of 
Turkestanian descent the best guess is perhaps that its home was somewhere in 
Central Asia (Khorezm? Iran?), and that it had developed in this cultural 
meeting place par excellence. Still, this can be nothing more than a guess. Nor 
can it be known for sure whether the tradition had roots back to Babylonian 
'algebra'; if it. had, it had been much transformed before reaching the form in 
which we know it. 

This form was that of a rhetorical algebra. What is meant by this concept 
can be shown by an example borrowed from al-Khwâriçmï: 

If a person puts such a question to you as: "I have divided ten into two 
parts, and multiplying one of these by the other, the result was twenty-
one"; then you know that one of the two parts is thing, and the other ten 
minus thing. Multiply, therefore, thing by ten minus thing; then you have 
ten things minus a square [mäl\, which is equal to twenty-one. Separate the 
square from the ten things, and add it to the twenty-one. Then you have 
ten things, which are equal to twenty-one dirhems and a square. Take 
away the moiety of the [number of] roots, and multiply the remaining five 
by itself; it is twenty-five. Subtract from this the twenty-one which are 
connected with the square; the remainder is four. Extract its root, it is two. 
Subtract this from the moiety of the roots, namely, five; there remain 
three, which is one of the two parts. Or, if you please, you may add the 
root of four to the moiety of the roots; the sum is seven, which is likewise 
one of the parts.53 

In the first half, everything goes by 'rhetorical', that is, verbal argument. If we 
replace the term 'thing' with JC, and express the arithmetical operations by 
symbols instead of words, the reduction of the problem follows exactly the 
same path as we would follow today. The second half, then, solves the reduced 
problem ("10* = 21 +x 2") according to a standard algorithm, without giving 
any arguments at all. This is indeed characteristic of the tradition. 

True, al-Khwârizmï introduces geometrical justifications of these algor
ithms (justifications of the same character as the procedure used to solve the 
"broken reed" problem above). These are, however, grafted upon the contri
bution of the sub-scientific tradition, in agreement with al-KhwârizmFs 
'scientific' perspective. This does not mean that he invented them himself,54 nor 
that they were borrowed from Greek geometry, from which they differ in style. 
Instead, they were taken over from another sub-scientific tradition. 

This tradition is reflected in another book, a treatise On mensuration written 
by some unidentified Abu Bakr and only known in a Latin translation from 
the twelfth century, the Liber mensurationum.55 Its first half has little to do with 
practical mensuration; instead, it contains a series of problems which we 
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would today describe as 'algebraic': a square plus its side equals 110; the 4 
sides of a square plus its area equals 140; in a rectangle of area 48, the sum of 
length and width is 14; in a rectangle, where the sum of the area and the four 
sides is 76, the length exceeds the width by 2; etc. In most cases, two ways to 
solve the problem are indicated. The first, fundamental method is based on 
'naïve' geometric arguments in Babylonian style, and formulated in a language 
which down to grammatical details repeats the phrasing of Babylonian texts.56 

The second method, which is stated to be "according to aliabrcT and which is 
not given in all cases, is identical with al-Khwârizmian al-jabr. 

Detailed analysis leaves no reasonable doubt that the trunk of the first part 
of the treatise reflects a sub-scientific tradition going directly back to Old 
Babylonian 'algebra' (the time-span may inspire doubts, but it coincides 
precisely with the span from the Mari doublings to the earliest versions of the 
chessboard-problem and from the Old Babylonian ascending continued 
fractions to those known from medieval Islam). This will have been the source 
from which al-Khwârizmï drew his geometrical justifications of the standard 
algorithms of al-jabr. 

Who were the carriers of this tradition? The inclusion in a "treatise on 
mensuration" suggests that they were surveyors and possibly master builders. 
This guess is bolstered by a source from the late tenth century, Abül-Wafa"s 
Book on what is necessary from geometric construction for the artisan. One 
passage of this work57 refers to discussions with artisans from this category, 
where these keep to ideals and methods corresponding precisely to those 
displayed in the Liber mensurationum. Algebra, as explained to posterity by al-
Khwârizmï, is thus a merger of calculators' and practical geometers' sub-
scientific traditions.58 

This is of course a nice point. But does it imply that Old Babylonian scribal 
mathematics, which in its own times had combined calculation and practical 
geometry, was only transmitted by practitioners of the latter field? 

Not necessarily. Even though the Liber mensurationum seems to be a direct 
continuation of Old Babylonian scribal traditions its basis may indeed be 
different: a practical geometers' tradition which had also once inspired the Old 
Babylonian scribe school teachers and was systematized by them. 

For the moment, this is a hypothesis — but still a hypothesis derived from 
the sources. The main source is an Old Babylonian text dealing very systemati
cally with problems concerning squares and sides.59 It starts from the 
elementary beginning: Given the sum of area and side; then (in symbolic 
mistranslation) x2—x=c (problem 2); ax2 + bx=c and variations on that 
pattern (problems 3, 4, 5, 6, 16); x2+y2 = a, x±y = b (problems 8-9); 
x2+y2 = a, y-bx (problems 10-11, 13); x2-\-y2 = a, x-y = b (problem 12); 
x2+y2=a, y = bx + c (problem 14); x2+y2 + z2 + u2 = a, x=bu, y = cu, z = du 
(problem 15); etc. — all in technical and standardized language. Then, sud-
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denly, in problem 23, we find the following (my translation and restitution of 
damaged passages): 

In a surface, the four fronts and the surface I have accumulated, 0;41,40. 
4, the four fronts, you inscribe. The igi of 4 is 0;15. 
0;15 to 0;41,40 you raise: 0; 10,25 you inscribe. 
1, the projection, you append: 1; 10,25 makes 1;5 equilateral. 
1, the projection, which you have appended, you tear out: 0;5 to two you 
repeat: 0;10 nindan confronts itself. 

Abstractly seen, this is once more the simple problem. x 2 + ax = b. But the 
wording is different from that used in the beginning, and so is the procedure,60 

which locates "the four fronts" as four rectangles of width 1 (the "projection") 
along the edges ("fronts") of the square. 

The same figure is used by al-Khwârizmî in the first of two alternative 
proofs of the algorithm solving the case x2 + ax = b.61 The problem of a square 
or rectangle to which is added the sum of all four sides will also be remembered 
from the Liber mensurationum. In contrast to the series of jtechnicalized 
problems in the beginning of our Babylonian tablet, this looks like a typical 
recreational problem created and transmitted in a surveyors' environment. At 
the same time, school systematization of the techniques involved in the 
solution of the recreational problem would automatically lead to something 
like the initial technical series. It is thus at least a reasonable assumption that 
the square/rectangle plus four sides was originally invented in a surveyors' 
environment as a recreational problem and then taken over by the scribal 
school and used to sharpen the wits and kindle the self-esteem even of the 
future accountants and other calculators. 

Another typical recreational problem for surveyors will have been the 
bisection of a trapezium by a parallel transversal. This was also popular in the 
Old Babylonian school; but it goes back at least to the 23rd century B . C . 6 2 Old 
Babylonian texts presenting its solution share the characteristic vocabulary of 
second-degree 'algebra'. 'Neo-Sumerian' texts (dating from the 21st century 
B.c.), on the other hand, seem to ignore these subjects. It is therefore my guess 
that the surveyors' environment which created the quasi-algebraic recreational 
problems was Akkadian (in agreement also with the name of the completion 
trick, see above) and non-scribal (whence illiterate). As the Akkadian tongue 
(in Babylonian dialect) became a literary language in the Old Babylonian 
period, adoption and ensuing systematization into the scribal school took 
place. At the same time, however, the original surveyors' tradition survived, 
and it is this tradition (I guess) rather than a direct descendant of the Old 
Babylonian scribal school that surfaces for the last time with its pet recreatio
nal problems in the Liber mensurationum and in the early ninth century 
justifications of the algorithms of al-jabr. 
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6. T H E E N D O F SUB-SCIENTIFIC M A T H E M A T I C S 

Already Hero attempted to improve the practitioners' tool kit by teaching 
them Archimedean formulae, and thus to bring the autonomous sub-scientific 
traditions under the sway of theoretical knowledge — we may regard his work 
as an early attempt to make applied science. He and other Alexandrinians had 
some success, in so far as they had some practitioners' groups accept the 
Archimedean value for n and the formula for the triangular area. As we saw, 
however, the sub-scientific character of practitioners' mathematics was not 
changed. Nor was it affected when Diophantus and others borrowed sub-
scientific material and reworked it from a 'scientific' perspective. 

Changes set in, however, in the medieval Islamic world. Islamic scholars 
were more prone to accept the specific problematic of practitioners as 
legitimate without refusing for that reason the legitimacy of the 'scientific' 
perspective; they were thus able to combine the 'Heronian' and the 'Diophan
tine' approaches, transforming material from both sources in a way which was 
relevant for practitioners. "Applied science' began making its way.63. Thäbit 
ibn Qurrah would still know the al-jabr-people as a sub-scientific group in the 
mid-ninth century. Already one or two generations later, however, al-jabr 
would only be known to Abu Kämil as al-Khwârizmfs discipline, and it would 
be listed by al-Fârâbî exclusively under the heading of "ingenuities" with 
reference to Elements X, and not with sub-scientific, 'practical' arithmetic or 
geometry (cf. above, ref. 37). 

The process was never brought to completion in the Islamic world. Nor was 
it during the European Renaissance, where similar developments would take 
place from Jean de Murs to Adam Riese. In the mid-sixteenth century, 
however, from Stifel's and Riese's times onwards, the impetus of the process 
had become irresistible, and from then on specialists' mathematical practice 
was no longer semi-autonomous but dependent upon 'scientific mathematics'. 
In Early Modern Europe, then, the concept of 'sub-scientific knowledge' loses 
definitively its heuristic value at least as far as mathematics is concerned (in 
most other fields, the change took place later); instead, we encounter the 
problem, to which extent (and in which sense!) 'applied science' can be 
described as an application of 'science'. This, however, is a different problem, 
which I shall leave to historians and philosophers of modern technology. 

Recreational mathematics did not die with sub-scientific mathematics. But it 
stopped being the exclusive property of the minority of specialists who were 
able to grasp it. Like mathematical literacy, recreational problems became a 
possession of the majority — eventually the belonging of virtually everybody. 
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35. See S. Thompson, The folktale (New York , 1946), 13ff. 
36. M y English translation from H. Suter, "Das Buch der Seltenheiten der Rechenkunst von Abu 

Kämil al-Misri", Bibliotheca mathematica, 3. Folge, xi (1910-11), 100-20, p . 100. 
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the practice of science and not directly with books. A g o o d example is found in Al-Fârâbî, 
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Mathematical Papyrus, as also from the Papyrus Anastasi I, a 'satirical letter' much used 
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Kitäb al-jabr wa l-muqäbala (Publications o f the Institute for the History o f Arabic-

Islamic Science, series C: Facsimile editions, xxiv (Frankfurt a. M . , 1986)). It seems to 
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1935-38; reprint edn, Bombay, 1962), i, 169. In India, the term is used in connection with 

the extraction o f a square root , and the interpretation is geometrical and thus mean

ingful. In the a/-yaZ>r-tradition, the term is not understood geometrically, which deprives it 

o f metaphorical meaning. 

51. See problems nos. 13 and 17 in J. Baillet, Le Papyrus mathématique d'Akhmïm (Mémoires de 
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SUB-SCIENTIFIC MATHEMATICS • 87 

55. Edited critically in H. L. L. Busard, "L'algèbre au moyen âge: Le 'Liber mensurationum' 
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I. ANCIENT MATHEMATICS: THEORY 

OR TECHNOLOGY? 

Greek mathematics—to anybody who possesses the faintest idea of 
the history of mathematics, this means something in the style of 
Euclid's Elements, of Archimedes, of Apollonios, of Diophantos and of 
Pappos. That is, »Greek mathematics« (or, we might generalize, 
referring to the »mathematics of Classical Antiquity«, or be precise and 
speak of »Hellenistic mathematics«) is a field of knowledge concerned 
with theoretical understanding of abstract entities. Those whose ideas 
are less faint may know about the Heronian corpus, about Ptolemy, 
and about similar applications of the abstractions to describe material 
reality—»the more physical of the branches of mathematics«, to speak 
with Aristotle1. Still, theory retains the primary role, and the rest 
remains derivation—»subordinate«, if we stick to Aristotelian parlance2. 
Neo-Pythagorean works like those of Nicomachos, of course, change 
nothing in this respect, and Hero constitutes a minor exception, the 
very distinctiveness of which seems to confirm the global rule. 

As it has been pointed out by G. J. Toomer3, this image of Greek 
mathematics is produced by a somewhat distorting lens: The ideals of 
the schoolmen of late Antiquity and early Medieval Byzantium. They 
decided which manuscripts were to be copied and be preserved with 
sufficient care. The effect of this process of spontaneous censorship is 
revealed by the character of those works which are only known via 

1 Physica 194a7; transi. R. P. Hardie and R. K. Gaye 1930. 
2 E.g., Posterior Analytics 75b14-16; transi. G. R. G. Mure 1928. 
3 Toomer 1984. 
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Arabic translations4. Among the works which were translated into 
Arabic around A.D. 800 and thus still available in Greek at that date 
but often only in one defective manuscript and not in the late Middle 
Ages are: 
- Euclid's treatise of the division of figures. 
- A number of presumably Ardümedean works, dealing inter alia 

with the construction of the regular heptagon and the construction 
of water-clocks. 
Menelaos' Spherics and his treatise on the mathematics of specific 
gravities. 
Ptolemy's Planisphaerium and Optics. 
Books 5-7 of Apollonios' Conies and his On cutting off a ratio. 
Pappos' Commentary to Book X of Euclid's Elements, the passage of 
his Collection dealing with constructions with fixed compass 
opening and part of Book VIII on mechanics. 

- Part of Diophantos' Arithmetical. 
Even though there is no obvious system in this list, it suggests that 

works which did not agree with the canon of »compass and ruler«, 
which were too sophisticated, or which belonged to the Aristotelian 
category of »subalternate sciences« (optics, mechanics, spherics) were 
more likely to be neglected than others. 

It can be easily argued that this bias corresponds to the attitudes 
expressed by a multitude of later Hellenistic and late Ancient authors 
from Plutarch to Proclos6. To them, mathematics was, in itself, either 
a way to gain higher insight or, more modestly, a propaedeutic 
paradigm by which the ability to gain insight was trained—or it was 

4 In several cases, where the Arabic translations have also been lost, their content 
has been incorporated or paraphrased in surviving texts, or they have been 
translated into Latin in the twelfth century. 
5 For detailed information, see the relevant articles in DSB and (as far as more 
recent discoveries are concerned) Toomer 1984. 
6 See, e.g., the oft-quoted passage in Tabletalk VIII.2 (ed., transi. Minar et al 1969: 
118-131), where Plutarch and his table companions discuss Plato's reasons for 
claiming (as they suppose he did) that »God is always doing geometry« . 
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a hermeneutic aid, necessary for the interpretation of Plato and 
Aristotle. Hermeneutic assistance apart, however, these attitudes are 
close to those expressed by Plato and Aristotle in the fourth century 
B.C., in whose vicinity mathematicians like Theaetetos and Eudoxos 
made their work; they correspond fairly well to the style of the major 
mathematicians7, and even to those of the lost works which exist in 
genuine Arabic translation; they are not contradicted by mathematically 
competent commentators and compilators from Geminos to Pappos, 
Theon and Eutocios. Byzantine scholars, furthermore, were not too 
strict in their criteria, as demonstrated, e.g., by their compilation of 
the Heronian Geometrien. All in all, then, the lens of the late schoolmen 
can be seen to have been somewhat distorting; but it certainly did not 
change the total picture, nor a fortiori produce an illusion. Greek and 
Hellenistic mathematics, in its culturally and quantitatively dominating 
form, was theoretical and concerned with abstract entities—»pure«, we 
would say. What is more: Even works which according to their 
contents were »applied« (dealing with physical or astronomical reality 
like, e.g., Archimedean statics or Autolycos' spherics) tended to be 
formally pure, demonstrating thus their dependence on the abstract 
fundament. 

To us, this may seem the natural order of things, heirs to the 
Hellenistic tradition as we are. Ever since the French École Polytech
nique was established in 1794, engineers have been taught their 
applied mathematics according to the same model. Seen in the context 
of the Ancient world, however, the pattern of Greek and Hellenistic 
mathematics is outstanding. The Romans only accepted it halfheartedly 
if at all. This is clearly stated by Cicero in the Tusculan Disputations8: 
»With the Greeks geometry was regarded with the utmost respect, 
and consequently none was held in greater honour than mathematici
ans, but we Romans have restricted this art to the practical purposes 

7 Ptolemy, so it seems, did not even regard the high-level logistics of astronomical 
computations as a mathematical activity, as pointed out by Olaf Pedersen (1974: 32-
34). 
8 I, ii; transi. King 1971: 7. 
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of measuring and reckoning«. A demonstration ad oculos is provided 
by Quintilian in the passage of De institutione oratoria where the 
relevance of geometry is explained9: Firstly, the term geometry is taken 
to include plain numerical computation; secondly, the main aim of 
teaching the subject is to avoid elementary blunders in basic practical 
numerical and field-surveying calculations. Roman mathematics at its 
best, on this evidence, was not Euclid, nor even Hero's deliberate 
adaptation of theoretical results for use in practice; it is adequately 
represented by the agrimensors' secondary adoption of Heronian and 
similar Alexandrian material. 

The Greek and Hellenistic pattern is also radically different from 
earlier mathematical traditions. Babylonian and Egyptian mathematics 
(the only early traditions which are clearly documented and clearly 
dated10) originated as technologies, as techniques for accounting, for field 
measurement, and for the planning of provisions for workers and 
soldiers. In the long run, Babylonian mathematics certainly did not 
stick to this »applied« character: many of its characteristic problems, 
indeed whole disciplines, are definitely non-utilitarian. But however 
»pure« the contents, the form remained »applied«11 (on a more modest 

9 I, x, 34ff; ed., transi. H. E. Butler 1969: IV, 176ff. 
1 0 The Indian geometrical tradition as documented in the s I ulba sütras may antedate 
the rise of Greek mathematics; but in their present form, the sütras may be roughly 
contemporary with the early Greek mathematicians (c. 500 to c. 300 B.C.) (Bag 
1979: 4-6). Chinese mathematics is only documented from the Han era onwards 
(Martzloff 1988: llOff). 
1 1 One striking example of »pure commercial arithmetic« is the following problem: 
»I have bought 770 sua [»liter] oil. From what was bought for 1 seqel of silver I 
cut away 4 sila each time. I saw 40 seqel of silver as profit. How much did I buy 
and how much did I sell [for each §eqel]?« (my translation from the transliteration 
in Bruins & Rutten 1961: 82; the meaning is that if r sila are bought per seqel, r-4 
sila are sold at that price). Thanks to the fiction of a merchant who buys and sells 
at prices he does not know, a second-degree equation is produced—something 
which would never happen in real practical computation within the Babylonian 
horizon. 

Like the vast majority of Babylonian mathematical texts, this problems dates 
from the Old Babylonian era (c. 1900 to c. 1600 B.C.). 
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scale, the same can be stated of Egyptian mathematics). Even when the 

mathematics of the scribal cultures was non-utilitarian (»pure«), it was 

never theoretical, neither in Greek nor in modern sense12. In mathe

matics (as elsewhere), Greek culture created something radically new— 

something which was then institutionalized and ripened in the early 

Hellenistic era, in particular around Alexandria, and conserved and 

canonized by the Hellenistic schoolmen throughout the Roman period. 

Apart from their »pure« outgrowth, Babylonian and Egyptian 

mathematics had corresponded to obvious social needs of a practical 

nature. Evidently, these needs were not abolished at the birth of Thaïes 

nor through the Macedonian conquest. Nor were they covered by the 

sparse works applying theoretical results to more practical problems, 

which, in fact, were either concentrated within select areas (pre

dominantly other sciences like astronomy) or attempts to improve upon 

the bad methods used by rank-and-file practitioners13. Already from 

first principles we can thus be sure that practical arithmetical and 

geometrical computation—the two fundamental mathematical tech

nologies—lived on throughout the Classical age; by name we also know 

1 2 This does not mean, as often claimed, that Babylonian mathematics was based 
on empirically discovered rules and on rote learning. As I have documented in a 
large-scale investigation of the techniques and mode of thought of Babylonian 
»algebra« (Hteyrup 1990), it was based on intuitively meaningful manipulation of 
geometrical figures. But it did not aim at insight, and thus was not theoretical in 
the Greek sense. Nor was it organized in a explicitly formulated coherent 
conceptual structure, whence it cannot be considered theoretical in a modern sense. 
1 3 In the introduction to his treatise on the Dioptra (ed., transi. Schöne 1903: 188fß, 

Hero explains his aim to be to correct earlier errors, those committed to writing 

as well as those committed in actual siege warfare. One of the blunders which 

Quintilian wants to eliminate through the teaching of geometry is the measure of 

areas by means of the circumference of figures, accepted according to him by 

almost everybody (De institutione oratoria I, x, 39; ed., transi. Butler 1969: 178f) and 

apparently also used throughout Classical Antiquity by practitioners. Admittedly, 

the evidence cited for this by Eva Sachs (1917: 174) is weak when taken in itself— 

Thukydides {History of the Peloponnesian War VI, i, 2; ed., transi. Voilquin 1950: H, 
69) does not argue from the time of circumnavigation of Sicily for its area but for 

the difficulty of the Athenian military adventure—but cf. corroborating evidence 

cited below,section VII. 
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about logistics and geodesies from Geminos14 as well as Aristotle and 
Plato and a number of commentators, and in the Corpus iuris civilis, 
calculatores are mentioned a few times on a par with librarians, 
nomenclators (slaves telling names of persons met or of fellow slaves 
to their master), stenographers, stage-players and other performers of 
practical arts15. Unlike its scribal predecessor traditions, however, this 
practical computation and its carriers had stopped being culturally 
productive; to a large extent their existence was not even recognized 
by the culturally productive stratum, and we are thus told virtually 
nothing about the actual ways and tasks of these lowly people, 
beyond, e.g., their use of ropes and rulers16 and of concrete (»sen
sible«), not abstract numbers. 

Some supplementary evidence comes from administrative Greco-
Egyptian papyri, from descriptions of and materials for elementary 
teaching17, from pictorial representations of calculators manipulating 
calculi on an abacus, and from surviving specimens of this device. On 
the whole, however, material of Classical provenience tells us fairly 
little about the basic mathematical technologies of the Hellenistic and 
Roman world. In particular, it does not inform us whether (or to 
which extent) they were ultimately derived from the theoretical 
mathematics of the age, indigenously but autonomously developed, or 
borrowed from older neighbouring cultures. 

1 4 Fragment on the mathematical sciences; ed., transi. Aujac 1975: 115f. 
15 Digest XXVH, i,15,§5; XXXVm,i,7,§5; L,xiii,l,§6. Cf. Marrou 1956: 431 and Kinsey 
1979. 
1 6 Geminos, fragment on mathematics, ed., transi. Aujac 1975: 115f. 
1 7 The most important specimen being the compendium in Guéraud & Jouguet 
(eds, transis) 1938. Such material for primary education, of course, carries little 
information on the more specific ways of professional calculators. 
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IL SUB-SCIENTIFIC MATHEMATICS 

Left with Greek and Roman sources alone, we would thus have to 
content ourselves with the observation that practical arithmetic and 
geometry existed and were distinguished sharply from theoretical 
mathematics. Happily, however, we are not left with Greek and Roman 
sources. Earlier and later mathematical cultures have given us their 
own documents, which happen to make new sense of scattered and 
otherwise unapparent evidence in the Classical sources. Before discus
sing this directly we shall, however, introduce some general observa
tions on the different varieties of mathematical activity in the pre-
Modern world. 

A passage from Aristotle's Metaphysics—dealing not with mathema
tics but with productive arts and theoretical knowledge in general— 
may introduce the problem: 

At first he who invented any art whatever that went beyond the 
common perceptions of man was naturally admired by men, not only 
because there was something useful in the inventions, but because he 
was thought wise and superior to the rest. But as more arts were 
invented, and some were directed to the necessities of life, others to 
recreation, the inventors of the latter were naturally always regarded as 
wiser than the inventors of the former, because their branches of 
knowledge did not aim at utility. Hence when all such inventions were 
already established, the sciences which do not aim at giving pleasure or 
at the necessities of life were discovered, [...] 

So [...], the theoretical kinds of knowledge [are thought] to be more 
the nature of Wisdom than the productive.18 

981b14-982al--ed., transi. Ross 1928. 
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First of all, this introduces the distinction between productive and 
theoretical knowledge and establishes precisely that mutual ranking 
which was noted above for the case of mathematical disciplines. 
Secondly it presupposes that the two kinds of knowledge are carried 
by different (groups of) persons: logistics and geodesies are not 
supposed to be performed by arithmeticians and geometers, the 
theoretical mathematicians. Thirdly, even productive knowledge is 
pointed to as going »beyond the common perceptions of man«, i.e., to 
be specialists' knowledge. 

We might also speak of craft knowledge. Specialists in the practical 
arts, indeed, belong to different crafts, whose members were until the 
onset of the Modern era (in most cases, until the present century) 
trained within the profession, either as apprentices or, in exceptional 
cases (Babylonian and Egyptian scribe schools, the Abacus school of 
Late Medieval and Renaissance Italy), in specific schools. The diffusion 
of knowledge from the theoretical sciences (after the emergence of 
these during Classical Antiquity) was slow and random, not sy
stematized as in Modern engineering schools, where teachers who have 
themselves been trained at a university teach future engineers their 
physics and mathematics, thus ensuring the diffusion of relevant 
results within a single generation. Minor exceptions disregarded, the 
knowledge of practical specialists was thus autonomous, and not to be 
understood as »applied science«19. At the same time, the knowledge of 
a craft constitutes, in the likeness of a scientific discipline, an organized 
body of knowledge and not a mere heap of random and disconnected 
rules; but cognitive coherence is no primary aim in itself but only a 
by-product of the practical coherence of the activity of the craft, whose 
members (e.g., geometrical practitioners) will often attend to a number 
of different practical tasks united by the fact that they can be dealt 

1 9 Even today, it is true, the idea of technology as »applied science« should be 
handled with uttermost care, as it has been established by historians of technology 
in recent decades. Still, the diffusion of scientific knowledge through the network 
of teachers and the deliberate search for relevant knowledge makes the »application 
of science« one important aspect of modern technologies. 
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with by means of the tools and spécifie methods of the craft20. In order 

to emphasize both the organized character of this kind of specialists' 

knowledge going »beyond the common perceptions of man« and the 

distinct character of this organization, I have suggested the term »sub-

scientific knowledge«21. 

In the following, we shall concentrate on sub-scientific mathematics, 

even though the concept has wider currency. Like Babylonian scribal 

mathematics, sub-scientific mathematics in general possesses a »pure«, 

i.e., non-utilitarian level, which can be regarded as its »cultural 

superstrueture«. None the less, the raison-d'être of a body of prac

titioners' knowledge remains its adequacy with respect to the practical 

tasks of the professional group in question. The utilitarian basis of a 

body of sub-scientific mathematical knowledge is thus determined by 

problems, and its characteristic methods and conceptual tools have 

been developed with the aim of coping with these problems. To this 

extent, the basic structure of sub-scientific mathematics is similar to the 

central principle of theoretical mathematics of Greek type. The key to 

the development of Greek mathematics, too, was the problem, notwith

standing its usual textual presentation in the form of axioms, theorems, 

etc. 

Firstly, the importance of the three »classical problems« is well-

known: viz. doubling the cube, trisecting the angle, squaring the circle. 

When these were first approached as specific geometrical problems, 

presumably in the late fifth century B.C., no theoretically acceptable 

methods were at hand allowing solution; from Hippocrates of Chios 

and Archytas onwards, incessant attempts were made to solve them 

2 0 In the case of professions carried by a scribal or similar school, a supplementary 
source for cognitive coherence is the systematizing dynamics of the school—a fact 
to which we shall return below. The aggregate outcome of these two drives for 
secondary cognitive coherence—the practical coherence of professional tasks as 
reflected in schoolmasters' ideals—is that casuistic organization which characterizes 
not only Babylonian (and Egyptian) mathematical texts but also the »Codex 
Hammurapi« and the Babylonian omen literature. 
2 1 The most thoroughly discussion of the concept will be found in Hoyrup 1990a, 
on which the present article draws on a number of points. 
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by means of methods more satisfactory than those found by earlier 
workers22. But a case of even greater consequence is provided by the 
theory of irrationals. The first discovery of irrationals—itself a result of 
theoretical investigation—highlighted problems which could not have 
been formulated at the level of common sense (as could the »classical 
problems): how to construct according to a general scheme lines which 
are not commensurate with a given line (or whose squares are not 
commensurate with a given square); how to classify magnitudes with 
regard to commensurability; and which are the relations between 
different classes of irrationals? The first problem was addressed by 
Theodoros according to Plato's Theatetus 147D23; according to the same 
passage, the young Theaetetos made a (seemingly first) attempt at the 
second problem; Elements X, finally, is a partial answer to all three 
problems. Later on, all of them were taken up by Apollonios in work 
which is now lost but described by Pappos24. 

Paradoxically, the »pure« level of sub-scientific mathematics is 
different. It is detenrdned not by problems but by its stock of methods 
and selects its problems according to their tractability by this stock at 
hand. To understand why, we may look at the expressions and 
functions of this cultural superstructure. There are two such functions, 
though interconnected and not always to be clearly distinguished: 
teaching, and the formation of professional identity and pride. 

Teaching of future practitioners, evidently, aims at transmitting 
acquaintance with existing methods and skill in using them. This is a 
question of training, not of understanding or farniliarizing with abstract 
theorems, and since the Bronze Ages the main medium for this has 

2 2 See, e.g., Heath 1921: I, 218-270, "Special Problems". The wider perspectives of 
the issue are dealt with extensively in Knorr 1986, which it would lead too far to 
discuss in detail. 
2 3 Ed., transi. Fowler 1977. 
24 Commentary on Book X of Euclid's Elements, ed., transi. Thomson & Junge 1930: 
63f. According to the same passage in the commentary, the mature Theaetetos was 
responsible for the substance of Elements X. (Some doubts as to the identity 
between the conserved Arabic text and Pappos' original commentary have been 
raised, see Bulmer-Thomas, "Pappus of Alexandria", DSB X, 299f). 
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always been the exercise problem—in so far as it has not been supervi
sed participation in genuine practice. Participation has left few 
detectable textual traces, while collections of exercise problems 
constitute our main sources for several mathematical cultures (not least 
Babylonian and Egyptian mathematics). The problems in question, 
however, are not in themselves fundamental, in the sense that they are 
posed because somebody needs or wants their solution—they are 
nothing but pretexts for the application of existing methods, and 
constructed so as to allow the practice of these. Problems, in other 
words, are a means, geared to the core of the subject-matter to be 
taught, the existing stock of methods. 

The formation of professional identity and pride is served in particular 
by so-called »recreational problems«, one specimen of which we may 
look at: 

A paterfamilias had a distance from one house of his to another of 30 
leagues, and a camel which was to carry from one of the houses to the 
other 90 measures of grain in three turns. For each league, the camel 
would always eat 1 measure. Tell me, whoever is worth anything, how 
many measures were left.25 

The problem is found in a Carolingian anthology of which more 
shall be said below. For the moment, we shall concentrate on the 
characteristics of the problem text itself. 

Firstly, it is strikingly unrealistic in spite of its apparently daily-
life subject-matter. Unless an astute trick (an intermediate stop after 20 
leagues ) is introduced, exactly nothing will be left. »Recreational 
problems« owe their entertainment value precisely to such grotesquerie 
and unexpected coincidences. 

Secondly, the format is that of a riddle. No wonder that the 
anthology in question went together with a collection of riddles in 
many Medieval manuscripts, nor that Book XTV of the Anthologia graeca 

25 Propositiones ad acuendos iuvenes, problem 52, version II, ed. Folkerts 1978: 74; my 
translation. 
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(to which we shall also return) combines »recreational problems«, 
riddles and oracles. 

Thirdly, however, the riddle is for specialists only. As far as the 
present problem is concerned, this is perhaps not obvious to readers 
in a world where basic (and even not quite basic) numeracy is 
widespread. In the pre-Modern world, however, only the professional 
specialists would be able to follow the solution—not to speak of 
finding it. In the Roman world, even the majority of the generally 
educated would be at a loss, as was the (apparently not uncommon) 
orator told about by Quintilian, who »contradicts the calculation which 
he states in words by making an uncertain or inappropriate gesture 
with his fingers«26. Thus, by being able to solve the riddle you 
demonstrate (to yourself as well as to others) that you belong to the 
select members of the calculators' craft—that you are »worth somet-
hing«. 

This point may stand out more clearly in another »recreational 
problem«, belonging to the widespread class »purchase of a horse«: 

Two men in possession of money found a horse which they wanted to 
buy; and the first said to the second that he wanted to buy it. If you 
give me V 3 of your money, I shall have the price of the horse. The 
second asked the first for V 4 of his money, and then he would equally 
have the price. The price of the horse and the money of each of the two 
is asked for.27 

That this problem is intended for specialists will be obvious. Even 
in our times, few but those who remember their school algebra will 
know how to approach it, and even the majority of these might give 
up at the versions involving three or more buyers. All elements of the 

26 De institutione oratoria I, x, 35; transi. Butler 1969: 177. According to the context, 
the inappropriate finger-reckoning gestures imply that the orator has learned by 
heart a result found by others, not being able to find it himself. 
2 7 Leonardo Fibonacci, Liber abaci, ed. Boncompagni 1857: 228; my translation. The 
type was most popular in the Middle Ages (Leonardo gives a number of variants 
with three, four or five participants); but as we shall see below, it was already 
known to Diophantos. 
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problem would of course be familiar to merchants of Antiquity and of 
the Middle Ages. The total situation, however, is as unrealistic as 
anything could be—already for the reason that the price of the horse 
can be any multiple of 11. Similarly, to combine the staple methods of 
commercial arithmetic in a way which solves the problem requires skill 
and dexterity in a world not yet in possession of symbolic algebra— 
and even more than ordinary skill. If you find the solution without 
hesitation you are really »worth something« within the community of 
reckoners. 

This (and not plain and vaguely defined fun, as the misleading 
name of the genre suggests) is precisely the function of the mathemati
cal puzzles. To a large extent, professional identity and pride consists 
in awareness of one's professional skill. In principle, of course, this 
skill is displayed in actual professional practice. But the mathematical 
problems presenting themselves in the everyday practice of an 
accountant or merchant will soon become trivial, and hence not fit for 
kindling anybody's vanity. Here problems like the »purchase of a 
horse« come to serve: more complex than everyday problems yet still 
looking as if they belong within the professional domain, and still 
solvable by current professional techniques—but only on the condition 
that you are fairly clever. Problems of this category set aside the 
members of the craft as particular, and particularly clever, people 
(whether in the opinion of others or in their professional self-esteem)— 
and set aside those who are able to solve the problems as craft 
members par excellence. In order to do this they have to make use of 
the characteristic techniques of the craft. Like the problems made for 
teaching, they are thus constructed around the stock of existing 
methods—at times enlarged by specific tricks like the intermediate 
stop, which, once found, become a sanctioned part of that stock and 
of professional sub-culture in general without possessing any utilitarian 
function; as it shall be explained below (in note 79), a process of this 
kind appears to be the origin of second-degree algebra. 

So far, all sub-scientific mathematical activity was treated as a 
uniform phenomenon. This is certainly a rough approximation, and 
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distinctions may be introduced along many dimensions—level, degree 

of specialization, reckoning versus geometry. One dichotomy of 

importance for the understanding of the difference between the Roman 

world and the Bronze Age cultures is that between scribal versus non-

scribal organization, between school and apprenticeship transmission 

of the professional tradition. 

This dichotomy reveals itself (inter alia) in the attitude to non-

utilitarian problems. The typical attitude of non-scribal reckoners is 

described by the mid-tenth century Damascene textbook author al-

Uqlïdisï. He tells about reckoners who (when exposed to the problem 

of repeated doublings of unity, of type »chess-board problem«) 

strain themselves in memorizing [a procedure] and reproduce it without 
knowledge or scheme, [and by others who] strain themselves by a 
scheme in which they hesitate, make mistakes, or fall in doubt.28 

Scribal reckoners, on the other hand (be they Babylonian scribes or 

Medieval clerks), will have been trained in agreement with the typical 

spirit of the school, according to a fixed curriculum constructed with 

some degree of systematic progress and involving some sort of 

explanation or description of principles29. 

Certain Greco-Egyptian papyri demonstrate the survival of some 

kind of »scribal schooling« moulded upon the traditional Egyptian 

pattern albeit presumably in weakened form—in particular the slightly 

postclassical Papyrus Akhrnîm30. Elsewhere, where no such antecedents 

could make their influence felt, whatever scanty evidence we have 

suggests the »apprenticeship model«31, with what that implies for the 

character of sub-scientific mathematical knowledge (no drive toward 

systematization and order, etc.). 

28 Book on the Chapters of Hindu Reckoning, ed., transi. Saidan 1978: 337. 
2 9 This is precisely what is often denied concerning Babylonian and Egyptian scribal 

mathematics; but cf. above, note 12. 
3 0 Ed., transi. Baillet 1892; see, e.g., pp. 34f and 59ff of the commentary. 
3 1 See, e.g., Kinsey 1979. But the evidence is scanty. 
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Ill TRADITIONS 

As long as they have existed, crafts have transmitted their cunning 
from one generation of practitioners to the next, and they have 
borrowed (as a rule selectively) from neighbouring cultures. The same 
can be supposed regarding the mathematical techniques of computa
tion, geometrical calculation, and practical-geometrical construction. But 
independent invention of similar techniques is a no less recurrent 
phenomenon, and no less to be assumed in the case of practical 
mathematics. 

In the case of simple applied arithmetic, it is impossible to decide 
whether shared knowledge and similar techniques indicates diffusion 
from one culture to another or common response to similar practical 
problems. Even as complex a procedure as the division on the 
Medieval abacus32 is demonstrably devised anew time and again. 
Shared basic arithmetical techniques do not prove the existence of 
connections between mathematical practitioners of different cultures. 
The same holds for elementary geometrical constructions and simple 
area calculation, including a number of »wrong«, approximate formulae 
which are near at hand. 

This is the reason that »recreational« problems are important, not 
only for the understanding of the cultural sociology of the craft of 
reckoners but as »index fossils«. One thing is to observe that the 

3 2 For instance: 3390 divided by 188. Instead of counting off 188 repeatedly, you 
see how often you can count off 200. Answer: 16, leaving 190. But each time you 
have removed 200 you have taken away 12 too much, all in all 12*16=192; the real 
remainder is thus 190+192=382, from which you may take away 200 once, leaving 
a true remainder of 182+12=194, i.e., an extra 188 and a remainder of 6. 3390 
divided by 188 thus gives a result of 18 and a remainder of 6. 

15 



problem of repeated doublings of unity is found in Bronze Age 

Babylonia, Roman Egypt, Carolingian France, and Medieval Damascus 

and India. This could still be a non-utilitarian play ocairring naturally 

to anybody trading in numerical computation. But when al-Uqlïdisï 

observes that »this is a question many people ask. Some ask about 

doubling one 30 times, and others ask about doubling it 64 times«33; 

when we know that the still famous »chess-board« version consists in 

64 doublings, while all the other versions cited have precisely 30 

doublings, there can hardly be any doubt that the motif was borrowed: 

nothing in the nature of numbers or geometrical series suggest the 

choice of 30 members, only few of the problems speak of days, and 

only one (late) explicitly to the days of a month3 4. 

Apart from odd problems, certain peculiar expressions and weird 

geometrical approximations can serve as index fossils. Taken together, 

the evidence demonstrates the existence of a number of enduring 

diffusion patterns, the identity of which shall be briefly mentioned in 

the present section of the article—more detailed information follows 

below35. 

One can be defined as the »Silk Road Community«, the community 

of traders interacting in Antiquity along this combined caravan and sea 

route and its extensions, reaching from China to Cadiz, and en

compassing in the Middle Ages at least the Mediterraneo-Islamo-Indian 

trade network with its offshoots. Within this whole area, recreational 

mathematical puzzles appear to have migrated as »camp fire riddles« 

for professional traders. 

Evidently, we have no direct testimony of this oral mathematical 

culture. But from all over the area we know either problem collections 

or, more often, arithmetical textbooks including favourite problems. 

Everywhere, indeed, mathematicians behaved towards their oral 

tradition as did Apuleius, Boccaccio and others with regard to the 

3 3 Ed., transi. Saidan 1978: 337. 
3 4 Bhaskara n, LtlävatT, ed., transi. Colebrooke 1819: 55. 
3 5 See also Hoyrup 1990a for details. A general overview of widespread problem 

types with references to single occurrences is given in Tropfke/Vogel 1980: 513-660. 
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treasure of anonymous folk tales known to them: Borrowing, pilfering, 

and putting in »better taste«—which last thing means in mathematics 

giving explicit rules and proofs, and ordering according to mathemati

cal principles (cf. the first quotation from al-Uqlïdisï, which mentions 

the oral tradition and criticizes its lack of principles). 

Another network of diffusion, revealing itself in a particular way 

to speak of fractions, seems to be restricted to the Semitic-speaking 

area and its immediate Mediterranean contacts in Antiquity and the 

Middle Ages. A third network, finally, is connected to surveyors or 

other practical geometers; it has links backward to Old Babylonian 

mathematics, and certain of its characteristic ways turn up in Helle

nistic and Roman sources. 

Since the evidence for the existence of these networks is always 

indirect, it is not possible to determine to which extent they were 

carried by distinct professional groups within, e.g., Hellenistic and 

Roman society. Evidence for partial overlap of carriers will be 

mentioned below. 

IV. »SILK ROAD« INFLUENCE IN 

THE CLASSICAL WORLD 

Above, the simplest version of the »purchase of a horse« was 

quoted. More often, the problem involves three or more potential 

buyers, of which the first needs (e.g.) one third of what the others 

have together, the second (e.g.) one fourth of the total possessions of 

the others, etc. This is one of the problem types which turns up 

everywhere along the »Silk Road« trading network. Most of the 
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evidence, it is true, comes from the Medieval era36, and there is no 

reason to cite it in detail. But three examples can be found in Classical 

sources: Firstly, Diophantos' Arithmetica Ipodv37. As always in Diophan

tos, it treats of pure numbers and not of money. The structure, 

however, is unmistakable: to find three numbers (say, A, B and C), so 

that A+73(B+C) = B+74(A+C) = C+75(A+B). Apart from the abstract 

formulation, this problem coincides precisely (coefficients included) 

with another purchase found in Leonardo Fibonacci's Liber abaci38. 

Secondly, Arithmetica I,xxv, which involves four unknown numbers and 

the successive fractions V3, V 4 , V 5 and V 6 . Thirdly and finally, a hint 

in passing at the characteristic clothing (»to buy in common or sell a 

horse«) as to something familiar occurs in Book I of Plato's Republic39. 

Another widespread type is the »give and take«: A says »if you 

give me P, I shall have m times as much as you«; B answers »but if 

you give me Q, I shall have n times as much as you«40. Even this 

problem is treated (in pure numbers) by Diophantos, viz. in Arithmetica 

I,xv. It would of course be possible, if these Diophantine problems had 

been quite isolated in their epoch, to claim that Diophantos was the 

original source and the later »recreational« versions nothing but de

rivations in disguise41. But they are not, as shown by earlier Greek as 

well as Chinese evidence. One Greek source is the Greco-Egyptian 

mathematical papyrus Michigan 620, which dates from no later than 

the early second century CE. 4 2 Like quite a few problems from 

3 6 All examples mentioned by Tropfke/Vogel (1980: 6090 except the Chinese ones 

are Medieval or early Modern. 
3 7 Ed., transi. Tannery 1893: I, 56-59. 
3 8 Ed. Boncompagni 1857: 245. 
3 9 333b-c, ed., transi. Shorey 1978: I, 332f. I am grateful to Benno Artmann for 

directing my attention to this passage. 
4 0 See Tropfke/Vogel 1980: 610f. 
4 1 This was in fact intimated by Kurt Vogel (1954:219), before his translation of the 
Chinese Nine chapters. Woepcke's pure-arithmetical translation (1853: 77 n° 26) of 
a problem in al-Karajï which in the Arabic original deals with horse-trade (Jacques 
Sesiano, private communication) seems to have called forth the misunderstanding. 
4 2 Published in Robbins 1929; cf. Vogel 1930. 
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Diophantos' Arithmetica I, it deals with linear problems with several 

unknowns, and solves them by means of the àpvûuoç (abbreviated 

representing the unknown number in a way reminding much of 

Diophantos (and even more, perhaps, of the more straightforward 

procedure presumably added by a scholiast in I,xviii, I,xix and I,xix, 

where Diophantos becomes too elegant and sophisticated); it seems to 

excel in the same reference to »ratio with excess« which abounds in 

Diophantos, and which is one of the key concepts of Euclid's Data (cf. 

below, section VI); and depending on an ambiguous restoration, one 

of the problems may even coincide in mathematical detail with 

Arithmetica I,xx. But in contradistinction to Diophantos and in the like

ness of Medieval material of sub-scientific origin, its problems seem to 

deal with quantities of drachmas, not with pure numbers, i.e., numbers 

of monads43. 

Another interesting piece of evidence is Iamblichos' discussion of 

»Thymaridas flower« in his commentary to Nicomachos' Introduction to 

Arithmetic44. In order to show the general applicability of the rule he 

illustrates its strength by means of two examples which are fully in the 

spirit of Arithmetica I,xvi-xxi though actually not to be found in 

Diophantos. The argument presupposes that such problems were 

somehow considered of importance, i.e., that some group in Iam

blichos' third century (and, we may assume with some confidence, in 

Thymaridas' fourth century B.C.) took interest in linear algebraic 

problems with several unknowns. 

The Chinese evidence is found in Chapter VIII of the Nine Chapters 

on the Mathematical Art, the Jiuzhang suanshu45, which dates no later 

than the early Christian era46. N° 10 is a precise mathematical analogue 

4 3 Vogel 1930: 373f. 
4 4 Cited from Heath 1921: 94ff. 
4 5 Ed., transi. Vogel 1968. 
4 6 Vogel (1968: 5) cites the statement of the mathematician and commentator Liu 

Hui from A. D. 263, according to whom the final version of the work dates from 

the first century B.C. LÏ and Dù (1987: 35) point out that the work is absent from 

a catalogue of books from the late first century B.C. where it should probably have 
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to the two-person »purchase of a horse« quoted above from Leonardo 
Fibonacci. N 0 8 12 and 13 are analogues of the 3- and 5-person pur
chases of a horse (though in variant dress47) in the version where each 
potential buyer asks the following and not everybody (a type dealt 
with extensively by Leonardo and related to Arithmetica I,xxii-xxiii). 

The technique used in the Nine Chapters to solve these problems 
differs from the one used by Diophantos; it consists in a sophisticated 
manipulation of numerical arrays ordered in a matrix, which can 
hardly be imagined to be the way used by those who carried the 
characteristic riddles along the trade routes. In any case, the difference 
in method excludes both that the Chinese should have borrowed 
everything from an early Greek precursor of Diophantos and, vice 
versa, that Diophantos should have had direct access to the Chinese 
textbook for future mandarins. 

Diophantos' method, as we saw, was close to that of earlier Greco-
Egyptian algebra, employing the same symbol for the unknown 
number and using it in the same way This method, in contradistinc
tion to that of the Nine Chapters, thus seems to have been in use 
among practitioners in at least part of the Classical world. It may also 

been mentioned had it been in existence, while a text from c. A.D. 50 refers 
correctly to the contents of the single chapters. According to Martzloff (1988:118ff), 
finally, certain parts of the work go back to early Han or even further, but 
precisely chapter VIII (and IV, which does not concern us here) contains no socio-
cultural or metrological chronological cues suggesting an early date. Nor does its 
contents seem to be represented on the arithmetical bamboo strips found in a tomb 
from the second century B.C. (according to the preliminary information given in 
Li & Du 1987: 57). Since precisely chapter VIE is, as formulated by Martzloff 
(1988: 124), »de loin, le plus original de tous«, it is probably safe to date it to the 
first century CE. 
4 7 The different guises should not astonish us. In general, the editors of the Nine 
Chapters seem to have used their phantasy most creatively in order to vary the 
clothing of problems. But the Chinese collection shares many problem types apart 
from those mentioned here with the recreational mathematics characteristic of the 
other parts of the »Silk Road area«. A striking coincidence in mathematical structure 
alone should therefore be sufficient evidence that a particular Chinese problem is 
connected to one known from the remaining area. 
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have accompanied the cluster of »Silk Road problems« further down 
through time. Leonardo, indeed, during his discussion of »give and 
take« problems, presents what turns out to be exactly the procedure 
used in Arithmetica I,xv (Diophantos' version of the »give and take«) 
under the name régula recta, telling it to be most commendable and in 
use among the Arabs48. Further on in the Liber abaci, the name and the 
method turns up repeatedly, showing the term to cover rhetorical 
algebra of the first degree and in one variable based on the name res 
for the unknown, corresponding to the Arabic say9 and later Italian/ 
German cosa/coss, and calculating »de principio ad finem questionis«49. 

The presence of sub-scientific »Silk Road« material in the Classical 
world is confirmed by two slightly post-Classical sources. One of them 
is the above-mentioned collection of arithmetical epigrams in Book XIV 
of the Anthologia graeca50. The collection was presumably put together 
by Metrodoros around A.D. 500, but the single epigrams are of earlier 
and varied origin. More will have to be said about the collection 
below, but in the present connection it should be observed that two of 
the epigrams (N0 8 145 and 146) are of the »give and take« type, while 
N o s 7, 130, 131, 132, 133 and 135 deal with the »filling of a Container« 
from a number of sprouts with different capacity—a type which is also 
testified as N° VI,26 of the Nine Chapters51. 

48 Liber abaci, ed. Boncompagni 1857: 191. 
49 Liber abaci, ed. Boncompagni 1857: 203. Here, the régula recta is opposed to the 
régula versa, the backward computation from result to unknown values. The 
»direct« computation, which begins at the beginning where essential nubers are still 
unknown, evidently presupposes that these be represented by some all-purpose 
name or symbol. 
5 0 Ed., transi. Paton 1979. 
5 1 Ed., transi. Vogel 1968: 68. A mathematically analogous type treats of combined 
work performance. This is found as Anthologia graeca XIV,136 and in the Nine 
Chapters as N" VI,20-25. It may be of interest that the solution in the case of two 
workers doing a job together (or two sources filling the vessel) can be conveniently 
expressed by ways of the harmonic mean. 
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The other post-Classical source of interest is the Carolingian 
collection Propositiones ad acuendos iuvenes?2, maybe put together by 
Alcuin (in any case connected to the Carolingian educational effort) but 
similarly composed from older (rather disparate) material circulating 
in the north-western provinces of the Roman Empire and adopted into 
Monastic recreational lore in late Antiquity. In any case, an Ancient 
origin can safely be ascribed to those problem types whose geographi
cal distribution connects them to the transcontinental trading network, 
the characteristic of the early Frankish Middle Ages being precisely the 
extreme attenuation of international commercial relations—with ups 
and downs, it is true, but on an extremely modest level compared 
with the situation which had prevailed during the Principate. 

One of these types is represented by another »give and take« 
problem (N° 16). Two others are the »hundred fowls« (N09 5, 32, 33, 34, 
38, 39, 47) and the »pursuit«. In the first type53, a number (typically 
one hundred) of animals or objects (typically fowls) are bought at 
different prices per piece for different categories but totalling the same 
number of monetary units (N° 39, dealing with »animals bought in the 
Orient«, has camels at a price of 5 solidi, asses at one per solidus, and 
20 sheep per solidus). In the second type54, a pursuer and a pursued 
person or animal move at different paces, and the moment of catching 
up is asked for. At the simplest level both speeds are constant55; this 
is the case in the Propositiones (N° 26, a hound pursuing a hare), but 
elsewhere arithmetically increasing and decreasing speeds occur. Both 
types are also testified in early Chinese mathematics, the »hundred 
fowls« in a treatise by the late fifth century author Zhang Qiujian56, 
and the pursuit in several versions in the Nine Chapters (111,12 is the 

5 2 Ed. Folkerts 1978. 
5 3 See Tropfke/Vogel 1980: 613ff. 
5 4 Tropfke/Vogel 1980: 588ff. 
5 5 In this simple case, the reverted problem (»meeting«) comes mathematically close 
to the filling of a vessel from two sources. 
5 6 See Tropfke/Vogel 1980: 613f. 
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simple version corresponding to Propositiones N° 26, while 111,14 is a 
more complex problem dealing with hound and hare). 

A curiosity of some consequence in the Propositiones is N° 8. It 
borrows the dress of the »filling of a vessel« (actually, the vessel is not 
filled but emptied through three outlets of unequal capacity), showing 
thus farnüiarity with that tradition. But the mathematics of the usual 
filling problem being apparently too difficult, the mathematical 
substance is changed into something simpler. More significant, 
however, is N° 13. This is one of the many trigesimal doubling 
problems spoken of in the beginning of section III, and which should 
now be presented in more detail. 

The oldest appearance of the problem is in a cuneiform tablet from 
Old Babylonian Mari57 and runs as follows: 

To one grain, one grain has been added: 
Two grains on the first day; 
Four grains on the second day; 

going on until 30 days, but expressing the larger amounts not in 
numbers but in metrological units (when used as a weight unit, a 
»grain« is Vi» of a seqel, itself some 8 g). 

The following occurrence is a tabulation found in a Greco-Egyptian 
papyrus58 (probably to be dated to the Principate but perhaps as late 
as the fourth century). It starts at 5 drachmas, contains again 30 steps 
(nothing is said about days) and makes use of the copper talent (=6000 
drachmas) and a still larger unit of 13200 talents when reaching 
sufficiently large numbers. 

Next in time follows Propositiones N° 1359: 

Ed. Soubeyran 1984: 30; my translation. 

P. Ifao 88, ed. Boyaval 1971. 

Ed. Folkerts 1978: 51. My translation. 
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A certain king ordered his minister to gather an army from 30 domains 

in such a way that from each he should levy as many men as he 
brought to there. But he came alone to the first domain, and to the 

second with another man; now three came [with him] to the third. Let 

the one who is able to say how many men were gathered from the 30 

domains. 

Then, finally, we have al-Uqlïdisï's observation, made in tenth 

century Damascus, that »many people« ask for 30 (or 64) doublings of 

unity, and the indisputable presence of the problem everywhere in the 

»Silk Road« area. As already stated above, the possibility of inde

pendence can be safely disregarded. At least one of the problems 

belonging to the Medieval »Silk Road« cluster can thus be demonstra

ted to have a Babylonian (or even older) origin; and to have been 

widespread within the Roman Empire (from Egypt to the northwestern 

corner). Others, well known from Medieval and Ancient Chinese 

sources, have left their traces in Diophantos Arithmetica, the Anthologia 

graeca, and elsewhere in the Propositiones. 

We may conclude that a whole fund of sub-scientific mathematics, 

connected to the transcontinental trade routes and including a 

superstratum of »recreational«, non-utilitarian problems, was diffused 

throughout Greco-Roman society though at the »culturally subliminal« 

level. It might be worth asking whether it is reflected in other ways. 

One possibility was already hinted at: The relation between the concept 

of the harmonic mean and the problems of combined performances or 

the »Alling of a vessel«. Another example might be Zeno's paradox of 

Achilles and the tortoise; the point of this might be even sharper than 

usually assumed if it does not refer to common sense understanding 

only but also to the ways of vulgar computation. More close at hand 

than both possibilities is, however, the possibility (equally touched on 

above) that the algebraic r îtfjioç-technique used Diophantos (and by 

that tradition which he hints at in the introduction, including Papyrus 
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Michigan 620) was borrowed from the same sub-scientific tradition, 
which also transmitted it as Leonardo's régula recta60. 

V. COMPOSITE FRACTIONS 

Other diffusion networks span smaller regions. One is connected to 
a particular idiom for fractions, best known from Medieval Arabic 
sources and from Leonardo Fibonacci61. Its basis is the »composite 
fraction«, »VP of Vq« instead of »V(p.q)«/ and its most highly developed 
form the »ascending continued fraction«62, » p / q , and 7. of l / v and 7 U 

6 0 It should be emphasized that this is a suggestion and no firmly proved fact. The 
régula recta is, after all, only brought in as a secondary method, not as the 
technique going »naturally« with the problem, and at the moment where Leonardo 
made himself a disciple of the Arabs al-Khwärizmfs Algebra (which uses the 
technique amply) had already circulated for almost 400 years. 

On the other hand, the relation between the »thing« terminology (used, e.g., 
exclusively in the treatment of inheritance problems) and the »treasure and root« 
terminology used when second degree problems are solved suggest that these 
terminologies and techniques are of different origin. Of particular interest are 
problems of the type »I have divided ten into two parts, and multiplying one of 
these by the other, the result was twenty-one«. In the first step, such division 
problems (which have a definitely Diophantine ring, cf. Arithmetica I,xxvii) are first 
expressed in »thing« terminology (one number is the »thing«, the other is »ten 
minus a thing«) and next translated into »treasures and roots«. 

Detailed documentation of these suggestions would lead too far; but as far as 
the present issues are concerned, Rosen's translation (1831) can be safely used, 
even though Rozenfeld's Russian (1983) or Gerard of Cremona's Latin (in Hughes 
1986) are to be preferred (Gerard, however, omits the legacy part). Cf. also Hoyrup 
1990b. 
6 1 For more complete documentation and discussion I refer to Hoyrup 1988. 
6 2 It should be emphasized that this concept has nothing to do with ordinary 
continued fractions except for the graphic similarity between the two when both 
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of V s of Vq« (or going on to even more members)—in numerical 
examples »V3 of V5« and »Vs, and 4 / 5 of V5«. Though rare, both va
rieties also do turn up in a number of Old Babylonian sources—either 
as a final recourse when other notations fail or in problems of riddle 
character which fits an existence as a popular or sub-scientific usage 
known to the scribes but not accepted as fully legitimate by them. In 
Medieval Arabic, composite fractions are evident as normal language— 
»one third of one fifth« was simply the current name for 1 / 1 5 . A-
scending continued fractions went together with the »finger reckoning 
tradition« preferred by merchants. Once more we encounter a popular 
usage and connections to a sub-scientific practice. 

Even in Egypt, composite fractions turn up (though only rudimen
tary ascending continued fractions). Again, it happens when popular 
usage is portrayed (a herdsman speaking to an official defines his due 
as » 2 / 3 of V3« of the cattle entrusted to his care) or in the riddle »go 
down I [viz., a jug of unknown capacity] times 3 into the hekat-
measure, V 3 of me is added to me, V 3 of V 3 of me is added to me, V 9 

of me is added to me; return I, filled am I. Then what says it?«63 (i.e., 
3+V3+V3 V3+V9 times an unknown quantity equals 1 hekat). 

Once again, we seem to be confronted with a popular usage, 
normally avoided by the scribes when they had developed that 
sophisticated unit fraction system which was eventually borrowed by 
the Greeks. Evidently, the composite fractions and the additive unit 
fraction system differ fundamentally; but some evidence exists that the 
latter system developed from the same set of simple unit fractions OA, 
V3, 7 4 , V 5 and V6—and, notwithstanding our conceptions of system, 
2 / 3 ) which was extended in more popular usage through multiplicative 
composition. 

are written with fraction lines. Ordinary continued fractions are a way to write 
down the outcome of an anthyphairesis-procedure (use of the »Euclidean al
gorithme; »ascending continued fractions« are a generalization of the principle of 
measurement by a system of decreasing units. 
6 3 Rhind Mathematical Papyrus, N° 37, in Chace's literal translation (1929, Plate 59). 
The herdsman is put on the stage in N° 67. 
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I have not come across the system in texts from the Classical 
epoch, but it turns up in Anthologia graeca XIV as well as in the 
Propositiones—strangely enough in two different versions. 

Strictly speaking, it is not the ordinary system which is found in 
the Anthologia but a curious travesty: »Twice two-third« (N° 6); »One-
eighth and the twelfth part of one-tenth« (N° 121); »The fifth part of 
seven-elevenths« (N° 128); »Twice two-fifths« (N° 129); »A fifth of the 
fifth part« (N° 137); »Four times three-fifths« (N° 139); »Twice two-
sixths and twice one-seventh« (N° 140); »Six times two-sevenths« (N° 
141); »A fifth part of three-eighths« (N° 142); and »Twice two-thirds« 
(N° 143). Everywhere else, fractions are expressed in the usual Greek 
(and Egyptian) manner. 

The choice of one or the other usage has nothing to do with the 
mathematical substance of the problems (most of which are anyway of 
the same type, reducible in symbolic form to an equation x*(l-p)=A, 
where p is a sum of fractional expressions). Nor is it, however, 
random: it is geared to the clothing of the problem. Composite 
fractional expressions turn up in all problems dealing with the 
Mediterranean extensions of the Silk Road (N08 121 and 129), with the 
legal partition of heritages (N08 128 and 143), and with the hours of the 
day (N0 8 6, 139, 140, 141, and 142; N° 141 is connected to astrology). 
A final instance is found in N° 137, dealing with a catastrophic 
banquet apparently meant to be held in Hellenistic Syria. Problems 
which refer to Greek mythology or history make use of Greek/Egypt
ian fractions. The same applies to problems dealing with apples or 
walnuts stolen by girl friends, with the filling of jars or cisterns from 
several sources, with spinners', brickmakers' or gold- or silversmiths' 
production, with wills, and with the ages of life. 

The most plausible explanation of this striking distribution is that 
a number of recreational problems belonging to (at least) two different 
professional contexts (providing the guises of the problems) have been 
brought together in the anthology, each conserving its own distinctive 
idiom for fractions: on one hand the traditional Greek idiom based on 
unit fractions (and occasional rudimentary general fractions); on the 
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other the usage of the trading community and of juridical calculators, 
and of astrologers and makers of celestial dials, which is different. The 
association between astrology and »Chaldaeans« as well as the Syrian 
banquet and the use of composite fractional expressions in juridical 
calculations from Seleucid Uruk suggest that the origin this usage (and 
hence the source for the corresponding technologies of time-mea
surement etc.) should be looked for in the Semitic-speaking Near East. 
Here, as we have observed, the system of composite fractions had 
indeed been in use at least since the early second miUennium B.C. 

Of course, the composite expressions found in the Anthologia graeca 
can not be expected to have been those in practical use among traders 
etc. It is not conceivable that »two-thirds« should be expressed as 
»twice two-sixths« for any everyday purpose. But even the »Greek« 
group of epigrams contains similar deviations from computational »real 
life«. The »double« and »triple« seventh of N 0 8 116 and 119, of course, 
are fairly regular, as are the »two fifths« of N° 132; but the »double 
sixth« and the »two quarters« of N 0 8 117 and 119 are certainly not (N08 

116, 117 and 119 deal with division of apples, and N° 132 with the 
filling of a cistern). Most likely, the irregular expressions are to be 
explained from the recreational character of the problems: by being 
queer, they make the riddles more funny and more obscure. 

The composite fractional expressions seem to have remained 
strangers in the Classical world, and to have been unable to spread 
from those specific groups of practitioners who brought them or 
adopted them along with other techniques. Admittedly, composite 
fractions are also found in the Propositiones,—but in a way which 
suggests an ultimate root in Egypt (the way from Egypt to Charlemag
ne's Aachen may of course have been highly tortuous). They are found 
in N 0 8 2, 3, 4 and 40, which all belong to the same type. We may 
quote N° 40 as an example64: 

From a mountain, a man saw sheep grazing, and said: If only I had as 
many and as many once more, and half of the half, and further the half 

6 4 Ed. Folkerts 1978: 68; my translation. 
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of that half, and then I would enter my house together with them as 
one of hundred. Let the one who is able to find out how many sheep 
he saw grazing there. 

Thus, the unknown number taken twice, with its V 2*V 2 and its 
xU^U%xlv is 99. The fraction is the same sort of rudimentary ascen

ding continued fraction as found in the Egyptian ftefatf-problem—and 

the mathematical structure of the problem is also strikingly similar65. 

The composite fractions found in N 0 8 2, 3 and 4 are V2- V2+V2* V2-
xlv 

1 / 3 + 1 / 2

, 1 / 3 and
 l/2'

l/zr respectively, i.e., two of the same type and one 

reduced. 

The quintuple occurrence of the same problem type (N08 45 is 

similar but only contains the fraction V3) shows that it must have been 

quite popular. It remained so in later Medieval problems collections66, 

retaining even the numerical value of the characteristic series of 

fractions; but instead of speaking of »V2 and V 2 of V2«, the »Columbia 

Algorism« speaks simply of »V2 and V4«
67. Once again, the peculiar 

technique of composite fractions proved able to survive for a while 

when attached to a specific and isolated tradition—which must have 

been the situation in the Classical world; but when the tradition in 

question left the Hamito-Semitic language area and was absorbed into 

a broader current, the composite fractions were replaced by more 

familiar expressions. The occurrence of composite fractions in the West 

6 5 On the abstract mathematical level, of course, both belong the class of so-called 
c/zc-problems, a 'X=b Ch* is Egyptian for »heap« or, more abstractly, »quantity«; 

the term refers to problems in the Rhind Mathematical Papyrus dealing with such 

indefinite »heaps«). This class, however, is too wide-spread and too unspecific to 

be evidence of anything. Conclusions only become possible if the precise structure 

of a is noticed. The regular Egyptian '/^-problems have a=l+Vp+Vq...; the apple 

problems of the Anthologia graeca have fl=l-Vp-Vq...; problems with a=n+r, where 

r stands for a »rudimentary« ascending continued fraction are rare, in fact known 

to me only from the Rhind Papyrus and from the Propositiones. 
6 6 Tropfke/Vogel 1980: 574f lists its occurrence in the tenth-century Iranian al-
Tabarï, the twelfth-century Spanish-Hebrew ibn Ezra, and in a 14th-century Italian 
algorism. 
6 7 Ed. Vogel 1977: 109. 
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is thus a reliable index fossil, demonstrating the survival of an autono
mous sub-scientific tradition (different traditions, indeed, if we look at 
the Anthologia and the Propositiones?8. 

VI. »SURVEYORS' ALGEBRA« AND 

^CALCULATORS' ALGEBRA« 

After the sequence of propositions apparently inspired by »recrea
tional« first degree problems in several variables in Diophantos' 
Arithmetica I comes a sequence dealing with problems of the second 
degree: To find two numbers with given sum and product (xxvii); to 
find two numbers, when their sum and the sum of their squares are 
given (xviii); to find two numbers, when their sum and the difference 
between their squares are given (xxix); to find two numbers with given 
difference and product (xxx); and to find two numbers with a given 
ratio, when the sum of or difference between their squares has a given 
ratio to their sum or their difference (xxxi-xxxiv), or when the square 
of the smaller number has a given ratio to the smaller or greater 
number or to their sum or difference (xxxv-xxxviii). 

6 8 A third instance could be pointed out. As mentioned above, Leonardo Fibonacci 
introduced the ascending continued fractions in his Liber abaci, together with an 
ingenious notation borrowed from the Maghreb school of mathematics. From the 
Liber abaci they went into the Italian abacus school, in itself a sub-scientific 
institution; there they survived until the sixteenth century (Clavius still discusses 
them), ultimately to disappear when this sub-scientific tradition dissolved in the 
late Renaissance (see Vogel 1982). 
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In his introduction, Diophantos promises to teach the solution of 

mixed second-degree equation with one unknown69 (a promise which 

he does not keep in the conserved parts of his text); at various places 

in Book VI, furthermore, he refers to the solvability conditions for non-

normalized second-degree equations in one variable, and at others he 

states actual solutions of such equations without explanation70. Apart 

from that, however, non-trivial (i.e., mixed) numerical second-degree 

problems only turn up in utterly few Greco-Roman sources. One place 

is the quasi-Heronian compilation Geometrica, where the same problem 

turns up twice, in 21,9 and again in 24,4671: To find the diameter of a 

circle when the sum of the diameter, the perimeter and the area is 212. 

The solution follows from a numerical algorithm given without 

comments, but corresponding to the way we would treat the problem 

(lld)2+2-29-(lld)=32648 (which agrees with the original statement if 

Two other sources both deal with right triangles. One is the 

anonymous Liber podismi72. This opuscule is part of the Corpus agrimen-

sorum, which was collected in the mid-fifth century C.E. from older 

material. One of the problems dealt with refers to a right triangle, 

whose hypotenuse and area are given. Algebraically, the problem can 

be expressed as x+y=A, ^2+y2=B; but the solution seems to build on a 

simple piece of geometrical insight, which follows from this diagram: 

[see next page] 

If H is the square on the hypotenuse, and A is the area, then H+4A= 

{x+yf, and H-4A=(x-y)2. 

The other text dealing with right triangles is the Greco-Egyptian 

Papyrus Genève 259, which contains three problems and should 

6 9 Ed., transi. Tannery 1893: I, 14f. Possibly, however, Diophantos had something 
more complex in mind, as suggested by Sesiano (1982: 78). 
7 0 Ed., transi. Tannery 1893: I, 392-449. References to solvability conditions are 

found, e.g., in VI,vi and VI,xxii, actual solutions, e.g., in VI,vi and VI,vii. 
7 1 Ed., transi. Heiberg 1912: 380f and 444-447. 
7 2 Ed. Bubnov 1899: 510-516, cf. p. 399 and Folkerts 1970: 95-98 on manuscripts and 

authorship. The problem mentioned is in Bubnov 1899: 511f. 
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probably be dated to the second cen
tury CE. 7 3. We may denote the hypo
tenuse c and the other sides a and b. 
The first problem (a=3, c=5) is trivial 
once the Pythagorean theorem (which 
also follows from the above diagram) 
is known, and the third (a+b=14, 
c=10) is too damaged to allow any 
certain reconstruction74. But the solu
tion of the second (ß+c=8, b=4) appe
ars to make use of the rule that b1- FIGURE l 
c2-a2=(c+a) • (c-fl), which can be claimed 
to be algebraic in nature, but which (given the Pythagorean theorem) 
can be easily ascertained on a diagram similar to the above. 

It is not conceivable that these isolated Latin and Greek geometrical 
computations should have popped up from nowhere—their way of 
obtaining the solutions from unexplained sequences of numbers 
demonstrates that well-known procedures were used. Together the two 
sources thus establish the existence of yet another concealed mathema
tical undercurrent, somehow connected, it appears, with practical 
geometrical computation. In this context, they seem to have belonged 
to the non-utilitarian superstratum—a practical geometer will hardly 
ever know the sum of the hypotenuse and another side of a right 
triangle before he knows them separately, nor need to construct one 
from such data. Isolated and laconic as the texts in question are they 
tell us little more—in particular not whether the methods were really 
founded on insights of a geometrical nature or on an ccpi-ftiioç-algebra 
à la Diophantos. 

7 3 Published, translated and discussed by Rudhardt (1978). Further discussion in 
Sesiano 1986. 
7 4 Rudhardt suggests the first step to be a squaring of the hypotenuse. But all that 
is sure is a p, which might just as well (and no less reasonably, cf. below, note 83) 
be the first »digit« of 196, the square on a+b. Sesiano's complete reconstruction is 
pure conjecture. 
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Once more, sources from earlier and later epochs will be of help, 
showing us the river before it goes underground and after it reappears. 
At the same occasion, they will inform us about some of Diophantos' 
sources and, so it appears, about other aspects of the history of Greek 
mathematics. 

The central elements in the argument will be the Old Babylonian 
second degree »algebra« and an Arabic text written by an unidentified 
Abu Bakr and known from a Latin translation Liber mensurationum due 
to Gerard of Cremona. 

Since Neugebauer/s and Thureau-Dangin deciphered and inter
preted the Babylonian mathematical texts in the 1930es, it has been a 
prevailing belief that the whole class of texts dealing with squares and 
their sides and with rectangular lengths, widths and areas was nothing 
but algebra in geometrical disguise, and it has been taken for implicitly 
granted that »algebra« would treat of numbers, and would, if it did 
not possess the modern (Cartesian) symbolism, do so by means of 
»rhetorical« techniques in the vein of Diophantos' apitfjiöc-algebra and 
the Arabic sflya-/thing-representation. 

A detailed comparative investigation of the »algebraic« texts shows 
this conclusion to be precipitate and even erroneous75. Their rectangles 
and squares are not metaphors for products and second powers of 

7 5 The argument for this is complex, involving a structural investigation of the total 
terminology and a close comparative reading of many texts. Part of the outcome 
of this investigation is that the Old Babylonian scribal mathematicians distinguished 
two different »additive Operations« (i.e., operations which when read as operations 
with abstract numbers are both additions), two different subtractive operations, and 
no less than four different »multiplications«. Nothing of this makes sense in a 
numerical interpretation, where there is only one addition, one subtraction, and one 
multiplication. But if one »multiplicative« operation consists in constructing a 
rectangle, another one in repeating a geometrical figure concretely (e.g., by joining 
it to a mirror image), a third in calculating a concrete magnitude through an 
argument of proportionality, and a fourth in making repeated additions of a 
number, then the operations are really different, and it makes sense to label them 
differently. 

The details of the investigation are presented in Hoyrup 1990; a summary 
exposition will be found in Hoyrup 1989. 
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numbers but real geometrical figures (abstract »fields«, in fact). The 
procedures which are described, furthermore, are not numerical 
algorithms but reports of geometrical cut-and-paste procedures. As an 
example we may look at the simplest text of all76: 

[1] The surface and my confrontation I have accumulated: 3 / 4 . 
[2] 1 the projection you pose. 
[3] The moiety of 1 you break, V2 and V2 you make span, 
[4] V4 to 3 / 4 you append: 1 makes 1 equilateral. 
[5] V2 which you have made span, from the body of 1 you tear out: 
[6] V2 is the confrontation. 

This cries for explanation. The »confrontation« (mithartum) is a 
configuration characterized by the confrontation of equal sides, i.e., a 
geometrical square. But since the Babylonians understood the magnitu
de of a square as characterized by its side as distinctive parameter, the 
»confrontation« is also identified with the numerical value of the side. 
This is less strange than we may find at first. To us (and mostly to the 
Greeks), a square (which is after all a complex geometrical con
figuration with sides, angles, diagonals, area, circumscribable circle etc.) 
has a side of two feet and is four square feet; to the Babylonians, on 
the other hand, it had a surface of 4 square feet and was two feet. We 
shall return below to a specific geometrical Greek term (the Ouvccjiic) 
which reflects the same understanding. 

In [1] we are thus told that a square has a sum of the numbers 
measuring the area and the side equal to 3/4—»accumulation« 
(kamârum) is the real addition among the two »additions«, and it 
allows the addition of numbers without regard for their significance. 
The rest of the text is best explained on a diagram: 

7 6 The first problem from the tablet BM 13 901 (ed. Neugebauer 1935: m, 1-5). The 
translation is my own, and is extremely literal, except for the numbers (the 
particularities of the Babylonian numerical notation are irrelevant in the present 
connection). The tablet contains a long sequence of problems dealing with one or 
more squares, and we shall have to return to it repeatedly. 
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FIGURE 2 

In [2], the square (whose side we may for brevity designate with a 
Cartesian x) is provided with a »projection« (wasttum) of 1. As we see, 
this corresponds to appending a rectangle of length 1 and width x, i.e., 
of area x*l=x. The area of the total figure will then be x?+x, which is 
known to be 3 / 4 . 

Next [3] this »projection« is »broken« Qiepum) into »moieties« 
(bämtum). »Moieties« (literally rather »rib-sides«) are »natural« or 
»customary« halves, as the radius of a circle is the natural half of a 
diameter. »Breaking« is bisection into »moieties« (the two terms thus 
go together). The two moieties (with appurtenant sections of the 
rectangle) are »made span« (sutäkulum), i.e., they are used to form a 
rectangle (actually a square), whose area is seen [4] to be xU%xljrU-
When this is »appended« (wasabum) to the area (V^ of the transformed 
figure, the outcome is a larger square with area 3 / 4+V 4 =l. This area 
»makes 1 equilateral« (ib-si8), i.e., if it is formed as a square it causes 
1 to be the side of this square. Finally [5], that part of the broken 
rectangle which was moved and »made span« is »torn out« (nasähum) 
from the »body« (libbum, literally »heart« or »bowels«) of the side of 
this larger square (meaning from the concrete, bodily entity, not from 
a measuring number), [6] leaving the original unknown »con-
frontation«, which thus equals V2-

The correctness of the procedure is intuitively obvious, even though 
it is »naive«, as opposed to the »critical« approach which characterizes 
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Greek mathematics (Euclid, in the very similar proof of Elements 11,6, 
does not loosely move a rectangle, but constructs another one, proving 
it to have the same area, etc.77). The method is analytic, i.e., that which 
is unknown is taken to be known and moved around until something 
really known eventually drops out—as it happens when we represent 
an unknown number by x and write down what we know about its 
relations. It is, moreover, homomorphic with the analytical procedure 
which we would apply: x2+x=3/A => ^+2 •(7 2-x)+(72)2=74+7 4=l => 
Ct+72)2=1 = > jc+7a= => x=l-7 2=7 2. 

In the scribal school, a highly systematic teaching was built up 
around these techniques. The aim was not to create theory, but it was 
still non-utilitarian; just as the mastery of written and spoken Sumeri
an, proficiency in second-degree »algebra«, so it seems, was one of the 
ways in which a scribe could display professional virtuosity. But 
certain indications exist78 that the techniques did not originate inside 
the Babylonian school but were taken over from a non-scholarly sub-
scientific tradition (carried, we may surmise, by surveyors and other 
practical geometers), where it served in more genuinely recreational 
problems79. 

As it was argued concerning accountants and merchants, the 
mathematical problems used in everyday practice by a surveyor will 
soon become trivial. Everybody within the craft will be familiar with 
the determination of a rectangular area from length and width, and 
will be able to add up partial areas. In order to demonstrate pro-

7 7 Ed., transi. Heiberg 1883: I, 132ff; cf. Heath (ed., transi.) 1926: I, 385f. 
7 8 See Hoyrup 1990a: 79f. 
7 9 In this context, the quadratic complement (the essential trick, in fact, in the 
solution of mixed second-degree problems) will have played a role similar to that 
of the intermediate stop in the camel problem from the Propositiones. The trick 
seems to have carried the name »the Akkadian method«, suggesting that it 
originated among Akkadian practitioners, not among the Sumerian scribes of the 
third millennium B.C. At the emergence of Akkadian scribe-hood in the Old 
Babylonian era, it will have followed the language into the school curriculum, 
making thus second-degree »field« problems the distinctive characteristic of Old 
Babylonian (as opposed to Sumerian) scribal mathematics. 
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fessional dexterity beyond the ordinary level you should be able to 
answer more specious questions, which, in agreement with the familiar 
psychology of recreational mathematics, should at the same time 
contain something striking. A first question of this type would be 
precisely to ask for the side when you known the sum of the area and 
the side of a square. But while the next question ocairring naturally 
to a school teacher is then the sum of the area and another multiple 
of the side, and next the difference, and a multiple of the area together 
with a multiple of a side, the obvious next funny question concerns 
the sum of the area and all four sides. 

The tablet containing as its first problem the »area plus side« 
exhibits both features. It proceeds systematically, exactly as a school 
text could be expected to do. Towards the end comes, however, 
precisely the question of area and four sides; the formulation, however, 
is unorthodox, and the procedure makes use of a special trick which 
only works in this case. The function is clearly that of entertainment 
during the »last lesson before Christmas«, and the language suggests 
the square field in question to be imagined as less abstract than the 
others. Everything fits a problem borrowed from a living, non-
scholastic tradition. 

This tradition proved astonishingly hard to kill. The Liber mensura
tionum80 mentioned above, a work whose Arabic original was probably 
written around or shortly after A.D. 800, still appears to remember it. 
The evidence for this is multifarious. 

Firstly, there is what might be called the »rhetorical structure« of 
the problem texts. The Old Babylonian text quoted above exhibited 
some characteristic features, which when more (and longer) texts are 
included amount to a system: 

The text begins with, or presupposes, the phrase »If somebody/the 
teacher has said to you«. Then follows the statement of the problem, 
which is held in the first person singular of the preterit tense, with one 

8 0 Ed. Busard 1968. The text is analyzed in Hoyrup 1986, and again in Hoyrup 
1990b, to which publications I refer for the sake of documentation. 
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exception: if the length of a rectangle exceeds the width by a certain 
amount, this is stated in the third person singular of the present tense 
as a neutral fact, not as something which the speaker has caused it to 
do. Then comes a phrase (implicit above) »you, by your method«, and 
then a description of the procedure, formulated in the present tense, 
second person singular, or in the imperative. 

Occasionally, a certain step in the procedure is justified by a 
quotation from the statement. Such quotations are literal (grammatical 
forms included), and indicated by the phrase »because he has said«. 
At other points, an intermediate result is to be remembered, not taken 
down. This number is then followed by the phrase »which your head 
shall retain«. 

At first sight, the corresponding structure of the Liber mensurationum 
is more complex. For one thing, the second part of this treatise deals 
with real mensuration of Heronian character, and thus does not concern 
us here. But apart from that, the first part combines two traditions. 
After the statement and the description of the procedure to be used for 
the solution of each problem comes in most cases the observation that 
»there is another method according to aliabra«, which is then described. 
The solution »according to aliabra« turns out to make use of al-jabr 
(»treasure-root-algebra«) as presented by al-Khwârizmî (but not exactly 
in his formulation). If we disregard this alternative method, however, 
the rhetorics of Abu Baler's text follows the Old Babylonian scheme in 
every particular, with the sole exceptions that »your method« has 
become »the method«, and that »your head« has changed into 
»memory« in the Latin version. 

As the basic fund of Old Babylonian second-degree algebra, Abu 
Bakr's problems deal with squares and rectangles (rhombs are treated 
too, but in fact trivially reduced to the rectangles in which they are 
inscribed). Apart from the detennination of a diagonal from the side(s) 
or vice versa, and a few similar issues, the questions have no relevance 
for practical mensuration—they belong to the same family as the Old 
Babylonian »Square area plus side« problem quoted above. That a 
number of simple problem types are shared (e.g., in symbolic 
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interpretation, x**x=A; and x+y=A, x*y=B) is then in itself not 
astonishing: after all, the number of simple problem types concerning 
squares and rectangles is quite restricted. But more striking coinciden
ces are found, involving certain very idiosyncratic Old Babylonian 
problems together with their no less idiosyncratic methods (amounting 
in modern language to a »change of variable«). Even the distinctions 
between two different additive and two different subtractive operations 
is found, together with traces of the distinction between different 
multiplications. 

The text used by Gerard for his very literal translation must have 
been corrupt in several respects, as demonstrated by the presence of 
repeated and permuted problems. The most serious flaw is the absence 
of a number of diagrams to which the text refers. None the less, the 
text as it stands may make us confident that the basic method, the one 
that is used in the first solution of each problem, was precisely that 
»naive« cut-and-paste geometry which the Babylonians handled with 
such skill. 

All in all, there can be no reasonable doubt that Abu Bakr had 
access to a tradition going back to the Old Babylonian era and used 
it as his fundament for the first part of his treatise (while demonstra
ting that the same solutions could be found by means of al-jabr). On 
the other hand, important Old Babylonian problem types are absent 
from his collection, most notably all mixed problems necessitating the 
use of operations of proportionality—in particular problems of the 
types a<x?+b-x=c (BM 13 901 N° 3) and x^+^A, y=p-x+q (BM 13 901 
N o s 9, 10, 11, 13, and 14); in other words, problems which cannot be 
solved by cut-and-paste geometry alone but involve changes of scale 
or complex coefficient accounting. At the same time, problems 
involving the sides of squares or rectangles will mostly involve one 
side, one length and one width, or all four sides; this is quite different 
from the style of the Babylonian school tablets, but agrees (as observed 
above in connection with a rare Babylonian specimen) with that pre
dilection of genuine »recreational« traditions for striking formulations 
which was referred to above. We may hence conclude, either that the 
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tradition which Abu Bakr used as his fundament did not derive 

directly from the Old Babylonian scribal tradition but from an even 

earlier sub-scientific source tradition from which even the Old 

Babylonian school had borrowed; or that the scribal mathematical 

tradition was fitted to the non-scholastic needs of that sub-scientific 

surveyors' environment which appears to have carried the tradition 

onwards after the collapse of the Old Babylonian school system. 

Scribal-scholarly second-degree »algebra« turns up again in a few 

Seleucid texts, in a way which makes manifest a passage through a 

non-scholarly environment81. These Seleucid texts appear to represent 

in themselves a dead alley, but they derive from a stage of the 

tradition between what we know from the Old Babylonian era and 

Abu Bakr. One of them, in particular82, exhibits a strong interest in the 

diagonal of the rectangle and in the right triangle, embracing in fact 

all the three problem types of the Genève papyrus though formulated 

as questions concerned with rectangles with diagonal and not with 

right triangles. Some very particular problems from this Seleucid tablet 

turn up once more in the Liber mensurationum—and the problem 

corresponding to No 2 of the Genève papyrus, which is solved there 

in a way which differs from that used in the cuneiform text (N08 3, 4 

and 11), is solved by Abu Bakr (N° 30) precisely as in the papyrus83. 

8 1 A characteristic of the Babylonian scholarly environment is the use of Sumerian 

terms for spoken Babylonian. But some of the of Sumerograms in the Seleucid 

texts turn out to be results of a recent retranslation: e.g., a term which in Old 

Babylonian texts had meant »repetition« (one of the four »multiplications« has 

suddenly come to mean »addition«, which is, in fact, a possible extension of its 

general semantics but not of its established meaning as a mathematical terminus 

technicus. 
8 2 BM 34 4568, ed., transi. Neugebauer 1935: HI, 14-22. 
8 3 Abu Bakr's No 28, whose statement coinddes with the damaged N° 3 from the 
Genève papyrus, begins (like N° 10 of the Seleucid tablet) by squaring the sum of 
the sides, and not by squaring the diagonal, as Rudhardt and Sesiano conjecture 
for the papyrus problem. But as observed in note 74, the conserved papyrus text 
fits one beginning just as well as the other. 
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It can thus be taken for granted that both the Genève papyrus and 

the Liber podismi reflect the presence in the Greco-Roman world of that 

surveyor's tradition which connects Abu Bakr with Old Babylonia. 

Similar roots can be claimed for the quasi-Heronian circle problem. 

This very specious problem is, in fact, found in the Old Babylonian 

catalogue text BM 80 20984. It is important to observe, however, that 

this problem is not normalized, and thus calls for an operation of 

proportionality. It can only have survived in a less reduced descendant 

of the Old Babylonian tradition than the one Abu Bakr had access to. 

Because of their closeness to the Liber mensurationum it can also be 

safely assumed that both the Genève papyrus and the Liber podismi 

base their method on »naive« geometrical understanding. Since »Hero« 

relates differently to the tradition, we are on less firm ground in his 

case. 

Hero's way to deal with the normalization reminds of the Old 

Babylonian technique, which consists in multiplying with the coefficient 

to the second-degree term instead of eliminating it85. The same 

technique is presupposed by Diophantos when he states solvability 

conditions for second-degree equations in Arithmetica VI. In itself this 

proves little; yet Diophantos' way to state the solution to these 

equations without further ado suggests that he refers to well-known 

procedures, and the indubitable Babylonian inspiration behind »Hero« 

together with the terminology for powers shared by Hero and 

Diophantos86 indicates that these procedures are of Babylonian origin. 

What then about the second-degree problems with two unknowns in 

Arithmetica I? 

8 4 Ed. Friberg 1981: 61. 
8 5 Thus transforming (in the symbolic interpretation) ax*+bx=c into X}+bX=ca, with 
X=ax. 
8 6 See the use of the term Suva|xo-5i5va|i.ij in Hero, Metrica I,xvii (ed., transi. Schöne 

1903: 48f) and in Diophantos' introduction, ed., transi. Tannery 1893:1,4-7. (Liddell 

and Scotf s Greek-English Lexicon mentions no other authors using the term). That 

he had his terminology for the powers of the unknown from established custom 

is actually what Diophantos himself tells (cf. Hoyrup 1990c, note 9). 
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In Old Babylonian »algebra«, rectangles with known area and 
known sum of or difference between the sides abound. Translated into 
numbers and their product, this corresponds to Arithmetica I,xxvii and 
XXX. In both cases, Diophantos proceeds via the semi-sum and the 
semi-difference between the two unknown numbers (of which, in both 
cases, the one is known and the other taken to be the àpnfytos). This 
agrees with what the Babylonians had done. In Arithmetica I,xxviii, 
Diophantos asks for two numbers, of which the sum and the sum of 
their squares are known (x+y=20, x2+y2=208 is the example given). The 
same problem occurs as N° 8 on that Old Babylonian tablet (BM 
13 901) whose N° 1 was quoted above, although solved in a slightly 
different way. 

In all three cases, a diorism (solvability condition) is stated, 
followed by the remark that this is nXac\iauK6t which might mean that 
it can be verified on a diagram87. All three diorisms, indeed, follow 
easily from the KXj&C\LOL (standardized diagram) which is shown above 
in Figure 1, and which is also familiar from Old Babylonian texts. 

Arithmetica I,xxxix, where Diophantos asks for two numbers, of 
which the sum and the difference between their squares are known, 
has no known Old Babylonian parallel. Nor does it state anything 
about being %Xaa\icmK6c} but since no diorism is needed there is no 
pretext to state it. From internal evidence alone it is, all in all, difficult 
to claim that the cluster Lxxvii-xxx must by necessity be inspired from 
a tradition going back to the Babylonians. If we look at the totality of 
Book I, however, where the initial first-degree problems seem inspired 
by current recreational and similar mathematics, and where the trivially 
casuistic sequence I,xxxi-xxxviii could have been represented by one or 
two specimens without theoretical loss, it is a reasonable assumption 

8 7 This is Ver Eecke's interpretation (1926: 38 n. 3). Because the distribution of the 
term in the Arabic books of Diophantos' Arithmetica agrees badly with an 
interpretation through Euclidean geometry, both editors of that text have rejected 
Ver Eecke's proposal (see Rashed 1984: IB, 133-138 and Sesiano 1982: 192f); but if 
»naive« geometry in the style of Figure 1 is meant, their objections are not 
compelling—see Hoyrup 1990, chapter X.3. 
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that the whole book is inspired by existing sub-scientific traditions. 

Some problems may have been taken over directly without any other 

change than the removal of the concrete interpretation of numbers (this 

is obviously the case in xv, the »give and take« problem, and in xxiv, 

the »purchase of a horse«). Others may perhaps have been developed 

as analogues and generalisations by Diophantos himself and included 

for completeness' sake. 

The triangular problems in Liber podismi and the Genève papyrus 

appeared to belong to a practical geometers' tradition, while the 

»purchase of a horse« (etc.) would rather go with traders, calculators 

and accountants. Diophantos, however, would use the same àpiftjiôç in 

problems of all degrees; his Ouvccjiic, the second power of the àpî judç, 

is told by Plato to have been used by calculators in this function 

already around 400 B.C.88 Whatever their origins, the various traditions 

drawn upon for Arithmetica I will thus have been merged by practical 

calculators already in the early Classical period into one field. This will 

have been the source for Hero's second-degree equation and for both 

categories of second-degree problems in Diophantos; the simple 

surveyor-»algebra« will apparently have followed a separate way. 

It has usually been assumed that Diophantos took his term 8uvcx|iiç 

from geometry. Here, too, the term was used from early times, and it 

has been much discussed whether it meant »square« or »Square 

root«/»side of square«. The puzzle is solved if one observes that all 

occurrences of the »geometers' 8uvcc|j.t$« fit the use of the Babylonian 

mithartum—a square identified by and hence with its side. A thorough 

discussion of this and of the relation between »calculators'« and »geo

meters' Suvocuis« would be extensive89; the main outcome is that the cal

culators' concept seems to be primary, and to have served in a naive-

geometrical »algebra« of Babylonian type and descent. It will then have 

been borrowed by geometers in the late fifth century B.C. and used 

88 Republica 587d, ed., transi. Shorey 1978: II, 396f. The implications of this passage 
are discussed in Hoyrup 1990c, text around note 7. 
8 9 I deal with these issues in Hoyrup 1990c. 
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naive-geometrical »algebra« of Babylonian type and descent. It will 
then have been borrowed by geometers in the late fifth century B.C. 
and used when they launched the enterprise which eventually gave 
rise to Elements II (etc.). This so-called »geometrical algebra«, as it has 
been called, will not have been a »dressing in geometrical garment« of 
a Babylonian numerical algebra, as it has repeatedly been maintained 
since the discovery of Babylonian second-degree »algebra« (and has in 
recent decades been vehemently denied). It will rather have been a 
critical investigation of the foundations of the naive-geometrical 
procedures of the calculators, which was then worked up as a 
discipline of its own with its own systematics and, its own inherent 
problems (among which the theory of irrationals, cf. above)90. Parts of 
Euclid's Data may represent a stage in this process which comes closer 
to the starting point: Are the sides of a rectangle really given when 
the area and the difference between/sum of its sides are given (Prop. 
84-8591)? When the area is given and the sides have a given ratio 
(Prop. 7S92)? When the area is given and the squares upon sides have 
a given ratio with excess (Prop. 8Ô93)? Or when it arises through the 
application of a given area to a given line directly or with excess or 
deficiency (Prop. S7-5994)? A number of the ways in which magnitudes 

9 0 Already before the geometrical reinterpretation of Babylonian »algebra«, Wilbur 
Knorr (1975) proposed a connection between the »metric« geometry of Element II 
(etc.) and the techniques of calculators, more precisely the patterns of calculi 
(\j/fî0oi) in figurate numbers etc. These patterns may, indeed, have much to do 
with what I have here called the calculators' algebra«, see H0yrup 1990c. 

Several other interpretations of the origin of the techniques and propositions of 
Elements II have been proposed in recent years (Fowler 1987; Herz-Fischler 1987). 
I shall refrain from discussing whether these conjectures contradict the one 
suggested here or might serve as compatible complements. 
9 1 Ed., transi. Menge 1896: 164-167. 
9 2 Ed., transi. Menge 1896: 150-153. In arithmetical translation, we observe, this 
proposition comes dose to Diophantos' trivial Arithmetica I,xxxi-xxxviii. 
9 3 Ed., transi. Menge 1896: 168-173. 
9 4 Ed., transi. Menge 1896: 102-109. 
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can be given according to the definitions95 remind of Diophantos' 

Arithmetica I and of the Babylonian tablet BM 13 901 mentioned above: 

To be given in ratio, with excess or deficiency, or in ratio with excess 

or deficiency. 

Part of Euclid's Book on the Division of Figures, on its part, seems to 

reflect a similar generalizing reflection of the cut-and-paste geometry 

of the surveyors' tradition. Prop. 33%, in particular, which requires the 

partition of a trapezium by means of a parallel transversal in a given 

ratio, corresponds precisely to a clay tablet from the 23d century B.C.97, 

with the only difference that this early partition is in ratio 1:1. This 

tablet constitutes the earliest positive trace of that Akkadian surveyors' 

tradition which seems to be behind the scribal »algebra« of the Old 

Babylonian era. As late as the 10th century, on the other hand, the 

Arabic mathematician Abül-Wafaa, tells about partitions and about the 

cut-and-paste predilections of practical geometers98. 

It thus appears that all Classical second-degree purported »algebra«, 

including the hotly disputed »geometrical algebra« (and even other 

branches of scientific mathematics), grew out of or were inspired by 

the same sub-scientific soil99. No wonder that Hero, whose familiarity 

with calculators' second-degree algebra is demonstrated in various 

places, was able to give an »analytical«, i.e., quasi-algebraic, inter

pretation of Elements II100. 

9 5 Ed., transi. Menge 1896: 2-5. 
9 6 Counted as in Archibald's reconstruction (1915: 72f). 
9 7 Friberg, forthcoming, section 5.4.k. 
98 Book about that which is Necessary for Artisans in Geometrical Construction, ed., 
transi. Krasnova 1966. See especially p. 115. 
9 9 The one exception to this rule is the classification of irrationals and the study of 
the relations between classes in Elements X—actually the only piece of Ancient 
mathematics which relates in spirit to certain aspects of modern, »post-Noether« 
algebra. But for some obscure reason precisely this subject is normally left out 
from the search for Greek »algebra«. 
1 0 0 Se al-Nayrîzï's report of Hero's commentary to Elements 11,1-10 in Besthorn & 

Heiberg (eds, transis) 1893: II, 4-61. Mueller's discussion of the relation between 

Hero's single-line analysis and Euclid's two-dimensional proofs (1981: 46-50) is 
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VIL OTHER NETWORKS 

The »Silk Road« family of arithmetical problems, the composite 
fractions, and the surveyors' and calculators' »algebras« were certainly 
not the only sub-scientific networks connecting the Hellenistic and 
Roman world with earlier, surrounding and later cultures. Much of 
Greco-Roman metrology was borrowed, as we know; the channel will 
have been contact with the original practitioners of the metrologies in 
question, i.e., mainly traders and surveyors. The adoption of the 
Egyptian unit fraction system and the amalgamation of this system 
with the Greek alphabetic numerals is a well-known phenomenon, 
which certainly took place first at the sub-scientific level. Good reasons 
could be given that another family of arithmetical problems found its 
way into Hellenistic culture that way101. Certain Archimedean results, 
most notably those connected to his deterrnination of the circular 
circumference and area, were adopted by practitioners and became 

perspicacious; but if a »naive-geometric« interpretation is applied to Hero's 
»algebra«, it is no longer significantly different from Mueller's alternative 
interpretation, »geometric assertions about the equality of certain areas useful for 
the transformation of one area or areas into another«. 
1 0 1 Many of the problems from Anthologia graeca XIV making use of »Greek«, i.e., 
Egyptian fractions, deal with precisely such matters which Plato (Laws VU, 819B-
C, ed., transi. Bury 1967: H, 104f) tells to be part of Egyptian elementary teaching 
(dividing up heaps of apples, etc.). In Anania of Sirak's collection of arithmetical 
problems, N° 22 (ed., transi. Kokian 1919: 116) deals with the distribution of wine 
to Pharaoh's officials at his birthday according to a scheme which is already 
familiar from Rhind Mathematical Papyrus. Since this collection owes much to 
Anania's stay in Byzantium, this familiarity with Egyptian mathematics has 
probably passed via Greece. 
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part of the sub-scientific traditions102. Even certain definitely sub

standard (specifically Greco-Roman) practices appear to have been 

taken over in the bargain during the wholesale Western European 

appropriation of diluted Classical culture. One instance of this is the 

use of triangular numbers as measures of the area of the equilateral 

triangle, which was diffused together with the agrimensor writings and 

troubled the mathematically interested Adelbold around A.D. 998103. 

Another instance is the measurement of areas of figures by means of 

their circumference. In the Ancient sources it was not quite clear, as 

observed in note 13, what was meant by this, and how seriously it 

was meant. But in the Propositiones there is no doubt. In order to find 

out how many square perticas are contained within a circular field of 

circumference 400 perticas, the circumference is distributed as 4 times 

100 perticas and the area then found as 100-100 (N° 25)104,—we may 

presume that the field is transformed implicitly into a square to fit the 

square perticas. This is confirmed in N° 29, where rectangular houses 

of 30 feet times 20 feet are to be fitted into a circular city with 

circumference 8000 feet. This time,the circumference is explicitly 

divided as 4800 feet and 3200 feet along the length and width of the 

houses, respectively, and these then bisected and multiplied105. 

This questionable method was not reserved for recreational puzzles. 

In 1050, Franco of Liège tells (dissociating himself from the technique) 

1 0 2 Thus in the Hebrew Misnat ha-Middot, which not only gives the value of the 

drcular circumference as 3V 7 of the diameter but also dtes Rabbi Nehemia (c. A.D. 

150, and according to Gandz the plausible author of the treatise) for the statement 

that this is what »the people of the world« (or, in another reading, »the 

landmeasurers«) say (ed., transi. Gandz 1932: 49). 
1 0 3 In a letter to Gerbert, whose explanation was edited by Bubnov 1899: 43. A 

more complete text is found in translation in Lattin 1961: 299-301. 
1 0 4 Ed. Folkerts 1978: 59. 1 pertica equals 10 feet. Strictly speaking, what is asked 
for is the contents in square aripenni. Since 1 aripennus equals 120 feet, the resulting 
10 000 are divided twice by 12. 
1 0 5 Ed. Folkerts 1978: 61. Certain manuscripts present a different solution to both 
problems, which happens to be numerically better but looks as a combination of 
disparate elements from Greek and Babylonian mensuration—cf. Folkerts 1978: 28. 
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that »there are also some who split the circular circumference in 4 
parts, from which they span a square, claiming it to be equal to the 
circle106. 

Summing up we may conclude that the indifference of the Classical 
sources toward basic mathematical technologies does not mean that 
these did not exist. Highly organized as it was on the admiiüstrative 
and commercial level, the Greco-Roman world could not do without 
them; and knowledge of the corresponding technologies used in 
geographically and temporally adjacent cultures allow us to extricate 
more information from the Classical sources than these would yield 
without supporting evidence. At the culturally subliminal level, the 
Classical world was traversed by a multitude of sub-scientific networks, 
more or less merged with each other. 

We may also conclude that some of these technologies and 
networks were important for what went on at the culturally conscious 
level. Just as in the case of literature, the hidden undercurrents of non-
literate and often oral culture provided an important part of the water 
and the nutrients which made literate scientific culture flourish. 
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On Parts of Parts and Ascending 
Continued Fractions 

An Investigation of the Origins and Spread 
of a Peculiar System 

by 

J E N S H O Y R U P * 

O. Neugebauer in Memoriam 

I. Introduction 

The following article deals with two particular ways to denote 
fractional numbers, one of them multiplicative ('parts of parts') and 
the other multiplicative-additive ('ascending continued fractions'). 
They turn up in sources from several cultures and epochs, but as a 
standard idiom only in Arabic mathematics, where their occurrence 
has been amply described. In certain other contexts (Babylonia, 
High and Late Medieval Europe) their occasional presence has been 
taken note of though rarely investigated systematically. Finally, a 
few scattered occurrences in Ancient Greek and Egyptian sources 
have not been commented upon until this day. 

Widespread occurrence of similar practices raises the question of 
interdependence versus independent development by accident or in 
response to analogous situations. Thus also in this case. Posing the 
question, however, turns out to be more easy than answering it, not 
least because some of the cultures to be dealt with only present us 
with utterly few examples of the usage, and only the combination 
of evidence and arguments of many kinds will allow us to construct 
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a scenario which is at least well-founded if not definitively verified 
on all points. 

As a by-product, the inquiry will cast new light on the origins of 
the Egyptian unit fraction system. 

,//. Islamic and Post-Islamic Evidence 

In chapter V of Leonardo Fibonacci's Liber abaci (second version, 
1228) a number of complex writings for fractional numbers are 
introduced. One of them - the others are irrelevant for the present 
purpose - is what later has come to be called the 'ascending 
continued fraction' ('Aufsteigende Kettenbrüche' in German), which 
Leonardo exemplifies by the number 

1 5 7 

2~6~ÏÔ 

meaning 7 lOths plus 5 6ths of a 1 Olli plus { of a 6th of a IOth1 -
in more compact writing {\{y [7 + ( g ) - ( 5 + £)]}. In general 

b3b2by 

stands for 

a i ai « 3 — + —— + 
b{ b{-b2 bi'b2-b3 

The generalization to two or four or more levels is obvious. Inciden
tally, the latter expression demonstrates that 'ascending continued 
fractions' have nothing but an inverted visual image in common 
with genuine continued fractions. 

The notation for ascending continued fractions was not invented 
by Leonardo but apparently in the Maghreb mathematical school, 
probably during the 12th century. They are discussed in ibn al-
BanmV's 13th century TalkhTs dmâl al-hisâb2 though without indi-

a7 + a 

474 



On Parts of Parts 295 

cation of the way they were to be written. Various commentaries 
show, however, that standardized notations were in use. In one late 
commentary, al-Qalasâdï's Arithmetic2 (1448), it is furthermore 
required that the denominators in an ascending continued fraction 
stand in descending order from the right {b{>b2>b3\ as it is 
actually the case in Leonardo's examples. Even though some of the 
examples given by other commentators 4 do not observe this rule, 
which I shall denote al-QalasädTs canon in the following, it was 
probably not of al-Qalasâdï's own making. The purpose of the 
canon may have to do with the value of the first member as an 
approximation. The error committed by throwing away all members 
but the first will necessarily be less than l/b{ (a's are supposed to 
be less than corresponding //s). Choosing bx as large as possible 
will ensure that a{/bx is a good approximation (though not necess
arily the optimal approximation, cf. note 28). Thus, in Leonardo's 
example, dividing first by 10 ensures that the first member will at 
most be 0.1 off the true value. If the reverse canon (/?, <b2<b3) 
had been used, the result had been i + + and the error 
committed by taking the first member alone would have been 
2 7 4 « 0 . 2 9 . 

The invention of notations was part of the general drive of 
Maghreb mathematics, but verbally expressed ascending continued 
fractions and other composite fractional expressions belonged to 
the common lore of Arabic mathematics. They had been amply 
used and discussed in the later 10th century by Abül-Wafä' in his 
Book on What Scribes, Officials and the Like Need from the Science 
of Arithmetic5 They are also present in al-Khwârizmï's early ninth 
century Algebra6 and as well as in the Liber mensurationum by one 
Abu Bakr, translated by Gherardo of Cremona into Latin in the 
12th century and presumably written in the first place around 800 
A.D. 7 . Among the occurrences in al-Khwârizmï's work are the 
following (page references to Rosen's translation): 

- P. 24: f | is transformed into 'two-thirds and one-sixth of a sixth' 

[i+ (>"?>] • 

- P. 45: 1 mal is found as 'a fifth and one- fifth of a fifth' of 4£ mal 
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- P. 53: 'three and three-fourths of twenty parts' h u + r 20] is 
transformed into 'fifteen eightieths'. 

- P. 54: a twelfth is expressed as 'the moiety of one moiety of one-
third' [ H è l 

- P. 72: as one of several rules for finding the circular area we find 
the square of the diameter minus 'one seventh and half one-
seventh of the same'. 
P. 88: the third of 'nine dirhems and four-fifth of thing' is found 
to be 'three dirhems, and one-fifth and one-third < o f > one-fifth 
of thing' [3 + H W ] . 

- P. 99: 'two-sevenths and two-thirds of a seventh of the share of a 
son' [§ + H] . 

The Liber mensurationum (which contains mostly integer numbers) 
presents us with the following relevant passages: 

- N° 19 (p. 90), 7 et dimidiwn septime. 
- N° 89 (p. 107), 43 et due quinte et quattuor quinte quinte, resulting 

from the computation of 169—( 113> 2 . Similarly but in greater 
computational detail in N° 128 (p. 115). 

- N° 113 (p. 112), the root of census is expressed as radix octave 
census et medietatis octave census. 

- N° 144 (p. 118), the area of the circle is expressed as the square 
on the diameter minus sepiimam et septime eius medietatem. 
Similarly in N o s 146, 156 and 158 (pp. 119 and 124). 

The elementary building stones of the ascending continued fractions 
are the 'parts of parts', the partes de partibus as they came to be 
called in the Medieval Latin tradition, i.e., expressions of the form 
'f of 7 . The extent to which these were natural to Arabic speakers 
of early Islam is demonstrated in the first treatise of the 10th century 
Epistles of the Drethem of Purity, the Rasa* il ikhwcm al-safä\ In this 
exposition of the fundaments of arithmetic great care is taken to 
explain that the first of a collection of two is called a half, while the 
first of three is a third, that of four a fourth, and that of eleven one 
part of eleven; the first of twelve, however, is labeled a half of a 
sixth, without a single word commenting upon the reasons for or 
meaning of this composition. Similarly, the first of fourteen is 
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expressed without explanation as a half of a seventh, and that of 
fifteen as a third of a fifth.8 

The origin of both the parts of parts and of the ascending 
continued fractions has been ascribed to a variety of causes, in 
particular to the peculiarities of the Arabic vocabulary. Unit frac
tions from \ to jo possess a particular name of their own while 
those with larger denominators require a full phrase, \ being ex
pressed as 'one part of /.' or 'one part of n parts' unless it can be 
composed from unit fractions with smaller denominators. This 
might indeed explain that the Arabic authors transformed the of 
Hero's (or rather pseudo-Hero's) rule for finding the circular a r e a 9 

into 'half one-seventh', and that they expressed j$ as 'one-fifth of a 
fifth'. 

On the other hand, 'the moiety of one moiety of one-third' is 
somewhat at odds with the hypothesis: W h y not 'one-third of a 
fourth', when in the actual case the number 12 arises as 3 - 4 ? Or at 
least 'one-half of a sixth', which according to Abü'l-Wafä" is to be 
preferred to 'one-third of a fourth' , 1 0 and which still circumvents 
the difficulties created by the Arabic language while using only two 
factors? Al-Khwârizmî, moreover, had no particular difficulty with 
general fractions, at times with denominators exceeding 10, which 
abound even in those very calculations where the 'parts of parts' 
turn up. The reason that the reciprocal of " is expressed in the 
form of an ascending continued fraction on p. 45 of the Algebra 
while another ascending continued fraction is, reversely, reexpressed 
as II on p. 53 seems simply to be that both reformulations fit the 
further calculations better. The conventional explanation of the use 
of composite expressions based solely on Arabic linguistic particu
larities is apparently insufficient, even if these particularities have 
evidently tainted the way the system was used. 

///. Classical Antiquity and its Legacy 

The need for an explanation which goes beyond the peculiarities of 
the Arabic language is confirmed by certain older sources. One of 
them is the collection of arithmetical riddles in Anlhologia Graeca 
X I V . 1 1 A study of these gives the fascinating result that the types 
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of fractional expressions used vary with the subject of the problem. 
Problems which refer to Greek mythology or history make use of 
unit or general fractions. So do all problems dealing with apples or 
walnuts stolen by girl friends, with the filling of jars or cisterns from 
several sources, with spinners', brickmakers' or gold- or silversmiths' 
production, with wills, and with the epochs of life - none of them 
make use of 'parts of parts'. 

• 'Parts of parts' and related composite expressions, on the other 
hand, turn up in all problems dealing with the Mediterranean 
extensions of the Silk Road ( N 0 5 1 2 1 and 129), with the legal partition 
of heritages (N o s 128 and 143), and with the hours of the day (N o s 

6, 139, 140, 141 , and 142; N° 141 is connected to astrology). A final 
'fifth of a fifth' is found in N° 137, dealing with a catastrophic 
banquet probably meant to be held in Hellenistic Syria. It appears 
that a number of recreational problems belonging to (at least) two 
different contexts (providing the dress of the problems) have been 
brought together in the anthology, each conserving its own distinc
tive idiom for fractions: on one hand the traditional Greek idiom, 
which makes use of general and unit fractions; on the other, the 
usage of the trading community and of juridical calculators (and 
perhaps of astrologers and makers of celestial dials), which is dif
ferent. 

W e may list the various composite fractional expressions: 1 2 

- N° 6 (the hour of the day): 'Twice two-third'. 
- N° 121 (travelling from Cadiz to Rome): 'One-eighth and the 

twelfth part of one-tenth'. 
- N° 128 (a textually and juridically corrupt heritage): 'The fifth 

part of seven-elevenths'. 
- N° 129 (travelling from Crete to Sicily): 'Twice two-fifths'. 
- N° 137 (the Syrian banquet): 'A fifth of the fifth part'. 
- N° 139 (a dial-maker asked for the hour of the day): 'Four times 

three-fifths'. 
- N° 140 (the hour of a lunar eclipse): 'Twice two-sixths and twice 

one-seventh'. 
- N° 141 (the hour of a birth, to be used for a horoscope): 'Six times 

two-sevenths'. 
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- N° 142 (The hour for spinning-women to wake up): 'A fifth part 
of three-eighths'. 

- N° 143 (The heritage after a shipwrecked traveller): Twice two-
thirds'. 

We observe that the character of these composite expressions is 
similar to but does not coincide with what we know from the Arabic 
texts. Firstly, of course, these do not contain integer multiples of 
fractions like those of N o s 6, 129, 139, 140, 141 and 143, and they 
would speak of'three fifths of an eighth', not of 'a fifth part of three-
eighths'. Secondly, the Arabic sources mostly follow the canon made 
explicit by al-Qalasâdï, while for instance N° 121 of the Anthologie! 
does not - and ^ they split further, viz into \ of | , into \ of \ or 
even, as we have seen, into \ of j of 3 . 

Most likely, the integer multiples of the Anthologia are to be 
explained from the recreational character of the arithmetical riddles: 
being unusual, the multiples make the riddles more funny or more 
obscure at first sight - it is hardly imaginable that 'two-thirds' would 
be expressed as 'twice two-sixths' for any everyday purpose. The 
demands of versification may have played a supplementary rôle -
but since problems with a traditional 'Greek' subject make no use 
of the stratagem hardly more than a supplementary rôle. 

The deviation from 'al-Qalasâdï's canon', however, gives no im
pression of grotesquerie and can therefore not be an effect of the 
recreational purpose of the epigrams. It is thus probable that it 
reflects the daily usage of the practitioners trading in 'parts of parts', 
which will not have respected the later Arabic canon and customs 
in full. 

Another, Latin, source of interest for our purpose is the Carolingi-
an collection Propositiones ad acuendos juvenes conventionally as
cribed to Alcuin and dating from c. A.D. 8 0 0 . 1 3 Chronologically, it 
is roughly contemporary with al-Khwârizmï and probably with the 
Liber mensurationum. The material, however, appears to be inherited 
from late Antiquity, and the Carolingian scholar (be it Alcuin or 
somebody else connected to the Carolingian educational effort) has 
only acted as an editor. 

A brief exposition of the global character of the collection will 
serve the double purpose of locating its composite fractional ex-
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pressions with respect to their background and of introducing some 
notions concerning the function of recreational problems from 
which the further discussion will benefit. In general, the collection 
is highly eclectic, bringing together material and methods from a 
variety of traditions, combining at times mutually incompatible 
approximations within the same problem solution.14 Of particular 
interest in the present context is the very diverse network of connec
tions behind the arithmetical problems. N° 13, dealing with 30 
successive doublings of 1, points back to a very similar problem 
from Old Babylonian Mari 1 5 and eastward to the Arabo-lndian 
chess-board problem and even to China. N o s 5, 32-34, 38-39 and 
47 all belong to the type of *A hundred fowls' known from earlier 
Chinese and contemporary or earlier Indian sources16 and pre
sented by Abu Kâmil as a type of question 

circulating among high-ranking and lowly people, among scholars and among the 
uneducated, at which they rejoice, and which they find new and beautiful; one asks 
the other, and he is then given an approximate and only assumed answer, they know 
neither principle nor rule in the matter.17 

Other problems too point to the 'oral technical literature', the 
treasure of recreational problems shared and carried by the com
munity of traders and merchants interacting along the Silk Road, the 
combined caravan and sea route reaching from China to Spain.18 

Connections to the Anthologia graeca and thus to the Greco-
Roman orbit are also present. Most significant is probably N° 35, 
which is a puzzle on heritages - one of the types, we remember, 
which made use of multiples of parts. It can be traced back to 
Roman jurisprudential digests, even though the editor of the Propo
sitiones has got the solution wrong.19 

A final type represented by N o s 2, 3, 4, 40 and 45 seems to by
pass what we know from the Anthologia graeca and points directly 
to Egyptian traditions (even though matters may in reality be more 
complex, cf. below, p. 314). Admittedly, when expressed in algebraic 
symbolism, the problems in question are of a type identical with 
the one dominating the Anthologia graeca, both being represented 
by first degree equations. The equations of the Anthologia, however, 
are variations on the pattern 
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x - ( l - | - £ - } ) = jR 

(/;, q, and r being integers), while N o s 2, 3, 4, 40 and 45 of the 
Propositiones build on the scheme 

x{n + a + ß) = T 

(n being an integer larger than 1 and a and ß being unit fractions 
or 'parts of parts'). Both types possess analogues in the Ancient 
Egyptian Rhind Mathematical P a p y r u s 2 0 . The former type corre
sponds approximately to N o s 2 4 - 2 7 and 3 1 - 3 4 ; these are problems 
which consider an unspecified quantity or 'heap' (7i r), and which only 
differ from those of the Antlwlogia by adding the unit fractions 
instead of subtracting them. The first-degree problems of the Propo
sitiones just spoken of, on the other hand, belong to the same type 
as Rhind Mathematical Papyrus N o s 35 -38 , problems dealing with 
the hekat-measure.21 

The reason for this lengthy presentation of the Propositiones and 
of a particular group of first-degree problems is that four of the five 
problems in this group employ 'parts of parts': 

N 2: medietas medietatis, et rursus de medietate medietas (meaning 
1 I i i i h 
2* 2 + 2 * 2 ' 2 / -

N° 3: ter et medietas tertii (j + H) 
N° 4: medietas medietatis (i*|). 
N° 40: medietatem de medietate et de hac medietate aliam medieta-
tern {{•{ + {•{•{). 

Composite fractions thus seem to go naturally with this problem 
type. On the other hand, they occur nowhere else, neither in the 
problems which point to the 'Silk Road corpus', nor those which 
remind of one or the other group from the Antlwlogia graeca, 
nor in the inheritance problem. One observes that al-Khwârizmï's 
predilection for taking successive halves instead of a simple fourth 
is equally present here, and is even extended to the use of j of 3 
instead of | . This is all the more remarkable since the simple terms 
quadrans and sextans were at h a n d , 2 2 and the composite quarta 
pars and sexta pars are actually used in other parts of the text (e.g., 
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N o s 8 and 47). It will also be noticed that three of the four cases are 
rudimentary ascending continued fractions. 

IV. Bab y Ionia 

Some scattered instances of'parts of parts' and of simple ascending 
continued fractions can thus be dug out from sources belonging to 
or pointing back to classical Antiquity though not to the core of 
Greek mathematical culture. 2 3 Antecedents for the fuller use of 
ascending continued fractions, on the other hand, must be looked 
for further back in time - much further, indeed. 

They can be found in the Babylonian tablet MLC 1731, which 
was analyzed by Abraham Sachs 2 4 and which dates from the Old 
Babylonian period (c. 2000 to c. 1600 B.C.; the mathematical texts 
belong to the second half of the period). It presents us with the 
following examples of composite fractions:2 5 

- N° 1: 'One-sixth of one-fourth of [the unit] a barley-corn'. 
- N° 3: 'One-fourth of a barley-corn and one-fourth of a fourth of 

a barley-corn'. 
- N° 4: 'One-third of a barley-corn and one-eighth of a third of 

20 ' . 2 6 

- N° 5: 'Two-thirds of 20 and one-eighth of two-thirds'. 
- N° 6: 'A barley-corn and one-sixth of a fourth of 20'. 
- N° 7: 'A barley-corn, two-thirds of 20 and one-eighth of two-

thirds of 20'. 
- N° 9: '17 bar < ley-corns > , one-third of 20, and one-fourth of a 

third of a barley-corn'. 

All these composite expressions result from the conversion of num
bers belonging to the 'abstract' sexagesimal system into metrological 
units. Sachs has convincingly pointed out that the notation in 
question is used because no unit below the barley-corn existed 2 7 -
fractions could not be expressed in terms of a smaller unit, as done 
in other conversions to metrological notation. Still, the tablet shows 
that the parlance of'parts of parts' was at hand, and even that there 
was an outspoken tendency to make use of ascending continued 
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fractions rather than of sums of unit fractions with denominators 
below 1 0 . 2 8 W e observe that two-thirds is the only general fraction 
to turn up, while everything else consists of unit fractions and their 
combinat ions , 2 9 and that 'al-Qalasâdï's canon' is inverted - be it 
accidentally or by principle. 

This tablet presents us with the most systematic Old Babylonian 
use of composite fractions, it is not quite isolated, however, and 
scattered occurrences can be found here and there in other Old 
Babylonian tablets. 

One instance was pointed out by Sachs: YBC 7 1 6 4 N° 7 (line 18), 
where the time required for a piece of work is found to be '§ of a 
day, and the 5th part of f of a d a y ' . 3 0 

In another text from the Yale collection, 'parts of parts' (though 
no ascending continued fractions) occur in all five times: Y B C 4652 
N o s 1 9 - 2 2 , 3 1 problems of riddle-character dealing with the unknown 
weight of a stone. Here, 'the 3d part of the 7th part', 'the 3d part of 
the 13th part', 'the 3d part of the 8th part' (twice) and '§ of the 6th 
part' turn up. We observe that the ordering of factors agrees with 
'al-Qalasâdï's canon', and that even a ' 13th part' is present (Babylon
ian, in contrast to Arabic, had a name for this fraction). 

In the series text Y B C 4714 , N° 28, line 10 (and probably also in 
the damaged text of N° 27), 'a half of the 3d part' turns up in 
the statement . 3 2 This is evidently meant as a step toward greater 
complexity from the previous problems having 'the nth part' {n = 
7, 4, and 5) in the same place. 

A text of special interest is the Susa tablet T M S V . 3 3 All the way 
through the tablet, sequences of numbers are used as abbreviations 
for complex numerical expressions involving parts of parts. Recur
rent from section to section (albeit with some variation), 13 times 
in total, is the following series (the right column gives the interpret
ation) 

a: '2' 

b: '3' 

c: '4' 

2 

3 

4 (cf. the different meaning in g) 
2 
3 

2 
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J- 3 3 

g: '4' k 
h: 1 4 ' i o f i 
i: '7' 7 

j : '2 7' 2 times 7 
fc: '7 7' 4 of 4 
/: '2 7 7' 2 times 4 of \ 
m: ' 1 1 ' A 
H: '2 11 ' 2 times A 

o: ' 11 1 1 ' A of A 
p: '2 1 1 1 F 2 times A of T ' T 

q: « 1 1 7 ' A of 7 

r: '2 11 7' 2 times A of 4 
s: 'Hi 11 7' § of I of i of A of 7 

t: ' 2 | H H 7 ' 2 times § of 4 of 3 of 

In section 10 we a 

A: '1 f' 
B: '1 i' 
C: '1 3 ' 

D: '1 4' 
£: '1 I 4' 
F: '1 7' 
G: '1 2 7' 
H: '1 7 7' 
/ : '1 2 7 7' 
J : '2i' 
K: '3 I' 
L: '4 4' 
M: '7 igi-7' 
N: '7 2 igi-7' 

find 

1 plus f 
1 plus j 
1 plus 3 
1 plus j 
1 plus 3 of 4 
1 plus 7 

1 plus 2 times 4 
1 plus 7 of 7 
1 plus 2 times 7 of 7 
2 plus 2 
3 plus 3 
4 plus ? (not 3 of 3) 
7 plus 7 
7 plus 2 times 7 
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In all cases, the expressions multiply the side of a square (literally: 
count the number of times the side is to be taken). 

In order to make his text as unambiguous as possible, the scribe 
has followed a fairly strict format, most clearly to be seen in t and 
N: starting from the right, he lists (with increasing denominator) 
those fractions which in full writing would be written igi-n-gal, and 
which he abbreviates as the integer numeral «; next come, in 
increasing magnitude, fractions possessing their own ideogram (|, 
j and I). This entire section of the sequence is to be understood as 
'parts of parts'. Then follows an (optional) integer numerator ( > 1), 
and finally an (equally optional) integer addend. As long as the 
numerator is kept at 2 and the addend at 1, the system is unambigu
ous. If we violate these restrictions (as in c and L), however, it stops 
being so. Inside the text, the systematic progress eliminates the 
ambiguities: if used as a general notation, on the other hand, the 
system would lead to total confusion - a fact which is obviously 
recognized by the scribe, since he introduces ad hoc the sign igi in 
M and N. 

These observations entail the conclusion that we are confronted 
with a specific, context-dependent shorthand, not with a standard
ized notation for general fractions, as claimed by Evert Bru ins . 3 4 

Behind the shorthand, moreover, stick not just general fractions but 
the system of'parts of parts'; the summation required by the ascend
ing continued fractions, on the other hand, is not visible through 
the notation. 

In the end of the above-mentioned article, S a c h s 3 5 reviews a 
number of Seleucid notarial documents making use of composite 
expressions often involving 'parts of parts' (all examples apart from 
N° 15 deal with the sale of temple prebends corresponding to parts 
of the day): 

(1) 'A fifth of a day and a third from a 15th of a day'. 
(2) 'A sixth, an 18th, and a 60th'. 
(3) 'A 30th, and a third from a 60th'. 
(4) 'A half from three quarters'. 
(5) 'A fifth from two thirds'. 
(6) T w o thirds of a day and an 18th of a day'. 
(7) 'A sixth and a ninth of a day'. 
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(8) 'A 20th from one day, of which a sixth from a 60th of a day is 
lacking'. 

(9) 'A 16th and a 30th of a day', added to 'a 16th of a day', giving 
'an eighth and a 30th of a day'. 

(10) 'an eighth from a seventh'. 
(11) 'A half from an eighteenth'. 
(12) 'A third from a twelfth'. 
(13) 'An 18th from a seventh'. 
(14) 'A twelfth from a seventh'. 
(15) 'A half from a twelfth' (as a share of real estate). 

Sachs rightly observes that the system seems less strict than the old 
one. In cases where the number is expressed as a sum, no particular 
effort is made to assure that the first member is an optimal approxi
mation, nor to follow the strict pattern of an ascending continued 
fract ion. 3 6 From the present perspective, it may be of interest that 
all 'parts of parts' except those involving the irregular \ respect 'al-
Qalasâdï's canon' . 3 7 The Arabic avoidance of denominators larger 
than 10, of course, is not observed. 

V. Egypt 

Its building stones being unit fractions with small denominators, 
the 'parts of parts' scheme has often been connected to the Egyptian 
unit fraction system. In its mature form, as we know it from Middle 
Kingdom through Demotic sources, however, the Egyptian system 
had no predilection for those small denominators which it is the 
purpose of the 'parts of parts' scheme to achieve. The Egyptians, 
furthermore, were not interested in such splittings where the first 
member can serve as a good first approximation, whereas a fair first 
approximation is a key point in the extension of the 'parts of parts' 
into ascending continued fractions (as we met it already in the Old 
Babylonian tablet, cf. note 28). Attempts to explain the schemes of 
'parts of parts' and ascending continued fractions by reference to 
the Egyptian unit fractions system thus appear to be misguided. 

'Parts of parts' as discussed above are not common in Egypt. In 
fact, I only know of three places where the usage is employed to 
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indicate a number38 (cf. below on other applications). The first of 
these is Rhind Mathematical Papyrus (RMP). Problem 37, one of 
the hekat-problems which were mentioned above in connection with 
the Propositiones ad acuendos juvenes: 

' G o d o w n I [ i .e . , a j u g o f u n k n o w n c a p a c i t y ] t imes 3 in to the / ic'taif-mcasurc, \ o f m e 
is a d d e d to me , j of j o f m e is added to me, 5 o f m e is a d d e d to me; re tu rn I, filled a m 
I. T h e n w h a t says i t ? ' . 3 9 

The second is Problem 67 of the same papyrus, 

' N o w a h e r d s m a n c a m e to the c a t t l e - n u m b e r i n g , b r i n g i n g w i t h h i m 70 heads o f cat t le . 
T h e a c c o u n t a n t o f cat t le said to the h e r d s m a n , S m a l l indeed is the c a t t l e - a m o u n t that 
t h o u hast b rought . W h e r e is then thy great a m o u n t o f cattle? T h e h e r d s m a n said to 
h i m , W h a t I have b r o u g h t to thee is: j of 3 o f the cat t le wh ich t h o u hast c o m m i t t e d 
to m e . . . ' . 4 0 

The third example of 'parts of parts' used to indicate a number, 
finally, belongs in the Moscow Mathematical Papyrus (MMP), 
Problem 20, where l \ is told to be \ of\ of 2 0 . 4 ! 

The latter example is put into perspective in R M P , 'Problem' 
61B, which explains the method to find f of any unit fraction with 
odd denominator, and uses 3 0 / 5 as a paradigm. The 5 of 3 which 
appears as a regular number in the M M P is thus (reversion of 
factors apart, which was trivial to the Egyptians) not recognized as 
such in the R M P , N° 61 B: a composite expression like 5 of\ was to 
be considered a problem and no number per se (a problem whose 
answer is TÖ + IÖ)- The same observation can be made on R M P , 
'Problem' 6 1 , which is in fact a tabulation of a series of solutions to 
such prob lems . 4 3 

A final use of what appears at first like composite fractional 
expressions a offi turns up in the description of reversed metrological 
computations and conversions (RMP 44, 45, 46 and 49). As an 
example we may take R M P 4 5 , 4 4 which connects the two. A granary 
is known to contain 1500 khar and is supposed to have a square 
base of 10 cubits by 10 cubits (1 khar is § of a cube cubit), and the 
height is looked for. The calculation then proceeds in the following 
steps: 
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1500; 

I Ö of Î Ô of it 
I of t

1 Ô of T ^ of it: 

10 150; 
15; 
10. 

,The key to the calculation is provided by Problem 44, which supplies 
the corresponding direct computation of the content of a cubic 
container of 10 cubit by 10 cubit by 10 cubit: the volume is first 
computed as 1 0 - 1 0 - 1 0 [cube cubits] and then transformed into 
1000 + 1-1000 = 1500 khar. A solution of the reverse Problem 45 
by geometric reasoning would have to go through these steps in 
reverted order, transforming first the volume of 1500 khar into 
1000 cubic cubits, and then dividing by the area of the base or, 
alternatively, by length and width separately. The text, as we see, 
proceeds differently, reversing the multiplications of Problem 44 
one by one without changing their order. The reversal is thus taking 
place at the level of computational steps, where the order of divisions 
does not matter, and not on that of analytical reasoning. The 
composite expression 'f of j$ ofw is not meant as another way to 
express the number yfô but rather as a way to recapitulate the 
sequence of computational steps (in other words: To display the 
algorithm to be used) . 4 5 Its single constituents ( J , \Q and VÖ) are 
numbers but the composition is neither an authentic number nor a 
numerical expression to be transformed into a number (a 'problem' 
in the sense which makes '§ of | ' a problem and VÖ + 3V l ' l e answer 
in R M P 6 I B ) . 4 6 

Though exceptional, the few occurrences of composite fractional 
expressions used as legitimate numbers are sufficient proof that the 
schemes of 'parts of parts' and ascending continued fractions are 
indeed connected to Egypt though not to be explained with reference 
to the preferred unit fraction notation of the Egyptian scribes. The 
Egyptians were able to understand 'parts of parts' not only as 
problems or as sequential prescriptions but also as numbers in their 
own right. When would they do so? 

It is difficult to deduce a rule from only three isolated instances. 
At least two of the present cases, however, are not isolated but 
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embedded in a specific context, on which I shall make some obser
vations in order to answer the question. 

Firstly, the /te/cört-problems are formulated as riddles. When 
searching the Rhind Papyrus for other riddles I only found one -
viz. the cattle problem in N° 67 (this is actually how 1 first discovered 
my second instance). Stylistically, these five problems are intruders 
into a problem collection which is otherwise written in a didactically 
neutral style. 

Secondly, we note that the '§ of | ' of the cattle-problem is put 
into the mouth of the herdsman and not into that of the accountant-
scribe (similarly, the 3 of 3 is put into the mouth of a jug). 

Thirdly, the similarity was already noted between the hekat-
problems and those problems of the Propositiones which make use 
of 'parts of parts'. The /lefcat-problems are thus connected to the 
whole fund of recreational mathematics. 

All this matches a comprehension of recreational mathematics as 
a 'pure' outgrowth of practitioners' mathemat ics . 4 7 T a r t s of parts' 
appear to have belonged to non-technical, 'folk' parlance, i.e., to the 
very substrate from which (he riddles of recreational problems were 
drawn. Scribal mathematics, on the other hand, made use of the 
highly sophisticated scheme of unit fractions; this was a technical 
language, and the tool which the scribe would use to solve the 
recreational riddles even when these were formulated in a different 
id iom. 4 8 

A parallel to the Old Babylonian situation is obvious. Even here, 
the ascending continued fractions appeared when the result of 
calculations in the 'technical system' of sexagesimals had to be 
transformed into 'practical' units, while the 'parts of parts' turned 
up in the statement of the riddles on stones of unknown weight, 
and when supplementary complication had to be added to purely 
mathematical problems. 

'Parts of parts' could have arisen as a non-technical simplification 
and consecutive extension of the unit fraction system, inspired by 
the sequential prescriptions of reversed computational schemes. 
Alternatively, it could be the basis from which the unit fraction 
system had developed. It is as yet not possible to decide the question 
with full certainty. Strong chronological arguments can be given, 
however, for the priority of the folk parlance and the secondary 
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character of the unit fraction system. In order to see that we will 
have to determine the epoch during which the latter system was 
developed - a question which has never been seriously approached 
before. 

The unit fraction system is used in fully developed form in the 
RMP. The original from which this papyrus has been copied is 
dated to the Middle Kingdom, i.e. to the early 2nd millennium. 
Other papyri computing by means of the unit fraction system, some 
of them genuine accounts and not materials for teaching or tables 
for reference, belong to the same period. By this time, general unit 
fractions had thus become a standard tool for scribal ca lculators . 4 9 

Older sources, however, are almost devoid of unit fractions. Old 
Kingdom scribes made use of metrological sub-units and of those 
fractions which are not written in the standardized way (i.e., - written 
as the numeral n below the sign ro), viz. §, \, and \ . 5 0 Only the Fifth 
Dynasty Abu Sir Papyri (24th century B.C.) present us with the unit 
fractions \ and | . 5 1 At the same time, however, they present us 
with striking evidence that the later system was not developed. The 
sign for 5 , indeed, appears in the connection '5 5 , meaning f. Later, 
2- (5) (or, as it is expressed in the R M P , '2 called out of 5') would be 
no number but a problem, the solution of which was 3 + - about 
one-third of the text of the Rhind Mathematical Papyrus is in fact 
occupied by the solution o f f , n going from 3 to 1 0 1 . 5 2 There are 
thus good reasons to believe that a notation for simple aliquot parts 
was gradually being extended toward the end of the Old Kingdom, 
but was not yet developed into its mature form. True, Re ineke 5 3 

thinks that it will have been needed in the complex administration 
of the Old Kingdom, and thus dates the development to the first 
three dynasties. As far as I can see, however, real practical tasks 
are better solved by means of metrological sub-units (which are 
standardized and can thus be marked out on measuring instru
ments). The advantage of the unit fraction system is theoretical; it 
will only become manifest in the context of a school system. 

This conclusion is supported by analysis of the pyramid problems 
of the R M P (N o s 56, 57, 58, 59A, 59B, 60). Those of them which 
appear to deal with 'real 1, traditional pyramids, i.e., which have a 
slope close to that of Old Kingdom pyramids (N o s 56-59B) measure 
the slope in adequate metrological units (viz. palms [of horizontal 
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retreat per cubit's a s c e n t ] . 5 4 The result of N° 60, which deals with 
some other, unidentified structure, is given as a dimensionless, 
abstract number. At the same time, the dimensions of the first five, 
'real' pyramids are given without the unit, as it would be adequate 
for master-builders who knew what they were speaking about; N° 
60 states the data as numbers of cubits, as suitable for a teacher 
instructing students who do not yet know the concrete practices 
and entities spoken about. It is thus likely that the author of the 
papyrus took over the first 5 problems with their metrological units 
from an older source but created or edited the final, abstract problem 
himself. 5 5 

The time when teaching changed from apprenticeship to organ
ized school teaching is fairly well-established. 5 6 Schools were un- * 
known in the Old Kingdom (if we do not count the education of 
sons of high officials together with the royal princes), which instead 
relied upon an apprentice-system. Only after the collapse of the Old 
Kingdom do we find the first reference to a school (and the absence 
of a God for the school shows that schools only arose when the 
Pantheon had reached its definitive structure). By the time of the 
early Middle Kingdom, on the other hand, scribal education is 
school education. There is thus a perfect coordination between the 
changing educational patterns, the move from metrological toward 
pure number, and the development of the full unit fraction system 
as far as it is reflected in the sources. 

It is therefore fairly certain that the systematic use of unit fractions 
was a quite recent development when the original of the Rhind 
Papyrus was written - and implausible, as a consequence, that a 
non-technical usage built on 'parts of parts' should already have 
been derived from it. On the other hand, the traces of an incipient 
use of the unit fraction notation in the Abu Sir Papyri fits a 
development starting from a set of elementary aliquot parts in 
popular use but extending and systematizing this idiom in agree
ment with the requirements of school teaching. 

VI. A Scenario 

The single occurrences of 'parts of parts' and ascending continued 
fractions are easily established. When it comes to questions of 
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precedence and to possible connections, however, conclusions will 
have to be built on indirect evidence and on plausibility. Instead of 
proposing candidly a theory and claiming it to be necessary truth 
I shall therefore propose a scenario and, in cases where this is 
needed, try to evaluate the merits of alternative interpretations. 
Instead of treating the matter in chronological order I shall begin 
with the most obvious, leaving the more intricate matters to the 
end. 

Most obvious of all are the connections within Western Asia. The 
Old Babylonian 'parts of parts' and ascending continued fractions 
are so close to the usage later testified in Arabic sources that the 
existence of unbroken habits in the Babylonian-Aramaic-Arabic-
speaking region is beyond reasonable doubt. The minor differences 
between canons and materializations of shared principles can easily 
be explained as effects of the peculiarities of the single languages 
and from the use of different computational tools or techniques. 

In the early Islamic period, the composite fractions belonged 
to the 'finger-reckoning' tradition and thus to the non-scholarly 
discourse of merchants and other practical reckoners . 5 7 One may 
assume this to have been the case already in earlier times - not least 
because most of the Old Babylonian occurrences suggest so. The 
intense interaction of merchants along the Silk Road, which was 
able to carry a shared culture of recreational problems, will also 
have been able to spread a Semitic merchants' usage to traders 
and calculators of neighbouring civilizations. The early rôle of the 
Phoenicians and the persistent participation of Syrian and other 
Near Eastern merchants in Mediterranean trade, in particular, will 
have been an excellent channel for the spread of the system to the 
West (as it was probably the channel through which a shared 
system of finger-reckoning spread from the Near East to the whole 
Mediterranean region and as far as Bede's Northumbria) . 5 8 The 
striking coincidence that problems from the Anthologia graeca 
concerning parts of the day refer to the very usage which also turns 
up in Seleucid calculations dealing with that subject, as well as the 
references to astrology and to dial-makers in the Anthologia, sug
gests that not only traders but 'Chaldean' astrologers and instru
ment-makers were involved in the spread of the usage from the 
Near Eastern to the Greek orbit. 
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To the Greek orbit, but not general spread within the orbit of 
Greek culture. The reason that we can speak of striking coincidences 
is, in fact, that no such spread took place. 'Parts of parts' and derived 
expressions are restricted to those very domains where their original 
practitioners employed them, using probably an idiom borrowed 
together with other professional instruments from the Near East. 
Other domains were not affected. 

The above argument pressupposes that diffusion took place, and 
that a channel for that diffusion has to be found. Caution requires, 
however, that this presupposition be itself examined critically. After 
all, 'parts of parts' seems to be an idea close at hand. Everybody who 
understands the fractions will also understand their composition, 
we should think. Ascending continued fractions, furthermore, is a 
generalization of the metrological principle of descending sub-
units; any culture possessing a linearly ordered and multi-layered 
metrology should be able to invent them. 

So it seems. But the actual evidence contradicts the apparent 
truisms. Greek Antiquity, though having demonstrably the schemes 
before its eyes, did not grasp at a notation which was so near at 
hand. It accepted the notation in a few select places - precisely the 
ones to where it can be assumed to have been brought. But the 
Greeks did not like it. For everyday use, they stuck to the Egyptian 
system; for mathematical purposes, they developed something like 
general fractions; and in astronomy, they adopted the Babylonian 
sexagesimal fractions. 

The same holds for Latin Europe. The Propositiones became quite 
popular and influenced European recreational mathematics for 
centuries. But a 14th century problem coming very clpse to those 
dealing with medietas et medietas medietatis transforms this number 
into 'I and i'.59 The usage 'at hand' did not spread - on the contrary, 
it was resorbed. 

The ascending continued fractions had a similar fate. As told 
above, they were taken over from Arabic arithmetic as an obliga
tory subject in Italian arithmetic from Leonardo onwards with
out acquiring ever any importance. Outside Italy, only Jordanus 
de Nemore tried to naturalize them as part of theoretical math
ematics. He did so in his treatises on 'algorism', computation 
with Hindu numerals. For this purpose he invented a special 
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concept 'dissimilar fractions'. To explain what the concept was 
about he connected it precisely to systems of metrological 
subunits . 6 0 Not even his closest followers, however, appear to 
have found anything attractive in the idea, and no echo whatso
ever can be discovered. Ascending continued fractions, no more 
than 'parts of parts', came naturally to the minds of Medieval 
European reckoners and mathematicians. 

If a concept cannot spread inside a given culture but remains 
restricted to a very particular use (ultimately to be resorbed) it is 
not likely to have been invented by this culture - at least not if there 
is no specific need for it in the context where it establishes itself. On 
this premise the 'parts of parts' occurring in the Anthologia graeca 
and the Propositiones can safely be assumed to be there as the result 
of a borrowing. 

In the case of the Anthologia, as we have seen, the only conceivable 
source is Western Asia; as far as the Propositiones are concerned, 
the question of the direct channel is less easily decided. As we have 
observed, composite fractions are absent even from the 'problems 
inspired by the Eastern trade. Only one specific type of riddle 
employs them - a type which ultimately points toward ancient 
Egypt and not to the trading network. During the Achaemenid and 
Hellenistic eras, however, Egyptian and Western Asiatic methods 
and traditions had largely been mixed up. Even if the composite 
fractions of the Propositiones can ultimately be traced to Egypt, the 
way from Aachen to Egypt may therefore have passed through 
anywhere between Kabul and Seville. 

Tracing the composite fractions of the Anthologia to the Semitic-
speaking world of Western Asia and those of the Propositiones to 
Egyptian sources brings us back to the most intricate question: 
How did these (or, more precisely: the Babylonian and Egyptian 
usages) relate to each other? 

W e have found the traces of an Old Kingdom Egyptian as well 
as an Old Babylonian 'folk' usage of elementary aliquot parts 
(including §). W e have seen, moreover, that these were combined in 
both cultures into 'parts of parts'; that they were expanded at least 
in Babylonia into a system of ascending continued fractions, and 
that they presumably provided Middle Kingdom Egypt with the 
foundation on which the full unit fraction system was built. 
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In principle, the Babylonian and Egyptian composite fractions 
may have developed in complete independence; two arguments, 
however, contradict this assumption. For one thing, 'parts of parts' 
seem not to come naturally to an 'average' culture, if we trust the 
Greek, Latin and Italian evidence. The Ancient Mesopotamian 
compositions appear, moreover, to be strictly bound to the Babylon-
ian language. Third millennium Sumerian texts employ elementary 
unit fractions freely; but they never combine them as 'parts of parts'; 
these, and the ascending continued fractions, only appear when 
mathematical traditions carried by the Babylonian language took 
possession of the scribal school in the Old Babylonian epoch. Shared 
origins or at least shared roots are thus more credible than full 
independence. 

Shared origins are by no means excluded. Both the Semitic (includ
ing the Babylonian) and the Ancient Egyptian languages belong to 
the Hamito-Semitic language family. Furthermore, a socio-cultural 
need for simple fractions can reasonably be ascribed to the (presum
ably pastoral) carriers of the language before the Semitic and the 
Egyptian branch broke away from each o ther . 6 1 Already at this 
early epoch, the habit of combining them as 'parts of parts' may 
also have existed, even though the (scarce) comparative evidence 
suggests no need for such arithmetical subtleties in a non-monetary 
economy. Alternatively, diffusion of the habit via trade routes from 
one culture to the other at a later moment can be imagined: during 
the fourth as well as the third millennium B.C., connections existed, 
in all probability via Syrian t err i tory . 6 2 

Yet, whether such commercial links were able to influence the 
development of arithmetical idioms is an open question. They may 
have involved a whole chain of intermediaries. An argument in 
favour of diffusion through trading contacts one way or the other 
(or from an intermediary) could be the common 'institution' of 
recreational mathematics, which is not likely to have existed when 
the Semitic and Egyptian branches of the family separated (probably 
no later than the fifth millennium); but since Babylonian and Egypti
an scribes have only the institution but no members (i.e., problem-
types) in common, independent development of the recreational 
genre as a response to the similar social environments of professional 
reckoners - i.e., shared (sociological) roots of the genre - is an 
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alternative explanation at least as near at hand as shared origins 
through common descent or through diffusion. 

Similarly, shared roots (though linguistic or computational and 
not sociological) may be the better explanation that composite 
fractions are found in both Egypt and Babylonia. As one will 
remember, the objection against fully independent development of 
systems of composite fractions was founded on the observation that 
the creation of a scheme of 'parts of parts' is not near at hand, in 
spite of what might look like reasonable a priori expectancies. 
Strictly speaking, however, this observation was only made on a 
Greek, Latin, or Italian linguistic background and on the back
ground of the computational techniques and tools in common use 
in classical Antiquity and Medieval Europe. But developments in 
Egypt and Babylonia will not have been fully independent: they will 
have taken place on structurally similar linguistic backgrounds, 
and maybe on the background of shared techniques and tools. A 
common heritage of Babylonians and Egyptians could be a set of 
elementary fractions and a pattern of linguistic or computational 
habits being naturally open to specific developments - in particular 
the development of a scheme of 'parts of p a r t s ' . 6 3 This would be 
parallel developments from shared roots. 

Summing up we may conclude with a high degree of certainty 
that later occurrences of 'parts of parts' and ascending continued 
fractions outside the Egypto-Semitic area are due to borrowings 
from developed usages (in some cases distorting or rudimentary 
borrowings). We may also assume that the parallel Semitic and 
Egyptian idioms can be ascribed to a shared heritage. But we cannot 
know whether the shared heritage was an actual way to speak about 
fractional entities or only a potential scheme inherent in language 
structures or computational practices. Personally, I confess to be 
inclined toward belief in the potential scheme. 
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59. M s . Co lumbia X 511 A 1 3 , ed. Vogel 1977: 109. 

60. See the preface to Demonstratio de mimttiis, ed. Eneström 1913. Cf. Heyrup 1988: 337f. 

61. See the table o f shared vocabulary in Diakonof f 1965: 42 -49 , and other shared vocables 

mentioned elsewhere in the b o o k . C o m m o n property is, inter alia, the term hsb, ' to 

count ' , ' to reckon ' , ' to calculate' . 

62. See M o o r e y 1987 on the 4th millennium, and Klengel 1979: 61-72 on the third. 

63. In his b o o k (1965) on the Hamito-Semitic language family, D iakonof f mentions many 

instances where different languages o f the family have developed similar features inde

pendently; thus as complex a phenomenon as the pluralis fractus (p . 68) . We might 

speak o f 'structural causation' , the effect o f shared linguistic structures determining 

that specific developments are near at hand and compat ible with general linguistic 

habits. 

'Structural causation' , however, need not be linguistic. Non-linguistic instruments for 

account ing and computa t ion (be they mental o r material) may in the same way open 

the way for specific inventions and block others which are not compat ible with existing 

habits, tools or conceptualizations. 
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Knowledge o f the way fractions are spoken about in other Hamito-Semitic languages 
might seem to offer a way to distinguish linguistic from non-linguistic causation. 
However , native and ethnically consc ious Berber speakers studying mathematics w h o m 
I interviewed in Algeria confessed to speak about fractions in Arab ic and to be ignorant 
o f any Berber idiom for fractions. 
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I. A l - g o b r 

À la cour du Calife al-Ma ;mön ( 8 1 3 - 8 3 3 P.C.) à Baghdad, toute une foule de 
mathématiciens étaient è l'oeuvre. Parmi eux figurait al-KhwârizmT (fl. 8 0 0 - 8 4 7 ) , 
qui est connu entre autres choses pour son Algèbre (KitSb al-jjabr wa'l-muqSbalah, 
«Livre sur al-Qabret ahmuqëbalah » ) , le premier traité complet sur ce sujet qui 
nous soit parvenu1. Naturellement, son contenu et ses méthodes sont différents de ce 
que l'on trouve dans les livres modernes, aussi bien les livres enseignant l'algèbre 
littérale que ceux qui présentent la théorie des groupes et les autres domaines de 
l'algèbre abstraite. D'autre part, l'algèbre d'al-Khw5rizmT est étonnamment proche 
de ce qui a porté ce nom dans l'Occident latin jusqu'à Pierre de la Ramée. 

Pour comprendre ce qu'est l'algèbre pour al-KhwârizmT nous pouvons con
sidérer quelques passages extraits de son livre 

Si une personne te demande ceci: «J'ai divisé dix en deux parties, et quand j'ai 
multiplié l'une par l'autre, vingt et un advint»; alors tu sais que l'une des deux 
parties est chose et l'autre dix moins chose. Multiplie donc chose par dix moins 
chose; tu auras alors dix choses moins un trésor, ce qui égale vingt et un. Sépare 
le trésor des dix choses et ajoute-le au vingt et un. Alors tu auras dix choses, qui 
égalent vingt et un dirhems et un trésor Enlève la moitié des racines et multiplie 
le cinq qui reste par lui-même; c'est vingt-cinq. Enlèves-en le vingt et un as 
socié avec le trésor; le reste est quatre. Extrais sa racine, c'est deux. Enlève-le 
de la moitié des racines, è savoir cinq; reste trois, qui est une des deux parties. 
Ou, si tu préfères, tu peux ajouter la racine de quatre à la moitié des racines. La 
somme est sept, ce qui est aussi une des parties.2 

1 Le sens o r i g i n e l des deux t e r m e s n'est pas t o u t è f a i t c l a i r , s u r t o u t p a r c e que l e s t e x t e s 
a r a b e s l e s e m p l o i e n t s a n s c o h é r e n c e ( v o i r S a l i b a 1 9 7 2 ) . N o r m a l e m e n t , ai-§abr s i g n i f i e 

« r e s t a u r a t i o n » dans une é q u a t i o n , s o i t en m u l t i p l i a n t p a r 2 l ' é q u a t i o n 1/2 x2 * 5 x- 28 ( a l -
K h w â r i z m T , dans Rosen 1 8 3 1 : 1 0 ) , s o i t en é l i m i n a n t l e s m e m b r e s s o u s t r a c t i f s p a r a d d i t i o n 
des deux c ô t é s d'une é q u a t i o n ; ahmuqëbalah ( r é d u c t i o n ) s i g n i f i e l e p lus souvent l ' é l i m i n a t i o n 
d'un m e m b r e p a r s o u s t r a c t i o n des deux c ô t é s . Au t o t a l p o u r t a n t , l 'usage t e r m i n o l o g i q u e v a r i e 
t e l l e m e n t qu'on peut supposer que ses or ig ines é t a i e n t d é j à perdues lorsque l a t r a d i t i o n é c r i t e 
a r a b e a c o m m e n c é . 

2 T r a d u c t i o n a n g l a i s e de Rosen ( 1 8 3 1 : 4 1 f ) , c o l l a t i o n n é e a v e c e t c o r r i g é e d 'après l e s t r a 
d u c t i o n s l a t i n e de G é r a r d de C r é m o n e ( é d . Hughes 1 9 8 6 ) e t r u s s e de B o r i s R o z e n f e l d ( e n 
S l r a S d l n o v 1 9 8 3 ) , p l u s l i t t é r a l e s t o u t e s l e s deux; m o n a r a b e p l u s que r u d i m e n t a i r e ne m'a 

p e r m i s , i c i e t dans l e s c i t a t i o n s qui su iv ront plus bas, que des c o n t r ô l e s s p é c i f i q u e s ( f a i t s s u r 
l e t e x t e a rabe donné p a r Rosen e t u t i l i s é aussi par R o z e n f e l d ) de c e r t a i n s passages où l e s t r a 
d u c t i o n s d i v e r g e a i e n t . 

C o m m e t o u t e s l e s v e r s i o n s f r a n ç a i s e s qui s u i v e n t , c e l l e - c i e s t f a i t e p a r l ' a u t e u r de l ' a r t i 
c l e ; l ' Idéal poursu iv i es t une l l t t é r a l i t é compréhens ib le p l u t ô t que l e s t y l e po l i . 

L e s c a r a c t è r e s I t a l i q u e s sont a j o u t é s pour f a c i l i t e r l a c o m p r é h e n s i o n e t l a c o m p a r a i s o n 
avec l a n o t a t i o n symbo l ique . 507 
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P o u r s u i v r e l ' a r g u m e n t , 11 f a u t s a v o i r que l a chose ($ayJ ) occupe l e même 
rôle qu'un x m o d e r n e ; que le trésor (mal) e s t le carré de l ' inconnue e t que la racine 
(jidhr) e s t l a r a c i n e de ce carré (ou plutôt: le trésor e s t un nombre carré inconnu, 
t a n d i s que la racine e s t l a rac ine de ce nombre ) ; i c i , la chose égale la racine. Le dirhem 
e s t une unité monétaire, qui s e r t c o m m e unité des n o m b r e s purs ( ce qui évidemment 
c o r r e s p o n d b i e n à l ' i d e n t i f i c a t i o n du n o m b r e inconnu a v e c »un tresor«). La »moitie 
des racines«, e n f i n , e s t à comprendre c o m m e la moitié du coefficient ou du nombre des 
r a c i n e s (on r e n c o n t r e s o u v e n t c e t t e même manière de s ' e x p r i m e r dans l e s s o u r c e s 
arabes) . Avec ces e x p l i c a t i o n s , la première sect ion de la procédure se l a i s s e f a c i l e m e n t 
t r a d u i r e en s y m b o l e s modernes: 

ou b i e n , a v e c Y = x 2 

Vy-oo-Vy ) = 2 1 => ioVy -y = 2 1 => ioVy = 2 1 +Y 

Ce qui se passe après est d'un s t y l e différent e t correspond plutôt à une s o l u 
t i o n s u i v a n t une f o r m u l e f i x e : 

En d 'autres m o t s , la dernière p a r t i e de la procédure f a i t usage d'un algorithme 
standardisé. 

De f a i t , c e t a l g o r i t h m e a déjà été exposé dans un c h a p i t r e précédent, où l'on 
t r o u v e cec i : 

trésor et nombre égalent racines: c 'est c o m m e si t u d i s , «un trésor e t v ingt e t un 
en n o m b r e s égalent d ix r a c i n e s du même trésor». C'est-à-dire, q u e l s e r a l e 
m o n t a n t du trésor q u i , quand on y a j o u t e v i n g t e t un d i r h e m s , égale l'équivalent 
de dix r a c i n e s du même trésor? Solut ion: D iv ise en deux les r a c i n e s ; l a moitié e s t 
c inq . M u l t i p l i e - l e p a r lui-même; i l en a d v i e n t v i n g t - c i n q . Enlèves-en l e v i n g t e t 
un associé a v e c l e trésor; l e r e s t e e s t q u a t r e . E x t r a i s sa r a c i n e , c ' e s t deux. 
Enlève-le de l a moitié des r a c i n e s , qui es t c inq; r e s t e t r o i s . Ceci e s t l a r a c i n e du 
trésor que t u d e m a n d a i s e t l e trésor e s t neuf. Ou t u peux a j o u t e r l a r a c i n e à la 
moitié des r a c i n e s ; ce sera sept ; c 'est la rac ine du trésor que tu d e m a n d a i s e t l e 
trésor lui-même e s t q u a r a n t e - n e u f . 
Quand t u r e n c o n t r e s un e x e m p l e qui t e conduit à ce c a s - c i , e s s a i e la s o l u t i o n par 
a d d i t i o n , e t s i c e l a n'aide pas , l a s o u s t r a c t i o n s e r v i r a c e r t a i n e m e n t . P a r c e que 
dans ce cas addi t ion aussi bien que soust rac t ion peut être employée, ce qui ne vaut 
aucun a u t r e des t r o i s cas où i l f a u t d i v i s e r en deux l es r a c i n e s . 3 

Les t r o i s «cas» en quest ion sont les équations du deuxième degré è t r o i s 
m e m b r e s , nommées l e «quatrième», «cinquième» e t «sixième cas». «Trésor e t n o m 
bre égalent racines» en est le cinquième. Le quatrième es t décrit de c e t t e manière: 

Racines et trésor égalent nombre; c 'es t c o m m e si t u d i s , «un trésor e t d ix r a 
c i n e s du même, égalent t r e n t e - n e u f dirhems»; c'est-à-dire, quel s e r a l e trésor 
q u i , quand on l ' augmente de dix de ses propres r a c i n e s , se m o n t e à t r e n t e - n e u f ? 

3 Traduction anglaise Rosen 1831: 11 f, collationnée ovec et corrigée d'après les traduc
tions latine et russe. 

x ( 1 0 - x ) = 2 1 => 1 O x - x 2 = 2 1 => 1 0 x = 2 1 + x 2 

V 

ax = b+x 
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La s o l u t i o n e s t c e l l e - c i : T u d i v i s e s en deux l e s r a c i n e s , ce qui dans l a q u e s t i o n 
présente donne cinq. T u m u l t i p l i e s ceci par lui-même; ce sera v i n g t - c i n q . A j o u t e 
c e c i à t r e n t e - n e u f ; l a s o m m e e s t s o i x a n t e - q u a t r e . P r e n d s - e n m a i n t e n a n t l a r a 
c i n e , qui e s t h u i t , e t enlèves-en l a moitié des r a c i n e s , qui e s t c i n q ; r e s t e t r o i s . 
C'est l a r a c i n e du trésor que t u chercha is ; l e trésor lui-même e s t n e u f . 4 

Le d e r n i e r c a s «où i l f a u t d i v i s e r en deux l e s racines» ( l e sixième c a s ) e s t 
évidemment «racines e t nombre égalent trésor», qui possède son p r o p r e a l g o r i t h m e 5 . 
Ces t r o i s cas complexes sont précédés de t r o i s cas plus s i m p l e s , à s a v o i r «trésor égale 
d e s racines», «trésor égale des nombres» e t «racines égalent nombre», où l 'on ne 
t r o u v e pas d ' a l g o r i t h m e p r o p r e m e n t d i t , m a i s où les so lu t ions données sont regardées 
c o m m e ( e t sont en e f f e t ) i n t u i t i v e m e n t évidentes. 

Après a v o i r formulé e t illustré les d ivers a l g o r i t h m e s pour résoudre l e s t r o i s 
équations c o m p l e x e s , a l - K h w 5 r i z m T donne e n f i n des p r e u v e s géométriques que ses 
a l g o r i t h m e s sont c o r r e c t s . Le cas l e plus s i m p l e es t ce lu i où «un trésor e t dix r a c i n e s 
égalent t r e n t e - n e u f dirhems»: 

La f i g u r e pour e x p l i q u e r cec i es t un carré 6 , dont l es côtes sont inconnus. I l r e 
présente l e trésor, l e q u e l , e t la rac ine duquel , tu demandes è connaître. Ceci e s t 
la s u r f a c e AB, dont chaque côté peut être considéré c o m m e une de ses r a c i n e s ; e t 
si t u m u l t i p l i e s un de ces côtés par un nombre quelconque, a l o r s le m o n t a n t de ce 
n o m b r e peut être regardé c o m m e le nombre de r a c i n e s qui e s t ajouté au trésor. 
Chaque côté du carré représente la rac ine du trésor; e t , c o m m e dans ce c a s , d ix 
r a c i n e s étaient associées avec le trésor, nous pouvons prendre un quar t des d ix , à 
s a v o i r deux e t d e m i , e t f a i r e de chaque q u a r t e n s e m b l e avec un des côtés de l a 
s u r f a c e une s u r f a c e . Donc, avec l a s u r f a c e o r i g i n a l e A B , q u a t r e n o u v e l l e s s u r 
f a c e s égales sont combinées, chacune ayant une rac ine c o m m e longueur, e t deux e t 
demi c o m m e la rgeur ; ce sont les sur faces C, G , T e t K. Nous avons m a i n t e n a n t une 
s u r f a c e a côtés égaux e t également i n c o n n u s , m a i s à l a q u e l l e i l m a n q u e dans 
chacun des q u a t r e co ins une pièce de deux e t d e m i multiplié p a r deux e t d e m i . 
P o u r c o m p e n s e r ce défaut e t compléter la s u r f a c e carrée i l f a u t a j o u t e r q u a t r e 
f o i s deux e t d e m i multiplié p a r lui-même, c'est-à-dire, v i n g t - c i n q . Nous savons 
que l a première s u r f a c e , à s a v o i r , l a s u r f a c e représentant l e trésor, en même 
t e m p s que l e s quat re s u r f a c e s qui l 'entourent e t qui représentent les d ix r a c i n e s , 
égalent t r e n t e - n e u f en nombres . Si à c e l a nous a j o u t o n s v i n g t - c i n q , ce qui e s t 
l'équivalent des q u a t r e carrés aux coins de la s u r f a c e AB p a r l e s q u e l s l a grande 
s u r f a c e DH e s t complétée, a l o r s nous savons que c e l a f a i t e n s e m b l e s o i x a n t e -
q u a t r e , e t qu'un de ses côtés e s t sa r a c i n e , c'est-à-dire h u i t . S i nous e n l e v o n s 
deux f o i s un q u a r t de d ix , c'est-à-dire c inq , de h u i t , c o m m e des deux extrémités 
du côté de l a grande s u r f a c e , c'est-à-dire l a s u r f a c e DH, a l o r s l e r e s t e d'un t e l 
côté s e r a t r o i s ; cec i es t le côté de la s u r f a c e o r i g i n a l e AB ou la r a c i n e du trésor. 
I l f a u t o b s e r v e r que nous n'avons divisé les dix rac ines et ajouté à t r e n t e - n e u f l e 
p r o d u i t de l a moitié multipliée p a r elle-même que pour compléter l a g r a n d e 
f i g u r e dans ses q u a t r e co ins; parce qu'un quar t d'un nombre quelconque multiplié 
p a r lui-même e t après p a r q u a t r e , égale l e p r o d u i t de l a moitié de ce n o m b r e 
multipliée p a r elle-même. Pour c e t t e r a i s o n nous avons s e u l e m e n t multiplié l a 

4 T r a d u c t i o n a n g l a i s e R o s e n 1 8 3 1 : 8 , collationnée a v e c e t corrigée d'après l e s t r a d u c t i o n s 

l a t i n e e t r u s s e . 
5 Puisqu'al -KhwârizmT n e considère q u e l e s n o m b r e s p o s i t i f s , l e s s e u l e s équations n o r m a 

l i sées è t r o i s m e m b r e s possédant d e s s o l u t i o n s s o n t x2 + a x = b, x2 * b = a x et x2 = ÔX + b. 
6 L e m o t a r a b e e s t murabbd', l i t t é r a l e m e n t «[ f igure] è q u a t r e [côtés]»; q u a n d l e s A r a b e s 

o n t ass im i lé l a géométr ie g r e c q u e , i l s l ' o n t employé e n p a r t i c u l i e r a u s e n s d e «quadr i l a tè re 

r é g u l i e r » o u « c a r r é » . 509 
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moitié des r a c i n e s p a r elle-même, au l i e u de m u l t i p l i e r l e q u a r t p a r lui-même 
e t après par qua t re . Ceci es t la f igure: 

G 

c 

A 

B 

K 

T 

F i g u r e 1 

I l y a une a u t r e f i g u r e qui condui t à la même chose. C'est l a s u r f a c e A B , qui r e 
présente l e trésor. Nous voulons donc l u i a j o u t e r ses d ix r a c i n e s . P o u r ce f a i r e 
nous d i v i s o n s l e s d i x en deux , ce qui d e v i e n t c i n q , e t nous c o n s t r u i s o n s deux 
s u r f a c e s s u r deux côtés d'AB, à s a v o i r l e s s u r f a c e s G e t D, dont l e s l o n g u e u r s 
égalent c i n q , ce qui es t la moitié des dix r a c i n e s , t a n d i s que la l a r g e u r de chacun 
d'eux égale le côté du carré AB. A l o r s cinq sur cinq nous manque opposé au co in de 
AB: ce c inq étant c e t t e moitié des dix rac ines que nous avons ajoutées à deux des 
côtés de la première sur face . Nous savons donc que la première s u r f a c e , qui es t le 
trésor, e t l es deux sur faces sur ses côtés, qui sont l es dix r a c i n e s , f o n t e n s e m b l e 
t r e n t e - n e u f . P o u r compléter l a grande s u r f a c e en carré, seul c inq s u r c i n q f a i t 
défaut, ou v i n g t - c i n q . Nous a joutons ceci à t r e n t e - n e u f , pour compléter l a grande 
s u r f a c e SH. La s o m m e e s t s o i x a n t e - q u a t r e . Nous e x t r a y o n s sa r a c i n e , h u i t , qui 
e s t un des côtés de l a grande sur face . En lui e n l e v a n t l a même quantité que nous 
l u i a v o n s ajoutée antérieurement, à s a v o i r c i n q , nous o b t e n o n s t r o i s c o m m e 
r e s t e . Ceci es t l e côté de la sur face AB, qui représente le trésor; c'est l a r a c i n e de 
ce trésor e t l e trésor lui-même est neuf. Ceci es t la f i g u r e : 7 

G 

B 

25 D 

F i g u r e 2 

7 T r a d u c t i o n a n g l a i s e R o s e n 1 8 3 1 : 1 3 - 1 6 , col lat ionnée a v e c e t corr igée d'après l e s t r a 

ctations l a t i n e e t r u s s e . 
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Nous a v o n s vu i c i l e s t r o i s c o m p o s a n t e s de l'algèbre a l - K h w S r i z m i e n : l e s 
problèmes c o m p l e x e s sont réduits aux «cas» fondamentaux moyennant des t e c h n i q u e s 
d i t e s «rhétoriciennes», c'est-à-dire des t r a n s f o r m a t i o n s ana logues à nos t r a n s f o r 
m a t i o n s s y m b o l i q u e s , m a i s u t i l i s a n t des n o m s , des m o t s e t des p h r a s e s complètes. 
C o m m e c ' e s t l e cas pour l e s t r a n s f o r m a t i o n s s y m b o l i q u e s l e s procédures rhétor i 
c iennes sont ( i n t u i t i v e m e n t ) l e u r s propres preuves. Les équations f o n d a m e n t a l e s sont 
résolues au m o y e n d ' a l g o r i t h m e s f i x e s , eux-mêmes proposés sans aucun a r g u m e n t en 
dépit de l e u r impénétrabilité pour l ' i n t u i t i o n immédiate. E n f i n , des démonstrations 
géométriques de la jus tesse des a lgor i thmes sont données. 

P l u s i e u r s o b s e r v a t i o n s peuvent êtres f a i t e s s u r l e s t e x t e s cités. D'abord, l e s 
démonstrations géométriques ne concernent en vérité que des e x e m p l e s spécifiques, 
b ien que l a généralisation aux cas parallèles es t évidente. De p lus , e l l e s sont «naïves»: 
Si on les compare aux démonstrations analogues dans l e l i v r e II des Éléments d 'Eucl ide, 
on r e m a r q u e qu' i l n'y a pas de doute pour al-KhwârizmT que, par e x e m p l e , l e s f i g u r e s 
qui f o n t défaut dans les coins des grands carrés sont , e l l e s auss i , des carrés; tou t ce qui 
«se voit» immédiatement est accepté. Deux signes seu lement d ' inspirat ion grecque sont 
présents: l ' u t i l i s a t i o n de l e t t r e s pour désigner l e s f i g u r e s e t l ' emplo i de l a première 
personne p l u r i e l au l i e u des f o r m e s v e r b a l e s p r e s c h p t i v e s . 

Deuxièmement, i l f a u t r e m a r q u e r que seu les l es démonstrations sont géomé
t r i q u e s . Le «trésor» e s t un nombre e t sa r a c i n e de même 8 . A p p a r e m m e n t , a l -
Khwârizmï p r e n d g r a n d so in d ' e x p l i q u e r encore e t e n c o r e que le carré des démons
t r a t i o n s représente le trésor; évidemment les deux appar t iennent è des catégories t o u t 
à f a i t différentes. De même, l e s «choses» e t «racines» désignent des n o m b r e s e t l e s 
t r a n s f o r m a t i o n s rhétoriciennes sont d 'ordre p u r e m e n t arithmétique. Après une i n 
t r o d u c t i o n dédicatoire au C a l i f e , en f a i t , l 'oeuvre c o m m e n c e avec l ' e x p l i c a t i o n s u i 
van te : 

Quand j e considérais ce dont l es gens ont n o r m a l e m e n t besoin dans l e domaine du 
c a l c u l , j e t r o u v a i que c'était t o u j o u r s un nombre . 
[...I 
J ' o b s e r v a i que les nombres qui sont nécessaires pour c a l c u l e r p a r al-§ebr wel-
muqâbaJah sont de t r o i s s o r t e s , à s a v o i r , r a c i n e s , trésors e t n o m b r e s s i m p l e s 
sans regard ni à rac ine ni à trésor. 

8 C e c i n ' e s t p a s t o u t è f a i t c l a i r d a n s l a p l u p a r t d e s t r a d u c t i o n s c o u r a n t e s . R o s e n , p a r 

e x e m p l e , t r a d u i t mal p a r «square» e t murabba' par «quadra te» , c e q u i p e u t a isément c o n 

d u i r e à d e s interprétat ions géométriques m a l fondées d u p r e m i e r t e r m e . 

L e s e n s numérique e t quasi -monétaire du t e r m e mal c o r r e s p o n d p a r f a i t e m e n t à s o n e m p l o i 

d a n s l e s problèmes d u p r e m i e r degré, d u t y p e «Si t u a j o u t e s è u n t résor s a m o i t i é ; s i t u 

a j o u t e s u n q u a r t d u r é s u l t a t ; s i e n f i n t u enlèves u n d ix ième d u t o t a l : a l o r s 11 t e r e s t e 2 0 

d i r h e m s . Q u e l e s t l e m o n t a n t d u t résor?» (a l -Kera j ï , Kâfî fî'1-bisëb l x x , t r a d u c t i o n a l l e m a n d e 

H o c h h e i m 1 8 7 8 : I I I , 1 4 ) . C h e z c e r t a i n s h i s t o r i e n s d e s mathémat iques c e l a a c o n d u i t è d e s 

c o n f u s i o n s a m u s a n t e s . A i n s i , c o n n a i s s a n t m i e u x l'algèbre médiévale q u e l e s problèmes s u r l e s 

t r a n s a c t i o n s c o m m e r c i a l e s , L i b r i ( 1 8 3 8 : I , 3 0 4 f f ) a trouvé l e t e r m e census Oa t r a d u c t i o n 

é t a b l i e d u mal) d a n s u n Liber augmenti et diminutionis n e c o n t e n a n t q u e d e s problèmes d u 

p r e m i e r degré résolus a u m o y e n d e l a méthode d e s «fausses posit ions»: i l considère l a t e r 

m i n o l o g i e «confondue», m a i s t r a d u i t systématiquement l e m o n t a n t monétaire i n c o n n u c o m m e 

x2, b i e n q u e l e p l u s s o u v e n t c e l a c o n d u i r a à u n x i r r a t i o n n e l ( e t q u e , b i e n sûr, l e x supposé 

n ' e s t n i demandé ni j a m a i s trouvé). 

O n p e u t r e m a r q u e r q u e l e t e r m e a r a b e mal c o r r e s p o n d a u t e r m e â n c o u p o ç employé d a n s 

c e r t a i n s problèmes gréco-égypt iens d u p r e m i e r degré ( P a p y r u s Akhmîm, éd. B e u l e t 1 8 9 2 : 

8 6 f f ) . 
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Une r a c i n e es t une quantité quelconque qui s e r a multipliée par elle-même, c o n 
s i s t a n t en unités ou nombres ascendants ou f r a c t i o n s descendantes. 
Un trésor es t l e m o n t a n t t o t a l d'une rac ine multipliée p a r elle-même. 
Un n o m b r e s i m p l e e s t un nombre que lconque qui peut être prononcé sans ré fé 
r e n c e è r a c i n e ou trésor. 9 

Le traité d'al-KhwârizmT e s t l e p r e m i e r à nous être p a r v e n u dans t o u t e son 
étendue. M a i s al-KhwârizmT n'a pas été l e seul è son époque è écrire s u r l e s u j e t . En 
e f f e t , un c e r t a i n ibn T u r k , p lus ou m o i n s son c o n t e m p o r a i n , a écrit un traité du même 
t i t r e , dont un seul c h a p i t r e a survécu 1 0, contenant des démonstrations très proches de 
c e l l e s d'al-KhwârizmT, m a i s a p p a r e m m e n t indépendantes des s i e n n e s (d'après des 
critères t e r m i n o l o g i q u e s ) . Les f o r m u l a t i o n s s o n t un peu p l u s raffinées, m a i s l e s 
démonstrations sont au fond du même caractère «naïf» que c e l l e s d'al-Khwârizmî. Les 
différences l e s p lus g r a n d e s sont peut-être, premièrement, q u ' i b n T u r k donne une 
démonstration géométrique pour l e cas s i m p l e «trésors égalent des racines»; deuxiè
m e m e n t qu' i l ne donne pas la première des démonstrations du cas «trésors e t r a c i n e s 
égalent nombre» (ce lu i u t i l i s a n t q u a t r e r e c t a n g l e s supplémentaires); troisièmement 
que ses cas m i x t e s p a r l e n t t o u j o u r s d'un seul trésor, t a n d i s qu'al-KhwSrizmï en p a r l e 
a u p l u r i e l ( m a i s présuppose, a v a n t de d o n n e r l ' a l g o r i t h m e , que l'équation a u r a été 
normalisée). 

Un demi-siècle peut-être après al-KhwârizmT, Thâblt ibn Q u r r a (c . 8 3 4 è 
9 0 0 ) a écrit un p e t i t traité avec des démonstrations géométriques sur l a j u s t e s s e des 
méthodes des «gens d'algèbre» 1 1. Une f o i s e n c o r e , i l s ' a g i t des a l g o r i t h m e s utilisés 
pour résoudre l e s équations m i x t e s normalisées. T h S b i t p a r l e des cas f o n d a m e n t a u x 
c o m m e le f a i t ibn T u r k , avec un seul trésor. Ses p r e u v e s sont e u c l i d i e n n e s e t c o n s i s 
t e n t , en f a i t , en réductions aux théorèmes 11.5 e t 11.6 des Éléments. I l ne d i t m o t de 
l ' e x i s t e n c e de démonstrations géométriques d'un a u t r e s t y l e - évidemment, Ql-gobr 
p o u r Thâblt ( l e nom qu' i l u t i l i s e pour t o u t e l a d i s c i p l i n e ) ne s ' i d e n t i f i e pas a v e c l e 
l i v r e d'al-KhwârizmT; c 'est une t e c h n i q u e a p p a r t e n a n t à t o u t un groupe de p r a t i c i e n s 
des mathématiques. Ce qui l es caractérise, c 'est l ' app l ica t ion des algorithmes fixes, e t 
c 'est à ces a l g o r i t h m e s qu'il t rouve des j u s t i f i c a t i o n s euc l id iennes . 

Al-KhwSrizmî lui-même, en f a i t , nous i n f o r m e qu ' i l n'a pas inventé l a d i s 
c i p l i n e . Dans l ' i n t roduc t ion dédicatoire i l r aconte que le C a l i f e l'a encouragé à 

«composer un b r e f traité sur l e c a l c u l p a r QhQabret dhmuqâbdleh, réduit à ce 
qui e s t b r i l l a n t e t d ' i m p o r t a n c e dans l e s arithmétiques utilisées c o n s t a m m e n t 
dans les a f f a i r e s d'héritages e t l es l e g s , dans l e s p a r t a g e s e t l es procès, dans l e 
c o m m e r c e e t dans t o u t e s leurs a f f a i r e s d 'arpentage des t e r r e s , de c r e u s e m e n t de 
canaux, de ca lcu ls géométriques et d 'autres choses variées de p a r e i l l e sorte» 1 2 . 

Ce qui es t «d'importance dans l es arithmétiques utilisées [...)» e s t traité dans 
l e s deux d e r n i e r s t i e r s du traité: La règle de t r o i s , l ' a r p e n t a g e e t l e c a l c u l des hér i 
t a g e s ( f a i t p a r algèbre rhétoriclenne du p r e m i e r degré). Le p r e m i e r t i e r s , l'algèbre 
de deuxième degré, e s t i n u t i l i s a b l e e t do i t donc a p p a r t e n i r à la catégorie du «brillant» 
ou «agréable» Uatîf). En tou t cas , l es deux catégories e x i s t e n t déjà, la «brillante» non 
m o i n s que l ' u t i l i t a i r e , e t al-KhwârizmT n'a f a i t «que» p r o d u i r e une o e u v r e de s y n -

9 T r a d u c t i o n a n g l a i s e R o s e n 1 8 3 1 : 5 , col lat ionnée a v e c e t corr igée d'après l e s t r a d u c t i o n s 

l a t i n e e t r u s s e . 
1 0 Éd., t r a d . S a y i l i 1 9 6 2 . 
1 1 Éd., t r a d . L u c k e y 1 9 4 1 . 
1 2 T r a d u c t i o n a n g l a i s e R o s e n 1 8 3 1 : 3 , collationnée a v e c l a t r a d u c t i o n r u s s e ( l ' i n t r o d u c t i o n 

5151 o m i s e p a r Gérard d e Crémone) e t a v e c c o r r e c t i o n s inspirées p a r R u s k a 1 9 1 7 : 5 . 



«ALGÈBRE D'AL-ÖABR» E T «ALGÈBRE D'ARPENTAGE» 89 

thèse des d i s c i p l i n e s e t t e c h n i q u e s des c a l c u l a t e u r s p r a t i q u e s , y c o m p r i s l a s u p e r 
s t r u c t u r e «pure». 

C e t t e dernière e x p r e s s i o n nécessite une e x p l i c a t i o n . La sagesse c o n v e n t i o n 
n e l l e d i s t i n g u e l e s mathématiques «appliquées» ou «pratiques», a u j o u r d ' h u i l e d o 
m a i n e des ingénieurs et des c o m p t a b l e s e t avant l'ère m o d e r n e de d i v e r s «praticiens 
mathématiques», e t l e s mathématiques «pures» ou «scientifiques» inventées par l e s 
G r e c s e t l e d o m a i n e des v r a i s mathématiciens. P a r l e r d'une s u p e r s t r u c t u r e «pure» 
a p p a r t e n a n t aux p r a t i c i e n s peut donc surprendre . En f a i t , p o u r t a n t , t o u t g roupe p r o 
f e s s i o n n e l de c a l c u l a t e u r s tend à produi re une t e l l e s u p e r s t r u c t u r e : des problèmes qui 
r e s s e m b l e n t f o r m e l l e m e n t aux problèmes rencontrés dans la v ie p r o f e s s i o n n e l l e , m a i s 
qui demandent p lus d'ingéniosité que les tâches de tous les j o u r s . C e t t e s u p e r s t r u c t u r e 
r e m p l i t t o u t e une g a m m e de fonct ions: l'entraînement des a p p r e n t i s ; l ' amusement e t l a 
récréation; e n f i n , l ' a f f e r m i s s e m e n t de l'identité e t la solidarité p r o f e s s i o n n e l l e . 

L ' i m p o r t a n c e de l ' a m u s e m e n t dans l ' e n s e i g n e m e n t mathématique e s t b i e n 
connus de tous l e s pédagogues qui ne c r o i e n t pas , c o m m e l es anc iens maîtres d'école 
égyptiens, que «l'écolier écoute le mieux avec son dos». Le rôle de la récréation pour 
l ' identité p r o f e s s i o n n e l l e peu t paraître p lus s u r p r e n a n t e . Néanmoins, on en p a r l e 
p a r f o i s dans l e s s o u r c e s ; les f o r m u l e s peuvent être «dis-moi, si t u es un c a l c u l a t e u r 
a c c o m p l i , c o m b i e n [...]», i n d i q u a n t que l e problème e s t une énigme qui ne p e u t être 
résolue que p a r l e s m e m b r e s ( l e s v r a i s m e m b r e s ! ) de l a p r o f e s s i o n ; ou b i e n 
«comment t r o u v e r , è l'ébahissement des non-initiés, [...]». N o r m a l e m e n t , b i e n sûr, 
on ne t r o u v e pas de t e l l e s e x p l i c a t i o n s dans les anciennes c o l l e c t i o n s de problèmes de 
récréation. Les m i l i e u x de p r a t i c i e n s , en e f f e t , ne nous ont pas laissé des écrits; l e u r 
e n s e i g n e m e n t e t l e u r s a m u s e m e n t s p r o f e s s i o n n e l s étaient, s i n o n o r a u x , du m o i n s 
supportés par des écrits éphémères. Les recue i ls ont été f a i t s par des mathématiciens, 
des s a v a n t s ou des a n t i q u i s t e s e t ont à peu près l e même r a p p o r t a v e c l e u r o r i g i n e 
p ro fess ionne l l e que les nouvel les de Boccaccio, les contes de P e r r a u l t e t les fab les de la 
F o n t a i n e avec l es t r a d i t i o n s o ra les popula i res d'où i l s prennent une p a r t i e appréciable 
de l e u r matière. 

Dans q u e l q u e s cas r a r e s , l a s i t u a t i o n a été différente. Dans l a B a b y l o n i e de 
l'époque de H a m m u r a p i e t dans l 'Egypte du deuxième millénaire a v a n t J.C. , l'éducation 
d e s scribes ( p o u r qui l e c a l c u l était non m o i n s i m p o r t a n t que l'écriture) était du 
r e s s o r t d'une école b ien organisée e t institutionnalisée. Là, l'écriture était employée 
pour f i x e r e t systématiser les méthodes de calcul mathématique. Dans ce cas , p o u r t a n t , 
c o m m e dans c e l u i des «énigmes pour calculateurs» des t r a d i t i o n s o r a l e s , l e s p r o 
blèmes sont sélectionnés ou c o n s t r u i t s a f i n de f a i r e e m p l o y e r les méthodes e x i s t a n t e s ; 
c 'est que l e but des problèmes es t ou de démontrer ce qu'on peut faire avec le stock de 
méthodes possédées par la profession ou d 'exercer ces méthodes chez l e s a p p r e n t i s ou 
écoliers. Donc, l es méthodes ont la primauté et les problèmes en sont dérivés. 

Dans l e s mathématiques «scientifiques», c'est-à-dire de t r a d i t i o n g r e c q u e , 
ces rôles r e s p e c t i f s des méthodes e t des problèmes sont inversés. Ici ( c o m m e n a t u r e l 
l e m e n t dans l a vraie pratique des c a l c u l a t e u r s p r o f e s s i o n n e l s ) l e s problèmes son t 
p r i m a i r e s e t , si l es méthodes p e r m e t t a n t l eur s o l u t i o n n 'ex is ten t pas déjà, i l f a u t l e s 
i n v e n t e r . P o u r c e t t e r a i s o n , j ' a i essayé 1 3 d ' i n t r o d u i r e l e t e r m e «sous-scientifique» 
p o u r l e s a v o i r des p r o f e s s i o n s p r a t i q u e s pré-modernes, c o m m e p a r e x e m p l e des c a l 
c u l a t e u r s : un t e r m e qui l e d i s t i n g u e du s a v o i r c o m m e but en soi-même de l a p h i l o s o 
p h i e e t des mathématiques g r e c q u e s , m a i s qui en même t e m p s ind ique qu' i l n 'est pas 
r e s t r e i n t à une c o l l e c t i o n de r e c e t t e s t r a n s m i s e s sans compréhension ni a m b i t i o n i n 
t e l l e c t u e l l e . 

1 3 P a r e x e m p l e d a n s m e s [ 1 9 8 7 ] e t [ 1 9 9 0 e ] . 513 
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L'algèbre du deuxième degré e s t donc l e n i v e a u pur e t i n u t i l i s a b l e du c a l c u l 
p r a t i q u e de l ' e n t o u r a g e d ' a l - K h w S r i z m T , nécessitant un hau t n i v e a u d'ingéniosité en 
c a l c u l p r a t i q u e ; en b r e f l e n iveau «brillant». A p p a r e m m e n t , c 'est ce n iveau s e u l e m e n t 
qui e s t désigné dl-gebr, à en c r o i r e l ' i n t r o d u c t i o n , s e l o n l a q u e l l e Ql-gebr WQ'1-
muqëbâlâh s 'occupe de «trésors», «racines» e t «nombres simples» (une a u t r e s o u r c e 
citée p lus bas p o u r r a i t p o u r t a n t i n d i q u e r que l'algèbre rhétoricienne de l a «chose» y 
a p p a r t i e n t a u s s i ) . En c o m b i n a n t l e s témoignages d ' a l - K h w 5 r i z m T , d ' ibn T u r k e t de 
T h S b i t ibn Qur ra nous pouvons conclure que c e t t e d i s c i p l i n e r e p o s a i t sur une t r a d i t i o n ; 
qu 'e l le c o m p r e n a i t l es réductions rhétoriciennes aux cas fondamentaux e t la so lu t ion de 
ces cas au moyen d 'a lgor i thmes f i x e s ; f i n a l e m e n t , que l es démonstrations géométriques 
de l a j u s t e s s e de ces a l g o r i t h m e s n'y appar tena ient pas. 

D 'au t re p a r t p o u r t a n t , l es démonstrations naïves f u r e n t t r a d i t i o n n e l l e s e l l e s 
a u s s i . C o m m e n t e x p l i q u e r sans c e l a que l e s mêmes démonstrations f u r e n t utilisées 
Indépendamment par a l - K h w S r i z m T e t ibn T u r k , en dépit de l e u r déviation des n o r m e s 
e u c l i d i e n n e s b ien connues d'eux - l 'usage de l e t t r e s pour désigner l e s p a r t i e s des f i 
gures géométriques e s t une i m p o r t a t i o n grecque e t des collègues d'al-KhwârizmT è l a 
cour du C a l i f e ont t r a d u i t e t commenté l es Éléments e t d 'aut res oeuvres grecques . De 
p l u s , al-Khw§rizmT nous r a c o n t e i n d i r e c t e m e n t qu ' i l n'a pas inventé c e s p r e u v e s 
géométriques lui-même. Après la présentation des cas fondamentaux e t des a l g o r i t h m e s 
c o r r e s p o n d a n t s e t après l e s démonstrations v iennent des e x p l i c a t i o n s d'un n o m b r e de 

règles arithmétiques, p a r m i e l l e s l e s réductions ( 2 0 - V 2 0 0 ) + ( V 2 0 0 - 1 0 ) = 1 0 , 

( 2 0 - V T O Ô ) - ( V ^ ? ^ - l O ) = 3 0 - 2 V 2 Ô O e t ( 5 0 + 1 0 r - 2 t ) + ( 1 0 0 + t - 2 0 r ) = 1 5 0 - t -
l O r ( r = r a c 1 n e , t=trésor). P o u r l e s deux p r e m i e r s , des démonstrations géométriques 
sont données, d'un s t y l e a s s e z différent des démonstrations montrées p lus haut ( l e s 
n o m b r e s sont représentés par des s e g m e n t s coupés sur des d r o i t e s ) ; pour l e troisième 
c a s , a l - K h w 5 r i z m T e x p l i q u e , 

l'on ne peut c o n s t r u i r e aucune f i g u r e , parce qu'i l y a t r o i s différentes espèces, è 
v o i r trésors, r a c i n e s e t n o m b r e s , e t r i e n qui y c o r r e s p o n d e t p a r quoi i l s 
p o u r r a i e n t être représentés. En e f f e t nous av ions imaginé une f i g u r e pour ce cas 
a u s s i , m a i s e l l e n'était pas s u f f i s a m m e n t c la i re . 
L ' e x p l i c a t i o n p a r des m o t s e s t très s i m p l e [ . . . ] 1 4 

e t donnée p a r l e s t e c h n i q u e s rhétoriciennes coutumières. En ce qui c o n c e r n e ces dé
m o n s t r a t i o n s géométriques-ci, al-Khwârizmï les a donc c o n s t r u i t e s lui-même, t a n d i s 
que l es précédentes sont présentées comme ex is tan t déjà. 

II. Le Liber mensurationum 

B i e n sûr, des a r g u m e n t s qui r e p o s e n t s u r la t o u r n u r e précise d e s p h r a s e s 
c o n d u i s e n t aisément à l 'er reur . Sans a u t r e témoignage, l a préexistence des t e c h n i q u e s 
de géométrie naïve r e s t e r a i t une hypothèse. H e u r e u s e m e n t , i l e x i s t e encore un traité 
de mathématique qui éclaircit l a question de façon inat tendue. 

M a l h e u r e u s e m e n t , p o u r t a n t , l e trai té en q u e s t i o n n 'est connu qu 'en 
t r a d u c t i o n l a t i n e 1 5 - une t r a d u c t i o n f a i t e p a r Gérard de Crémone dans l a deuxième 

1 4 T r a d u c t i o n a n g l a i s e R o s e n 1 8 3 1 : 3 4 , col lat ionnée a v e c e t corr igée d'après l e s t r a d u c 

t i o n s l a t i n e e t r u s s e . 
1 5 Édi t ion c r i t i q u e p a r B u s a r d ( 1 9 6 8 ) . 11 s e p e u t q u ' i l e x i s t e d e s m a n u s c r i t s a r a b e s n o n 

p u b l i é s . R o s h d i R a s h e d ( c o m m u n i c a t i o n p e r s o n n e l l e f a i t e l o i n d e s s o u r c e s ) p e n s e e n a v o i r v u s 
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moitié du douzième siècle e t , s e m b l e - t - 1 1 , très littérale, c o m m e le sont d 'habitude ses 
t r a d u c t i o n s . 

L 'au teur du traité e s t un c e r t a i n Abu Bakr ; m a i s , du f a i t qu' i l en e x i s t e 
p a r t o u t dans l e monde i s l a m i q u e e t à t o u t e s l es époques, c e l a ne nous a ide guère pour 
s i t u e r l e trai té dans l e t e m p s ou dans l 'espace . D ' a u t r e p a r t , l e s t r a d u c t e u r s l a t i n s 
n'ont trouvé que très peu de t r a v a u x récents en Espagne au douzième siècle; pour c e t t e 
r a i s o n , 11 s e m b l e r a i s o n n a b l e de supposer une o r i g i n e au neuvième ou dixième siècle. 
Des considérations de v o c a b u l a i r e 1 6 suggèrent une d a t e pas t r o p différente de c e l l e s 
d ' a l - K h w S i i z m T e t d'ibn T u r k ; l a même chose vaut pour l e contenu mathématique. 

Le t i t r e l a t i n du traité e s t Liber mensurationum, «Traité d'arpentage». 
11 e s t composé de deux p a r t i e s , dont l a deuxième ( p r o p o s i t i o n s 6 5 - 1 5 8 ) e s t préci
sément ce que p r o m e t l e t i t r e , un traité dans la t r a d i t i o n Héronienne sur la m e s u r e des 
c h a m p s e t des corps - plus précisément, sur la détermination de l ' a i re e t du v o l u m e è 
p a r t i r des d i m e n s i o n s linéaires. La première p a r t i e , p o u r t a n t , c e l l e qui nous occupera 
i c i , e s t t o u t è f a i t différente. Un p r e m i e r c h a p i t r e ( p r o p o s i t i o n s 1 - 1 9 ) e s t consacré 
aux «quadrilatères èquilatèraux e t à a n g l e s droits». Des 19 p r o p o s i t i o n s , l e s deux 
premières s e u l e m e n t concernent réellement l ' a rpentage ( l a détermination de l ' a i re e t 
de l a d iagona le à p a r t i r du côté), t a n d i s que l e s numéros 10 e t 11 peuvent à la r i g u e u r 
être acceptés. T o u t e s l e s a u t r e s sont a r t i f i c i e l l e s e t a p p a r t i e n n e n t au d o m a i n e du 
«brillant». En abréviation s y m b o l i q u e (où c e s t l e côté, A l ' a i re e t d l a d i a g o n a l e ) l e s 
données sont les suivantes: 

3 . c + A = 1 1 0 
4 . 4 c + A = 1 4 0 
5 . A - 4 c = 6 0 

7 . 4 c = f A 

8 . 4 c = A 
9 . 4 c - A = 3 

1 0 . d = V 2 Ö Ö ; c = ? 

1 1 . d -=V2ÔÔ ;A = ? 
12. 4 c + A = 6 0 
1 3 . A - 3 c = 18 

1 4 . 4 c = ~ A ( t e x t e c o r r o m p u ) 

1 5 . A / d = 7 j 

1 6 . d - c = 4 
1 7 . d - c = 5 

e t p e n s e s e s o u v e n i r d e f i g u r e s a n a l o g u e s à c e l l e s ( m a n q u a n t e s d a n s l a v e r s i o n l a t i n e ) d o n t 11 

s e r a q u e s t i o n p l u s b a s . 

U n e étude a s s e z a p p r o f o n d i e d u t r a i t é s e t r o u v e d a n s m o n [ 1 9 8 6 ] , q u i e s t l e f o n d e m e n t d e 

b i e n d e s éléments d e l a présente étude. 
1 6 B i e n sûr, « W e r t e r m i n o l o g i e g e s c h i c h t l i c h e S t u d i e n a n H a n d e i n e r Übersetzung m a c h e n 

w i l l , d e m i s t d o c h n i c h t z u he l fen» («qui v e u t é tudier l ' h i s t o i r e d e s t e r m i n o l o g i e s p a r d e s 

t r a d u c t i o n s n e p e u t d e t o u t e façon ê t re sauvé»), c o m m e d i t N e u g e b a u e r ( M K T I I I , 5 ) . M a i s l a 

t r a d u c t i o n d e Gérard e s t a s s e z précise p o u r n o u s a s s u r e r qu'Abû B a k r e m p l o i e e n c o r e , même 

e n géomét r i e , l e m o t murabba'dans l e s e n s général d e « q u a d r i l a t è r e » s e u l e m e n t e t q u ' i l 

p a r l e d ' u n carré c o m m e d ' u n murabba' equilateral et è angles droits (Gérard a quadratum 

equilaterum et orthogonium), précisément c o m m e l e f a i t i b n T u r k . 515 
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1 8 . d = c + 4 

1 9 . A / d = 7 7 7 
1 4 

D'un p o i n t de vue m o d e r n e , l e s problèmes a r t i f i c i e l s sont des problèmes a l 
gébriques. P o u r v o i r c o m m e n t AbQ B a k r l e s considérait, nous pouvons r e g a r d e r son 
t r a i t e m e n t du numéro 3 , analogue au p r e m i e r cas m i x t e d ' a l - K h w S r l z m T : 

Si quelqu 'un t ' a u r a d i t : J 'a i additionné l e côté e t l ' a i r e e t ce qui en a d v i n t était 
1 1 0 1 7 . Combien e s t donc son côté? 

La méthode dans cec i sera que tu prends la moitié du côté c o m m e moitié et que t u 

la m u l t i p l i e s avec elle-même, dont adv ient"^ , ce que t u a j o u t e s à 1 1 0 . Ce s e r a 

1 1 0 ~ , dont t u prends l a r a c i n e , qui e s t 10^-, de l a q u e l l e t u enlèves l a moitié e t 

10 r e s t e r o n t qui es t le côté. V o i c i ! 
11 y a p o u r c e l a a u s s i un a u t r e m o d e se lon al-jebr qui e s t que t u poses l e côté 
c o m m e chose e t m u l t i p l i e s c e l l e - c i avec elle-même e t ce qui en a d v i e n t s e r a l e 
trésor qui sera l 'a i re . A j o u t e - l e donc au côté se lon ce que t u as posé e t ce qui en 
a d v i e n t s e r a un trésor e t une chose qui égalent 1 1 0 . A g i s donc se lon ce qu'on t 'a 
a p p r i s en oh§ebr]e, c'est-è-dire que t u d i v i s e s en deux l a chose e t t u l a m u l 
t i p l i e s avec elle-même e t ce qui en a d v i e n t t u l ' a j o u t e s è 1 1 0 ; t u prends l a r a 
c ine de ce que t u as additionné et t u l'enlèves de la moitié des rac ines . Ce qu'i l en 
r e s t e a lo rs sera le côté. 1 9 

Le problème peut donc être résolu s e l o n deux méthodes proclamées d i f fé 
r e n t e s , dont l a dernière e s t i d e n t i q u e è al-Qabr d'al-KhwârizmT, p a r l a n t de trésor e t 
choses e t u t i l i s a n t l ' a l g o r i t h m e f a m i l i e r du «quatrième cas» 2 0 . Comme dans l e passage 
cité d'al-KhwâYizmT, a u s s i , Abu B a k r exp l ique so igneusement que le trésor représente 
l ' a i r e du carré. P a r a d o x a l e m e n t , p o u r t a n t , l e s pas numériques sont l e s mêmes s e l o n 
l es deux méthodes. Ce qui manque à la première n'est a p p a r e m m e n t que les m o t s - c l e f s ; 
d ' au t re p a r t , e l l e a encore le mystérieux «voici». 

Le m o t l a t i n e s t «intellige». La t r a d u c t i o n «voici» peut paraître m a l fondée, 
m a i s s ' e x p l i q u e p a r une a u t r e t r a d u c t i o n Gérardienne. Dans un f r a g m e n t s u r l a c o n s 
t r u c t i o n de l 'heptagone, l a dernière p a r t i e c r i t i q u e une méthode a p p r o x i m a t i v e utilisée 
p a r l e s I n d i e n s ; en c o n c l u s i o n , l e t e x t e nous r a c o n t e que l e s I n d i e n s ne possèdent 
c o m m e démonstration de la validité de l e u r méthode que «l'invention intellige ergo»2]. 
C e l a , p o u r t a n t , correspond précisément à la manière répandue chez l es mathématiciens 
(ou l e s c o m m e n t a t e u r s ) i n d i e n s de c o n c l u r e la présentation d'une règle ou d'un a l g o 
r i t h m e p a r un e x e m p l e d ' a p p l i c a t i o n , souvent en guise de f i g u r e , i n t r o d u i t p a r l e m o t 

1 7 AbQ B a k r a p r o b a b l e m e n t écr i t s e s n o m b r e s e n t o u t e s l e t t r e s . M a i s p u i s q u e s u r c e p o i n t 

p r é c i s Gérard n ' e s t p a s l i t t é r a l ( o u , p lu tô t , u t i l i s e u n m a n u s c r i t q u i e s t c o r r o m p u è c e t 

égard) , mélangeant d e s n o m b r e s v e r b a u x , l e s c h i f f r e s «hindous» e t l e s c h i f f r e s r o m a i n s 

s a n s a u c u n système, j e t r a d u i r a i t o u t e n c h i f f r e s h i n d o u s . 
1 8 D ' a u t r e s p r o p o s i t i o n s e m p l o i e n t même d e s f o r m u l e s d u s t y l e « f a i s d o n c s e l o n c e q u i 

précède s u r l e quatr ième c a s û'âl-§obr». L e présent t r a i t é e s t d o n c écr i t c o m m e p i è c e - c o m 

p a g n e à u n e i n t r o d u c t i o n è Ql-Qâbrsimilaire è c e l l e d ' a l - K h w S r i z m T ( m a i s p r o b a b l e m e n t p a s 

I d e n t i q u e è c e l l e - l à , p u i s q u e l e m o t muqôboloh s e m b l e être employé d e manière d i f fé rente , c f . 

n o t e 2 4 ) . 
1 9 Éd. B u s a r d 1 9 6 8 : 8 7 . 

2 0 Gérard a dû r e m a r q u e r qu'Abû B a k r u t i l i s e l e t e r m e d e manière t rès spéc i f ique; c e c i 

d o i t ê t re l a r a i s o n p o u r l a q u e l l e 11 l e t r a d u i t oliobro e t n o n , c o m m e d ' h a b i t u d e ( e t c o m m e 11 l e 

f a i t l u i - m ê m e e n d ' a u t r e s o c c a s i o n s ) olgebra- c f . H u g h e s (éd.) 1 9 8 6 : 2 3 3 . 

516 21 Éd. C l a g e t t 1 9 8 4 : 5 9 9 . 
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nyësa, l ittéralement «on pose», «on écrit», «on trace» - en e f f e t , opérations e t f i 
gures étaient tracées s u r le s o l 2 2 ; c e t t e a p p l i c a t i o n ou f i g u r e f o n c t i o n n e a l o r s c o m m e 
démonstration h e u r i s t i q u e ou e x p l i c a t i o n . Du m o i n s dans ce f r a g m e n t Gérardien, l a 
t r a d u c t i o n «voici» s e m b l e dont adéquate, puisque le m o t arabe employé par Abu B a k r a 
dû c o u v r i r l ' u t i l i s a t i o n dans l e s t e x t e s mathématiques du m o t nyâsa, m a i s en même 
t e m p s a pu suggérer l e m o t l a t i n intellige, ce qu'une t r a d u c t i o n p l u s l i t téra le du 
s a n s c r i t à l 'arabe n 'aura i t pas f a i t . 

N a t u r e l l e m e n t , dans l e Liber mensurationum, on p o u r r a i t e n c o r e l i r e l a 
r e m a r q u e s i m p l e m e n t c o m m e «comprends!». On se d e m a n d e r a i t p o u r t a n t a l o r s ce qu'i l 
y a u r a i t à c o m p r e n d r e : c o m m e i l se présente à nous, l e t e x t e ne décrit a p p a r e m m e n t 
qu'une séquence de pas de c a l c u l ou une p r e s c r i p t i o n d'un a l g o r i t h m e auss i peu c o m 
préhensible que l es a l g o r i t h m e s présentés par al-KhwSrizmî. F i n a l e m e n t , «intellige» 
r e v i e n t s o u v e n t dans l e s a u t r e s problèmes, m a i s t o u j o u r s après l a d e s c r i p t i o n de l a 
première méthode e t j a m a i s dans l a p a r t i e «selon al-§abr»lz. I l paraît a i n s i n a t u r e l 
de c o m p r e n d r e Yintellige c o m m e dans l e t e x t e parallèle e t de c o n c l u r e que l e traité 
o r i g i n a l a comporté des f i g u r e s là où l a t r a d u c t i o n ( e t , i l f a u t c r o i r e , l e m a n u s c r i t 
uti l isé p a r Gérard) n'en c o n s e r v e que l es références dans l e v ide (des e x e m p l e s n u 
mériques c o m m e on en t rouve dans l es t e x t e s ind iens sont e x c l u s , puisque l e t e x t e en 
cons is te déjà; de tou te façon, ce qui es t suggéré est la présence du même m o t arabe dans 
l e t e x t e d'Abû* B a k r - i l n'y a aucune r a i s o n de c r o i r e que ce m o t n'apparaîtrait que 
dans des t e x t e s dérivés du s a n s c r i t ou d i s c u t a n t l e s méthodes ind iennes ) . Ces f i g u r e s 
a p p a r t i e n d r a i e n t a l o r s à la première méthode; l e s u p p o r t géométrique s e r a i t ce qui 
d i s t i n g u e r a i t c e t t e méthode de la méthode numérique d'al-jabr. 

La troisième propos i t ion n'est donc pas la seule à c o m p o r t e r deux différentes 
s o l u t i o n s , qui p a r f o i s sont numériquement i d e n t i q u e s ( c o m m e dans l a c a s cité) e t 
p a r f o i s diffèrent. P o u r i l l u s t r e r c e t t e dernière possibilité nous pouvons considérer 
deux e x e m p l e s p r i s dans l e c h a p i t r e s u r l e s «quadrilatères p l u s l o n g s d'un côté». 
D'abord l a p r o p o s i t i o n 2 9 : 

Et s ' i l t ' a u r a d i t : J 'a i additionné l e s deux côtés e t ce qui en a d v i n t f u t 1 4 e t un 
côté excède l 'autre par 2 ; combien es t donc chaque côté? 
Le mode pour t r o u v e r cec i s e r a que tu a j o u t e s 2 au 14 e t ce qui en a d v i e n t s e r a 
1 6 , dont t u prends la moitié, qui es t 8 ; c'est l e côté long; t and is que si t u veux l e 
p lus c o u r t , t u l e t r o u v e r a s par c e t t e méthode: Enlève 2 de 1 4 e t prend la moitié 
[...] e t ce s e r a l e côté cour t . 
D 'autre p a r t , l e mode selon ahjabresi que tu poses le côté cour t c o m m e chose e t 
l e long c o m m e chose e t 2 p a r c e que sa p a r o l e f u t «excède l ' a u t r e p a r 2», a d d i -

2 2 G u y M a z a r s , c o m m u n i c a t i o n p e r s o n n e l l e . D e s e x e m p l e s c o n c e r n a n t p réc isément l a 

c o n s t r u c t i o n d e p o l y g o n e s régul iers s e t r o u v e n t d a n s l a LîlSvatîde Bhâskara (éd i t ion s a n s 

c r i t e B a n e r j i 1 8 9 3 : a p p e n d i c e , 8 7 - 9 1 ; d a n s s a t r a d u c t i o n a n g l a i s e ( 1 8 1 7 : 9 4 0 , C o l e b r o o k e 

t r a d u i t s i m p l e m e n t c o m m e «see») . D ' a u t r e s e x e m p l e s c o n c e r n a n t préc isément l ' i n t e r p r é 

t a t i o n géométrique d e s ident i tés algébriques s e t r o u v e n t d a n s l e BT§agatiita ( t r a d . C o l e b r o o k e 

1 8 1 7 : 2 2 2 - 2 2 5 ) . 
2 3 A l a f i n d e l a p r o p o s i t i o n 5 0 o n p o u r r a i t soupçonner u n e e x c e p t i o n à c e t t e règle. E n f a i t , 

e l l e f i n i t p a r l a p h r a s e « in te l l ige e r g o e t invenies», «comprends d o n c e t t u t rouveras». M a i s 

s i o n r e g a r d e c e q u i s e p a s s e d a n s l e c a l c u l , on découvre q u e t o u t d a n s c e t t e p r o p o s i t i o n e s t 

p u r e p a r o d i e . L a p r o p o s i t i o n 4 9 bêt i t déjà s u r l e f a i t q u e t o u t t r i a n g l e r e c t a n g l e où l e s côtés 

f o r m e n t u n e sér ie a r i thmét ique e s t p r o p o r t i o n n e l a u t r i a n g l e 3 - 4 - 5 . L a p r o p o s i t i o n 5 0 n o u s 

r e c o n t e q u e d a n s u n t e l t r i a n g l e l 'hypoténuse égale 1 0 e t t o u t d e v r a i t ê t r e c l a i r . A u l i e u d e 

c e l a , p o u r t a n t , v i e n n e n t d e s c a l c u l s a b s o l u m e n t f o u s e t dé l ibérément o p a q u e s ; v r a i m e n t , 

«comprenne q u i peut!» 517 
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t i o n n e - l e s donc e t o p p o s e - l e s à 1 4 2 4 . Ce qui en r e v i e n t [après l a s o l u t i o n de 
l'équationl sera l e côté cour t . Enlève-le donc de 1 4 e t i l r e s t e r a l e l o n g . 2 5 

A v a n t de c o n t i n u e r on peut o b s e r v e r que ce problème e s t du p r e m i e r degré; 
pu isqu ' i l possède une s o l u t i o n «selon dl-jjebr», i l s e m b l e que c e t t e d i s c i p l i n e ne s o i t 
pas r e s t r e i n t e au deuxième degré: al-jebr es t tou t ce qui se t r a i t e p a r choses, trésors 
et racines. 

C o m m e deuxième e x e m p l e , nous pouvons c i t e r la p ropos i t ion 4 3 : 

Ma is s' i l t ' aura d i t : : J 'a i additionné ses 4 côtés e t son a i r e e t ce qui en a d v i n t f u t 
7 6 e t l'un des côtés excède l 'autre par 2 ; combien es t donc chaque côté? 
Le m o d e p o u r t r o u v e r c e l a s e r a que t u m u l t i p l i e s ce d o n U l ' u n côté a u g m e n t e 
l ' a u t r e , t o u j o u r s [c'est-à-dire indépendamment de l a v a l e u r de l ' a u g m e n t a t i o n ] 
p a r 2 e t ce qui en adv ien t sera 4. Enlève ceci de 7 6 e t 7 2 r e s t e r o n t . A d d i t i o n n e l e 
nombre des côtés du quadrangle , qui es t 4 , e t a j o u t e s - y l ' a u g m e n t a t i o n d'un côté 
s u r l ' a u t r e e t ce qui en a d v i e n t se ra 6. P r e n d s - e n l a moitié qui e s t 3 e t m u l t i 
p l i e - l e avec lui-même, dont a d v i e n t 9 . A j o u t e - l e è 7 2 , dont a d v i e n t 8 1 . P r e n d s 
la r a c i n e de c e l a , qui es t 9 , e t enlèves-en la moitié des 6 qui es t 3 e t 11 r e s t e r a le 
côté cour t qui es t 6. A j o u t e - l u i 2 e t le côté long sera 8. V o i c i ! 
P o u r t a n t , l e mode pour t r o u v e r la même chose se lon dhtjdbr e s t que t u poses l e 
côté cour t comme chose. A lors le côté long sera chose e t 2: m u l t i p l i e donc la chose 
avec la chose e t 2 e t l 'a i re sera un trésor e t 2 choses. Après, add i t ionne les côtés 
du quadrilatère, qui sont 4 e t 4 choses; a j o u t e - l e s au trésor e t 2 choses e t ce qui 
en a d v i e n t se ra un trésor e t 6 choses e t 4 , qui égaleront 7 6 ; enlève donc 4 de 7 6 
et 7 2 r e s t e r o n t qui égaleront un trésor e t 6 choses. Fa is donc selon ce qui précède 
s u r l e quatrième cas tfel-jjobr.26 

La s o l u t i o n s e l o n dh§ebr e s t f a c i l e à s u i v r e e t i l l u m i n e b ien l e s r a i s o n s du 
succès de c e t t e t e c h n i q u e . D 'au t re p a r t , l e s pas numériques de l a première méthode 
sont a s s e z incompréhensibles (en dépit du f a m e u x intellige); ce qui s'y passe demande 
une c l a r i f i c a t i o n , p a r e x e m p l e p a r algèbre s y m b o l i q u e ( l e côté long e s t désigné x, l e 
côté c o u r t y ) : 

xy+2x+2y = 76 , x - y = d , d = 2 

Remplaçant donc x p a r y+2 nous t rouvons 

xy+4y+2d = xy+4y+4 = 76 

ou 

xy+4y - 76-4 = 72 

ou encore 

(x+4)y = 72 

2 4 Év idemment , l e v e r b e a r a b e d o i t ê t re qebild, d o n t e s t dérivé muqëbeîdh. L e t e x t e p r é 

s e n t e s t d o n c u n d e s e x e m p l e s d ' u s a g e s «aberrants» d e c e m o t - e n f a i t , p r o b a b l e m e n t , d e 

s o n u s a g e p r i m i t i f ( u n e r a i s o n d e p l u s d e n e p a s a t t r i b u e r a u t r a i t é u n e d a t e t a r d i v e ) : 

«Opposer» l a s o m m e d e s côtés è 1 4 v e u t d i r e f o r m e r l 'équation «1ongueur+1argeur= 14» . 
2 5 Éd. B u s a r d 1 9 6 8 : 9 2 . 

518 2 6 Éd. B u s a r d 1 9 6 8 : 9 5 f . 



«ALGÈBRE D'AL-ÖABR» ET «ALGÈBRE D'ARPENTAGE» 9 5 

I I I . «L 'a lgèbre» b a b y l o n i e n n e 

L 'emploi de c e t t e méthode caractéristique de «l'algèbre» paléobabylonienne27 

n'est pas l a s e u l e t r a c e d'un r a p p o r t étonnant e n t r e c e t t e très v i e i l l e d i s c i p l i n e e t l a 
méthode de b a s e d'Abû B a k r - que nous pouvons a p p e l e r «algèbre d'arpentage» p o u r 
s o u l i g n e r à la f o i s son caractère algébrique2 8 e t le f a i t qu'e l le es t d i s t i n c t e de «l'algè
b r e d'ehjabr». A v a n t d ' a p p r o c h e r c e t t e q u e s t i o n en p r o f o n d e u r , i l s e r a i t p o u r t a n t 
u t i l e de présenter «l'algèbre» paléobabylonienne elle-même d'une manière p lus fidèle 
è son propre caractère que ne le fon t la p lupar t des in t roduc t ions générales è l ' h i s t o i r e 
des mathématiques. Regardons d'abord un t e x t e bref: 

La s u r f a c e e t m a rencont re j ' a i additionné: 3 / 4 
1 l e f o r j e t t u poses. 
La moitié de 1 t u b r i s e s , 1 / 2 e t 1 / 2 tu f a i s se t e n i r , 
1 / 4 à 3 / 4 t u a j o u t e s : 1 f a i t 1 e q u i l a t e r a l . 
1 / 2 que t u as f a i t t e n i r , du corps de 1 tu ar raches: 
1 / 2 e s t l a r e n c o n t r e . 2 9 

C e t t e t r a d u c t i o n e s t a s s e z différente des t r a d u c t i o n s c o u r a n t e s 3 0 . E l l e e s t 
fondée s u r une étude comparée e t appro fond ie du v o c a b u l a i r e , des méthodes e t de l a 
s t r u c t u r e c o n c e p t u e l l e des t e x t e s paléobabyloniens d i t e s «algébriques», dont j e 
n 'exp l iquera i i c i ni l e s méthodes ni les résultats généraux en détai l 3 1 . Ce qui I m p o r t e 
i c i e s t de s a v o i r que le t e x t e décrit une procédure géométrique, a ins i que le sens e t l es 
r a p p o r t s m u t u e l s des t e r m e s employés. 

2 7 L'époque d i t e «paléobabylonienne» r e c o u v r e l a période d e 2 0 0 0 è 1 6 0 0 a v a n t J . - C . 

( c h r o n o l o g i e «moyenne») ; l e règne d e H a m m u r a p i s e s i t u e a u X V I I I e s ièc le . L a p l u p a r t d e s 

t e x t e s mathématiques s e m b l e n t a p p a r t e n i r à l a dernière moi t ié d e l'époque. 
2 8 J e n e d i s c u t e r a i p a s i c i d a n s q u e l l e m e s u r e c e «carac tè re a lgébr ique» j u s t i f i e q u ' o n 

p a r l e v r a i m e n t d ' u n e algèbre. S u r c e s u j e t , j e r e n v o i e a u x considérat ions c o r r e s p o n d a n t e s 

d a n s m o n [ 1 9 8 9 ] , où j e d i s c u t e p l u s à f o n d s i «l 'algèbre paléobabylonienne» e s t u n e v r a i e al

gèbre o u s e u l e m e n t u n e t e c h n i q u e f a i s a n t u s a g e de modes de pensée algébriques. 
2 9 B M 1 3 9 0 1 * 1 , éd. M K T I I I , 1 ; c f . t r a d u c t i o n e t d i s c u s s i o n d a n s m o n [ 1 9 9 0 , s e c t i o n 

V . 2 ] . I l f a u t r e m a r q u e r q u e l e s n o m b r e s du t e x t e ( q u i s o n t écr i ts d a n s l e système sexagésimal 

d e p o s i t i o n ) o n t été i m p i t o y a b l e m e n t modernisés; l a manière p a r i a q u e l l e l e s B a b y l o n i e n s 

écr ivaient l e u r s n o m b r e s n'a a u c u n e i m p o r t a n c e p o u r l a présente d i s c u s s i o n . 
3 0 N e u g e b a u e r d a n s M K T I I I , 5 f ; T h u r e a u - D a n g i n d a n s T M B , 1. 
3 1 L'étude complè te e s t décr i te d a n s m o n [ 1 9 9 0 ] ; u n exposé m o i n s spécia l isé s e t r o u v e 

d a n s m o n [ 1 9 8 9 1 

En i n t r o d u i s a n t X = x+4 nous avons p a r conséquent réduit l e problème au 
problème 

Xy = 72, X-y = 4+2 = 6, 

qui e s t résolu se lon une méthode bien connue dans l es mathématiques paléo
b a b y l o n i e n n e s : 

(X-y)/2 = 6/2 = J; l(X+y)/2]2 = Xy+[(X-y)/2]2 = 72+Z2 = 61; 

(X+y)/2 = yfJl = 9, y = (x+y)/2-(x-y)/2 = 9-J = 6 . 
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Une «rencontre» (mithartum), d ' abord , e s t l a r e n c o n t r e de q u a t r e l i g n e s 
égales c o m m e les côtés d'un carré. Le m o t «rencontre» s i g n i f i e à la f o i s l a longueur de 
c h a c u n e de c e s l i g n e s e t l a c o n f i g u r a t i o n géométrique; en d ' a u t r e s t e r m e s , l e carré 
géométrique e s t identifié numériquement à ce paramètre caractéristique q u ' e s t l a 
l o n g u e u r du côté 3 2 . La «surface» (eqlum, l i ttéralement «champ») e s t évidemment 
l ' a i r e con tenue par l a f i g u r e . 

Ensu i te i l y a l e s opérations. N o t r e p e t i t t e x t e nous présente deux d i f 
férentes opérations «additives». L'une, «additionner» (kamSrum) d o i t être une v r a i e 
a d d i t i o n arithmétique, pu isqu 'e l l e peut s ' a p p l i q u e r a des n o m b r e s sans considération 
de l e u r s i g n i f i c a t i o n ( i c i , l e s nombres m e s u r a n t une s u r f a c e e t une longueur sont a d 
ditionnés). E l l e e s t symétrique ( l e s deux nombres à a d d i t i o n n e r sont t o u j o u r s liés p a r 
un «e t» ) , e t e l l e f a i t disparaître l e s deux c o m p o s a n t e s dans l a s o m m e . L ' a u t r e , 
«ajouter» (wasabum), es t concrète; e l l e n 'addit ionne pas des nombres a b s t r a i t s , m a i s 
des g r a n d e u r s (des g r a n d e u r s m e s u r a b l e s , b ien sûr, ce qui la f a i t t o u t de même cor
respondre à une a d d i t i o n arithmétique). Les deux g r a n d e u r s ne sont pas traitées de 
manière symétrique, puisque l'opération conserve «l'identité» d'une d 'e l l e , t a n d i s que 
l ' a u t r e l u i e s t ajoutée. Ce lu i pour qui ce la n'a aucun sens n'a qu'à penser à son c o m p t e 
b a n c a i r e . À l ' e x p i r a t i o n de l'année, l e s intérêts y sont ajoutés, ce qui ne change pas 
l'identité du c o m p t e , qui r e s t e r a son c a p i t a l ; s e u l e m e n t , son m o n t a n t es t devenu un peu 
plus grand (en f a i t , intérêts en babylonien se d i t siptum, qui e s t dérivé de wasâbum). 

«Briser» (hëpum) v e u t d i r e d i v i s e r en deux , m a i s s e u l e m e n t quand l e s deux 
p a r t i e s son t des «moitiés naturelles» ou coutumières (bâmtum) - p a r e x e m p l e une 
des deux moitiés de l a base d'un t r i a n g l e qui e s t toujours multipliée p a r l a h a u t e u r 
quand on v e u t t r o u v e r l ' a i r e . «Briser» e s t une opération s t r i c t e m e n t d i s t i n c t e de l a 
m u l t i p l i c a t i o n p a r 1 / 2 . 

«Faire se tenir» (Sutâkulum - l a t r a d u c t i o n e s t a s s e z i n c e r t a i n e ; i l se peut 
qu'on do ive t r a d u i r e «faire se dévorer») e s t d 'habi tude c o m p r i s c o m m e «multiplier». 
En f a i t , «faire que a e t b se tiennent» s i g n i f i e «construire un r e c t a n g l e à côtés a e t b ». 
M a i s pu isque l es Baby lon iens ne s'occupent que des d r o i t e s m e s u r a b l e s , c o n s t r u i r e un 
r e c t a n g l e i m p l i q u e t o u j o u r s que son a i r e sera calculée; b i e n qu'elle-même une opé
r a t i o n de construction, l'opération implique donc une m u l t i p l i c a t i o n dont l e résultat 
e s t n o r m a l e m e n t donné sans e x p l i c a t i o n supplémentaire, ce qui e s t auss i l e cas i c i 
(p lus bas nous ve r rons un e x e m p l e de m e n t i o n séparée de l'opération arithmétique). 

Que «A f a i t b équilatéral» (4 -e i b - s i 8 b) veu t d i r e , arithmétiquement, que b= 

V4, e t p o u r un B a b y l o n i e n que l ' a i r e A formée en carré a u r a l e côté b. «Arracher» 
(nasahum), e s t f i n a l e m e n t une s o u s t r a c t i o n concrète - i l s 'ag i t en f a i t de l ' I n v e r s i o n 
de l'opération d'«ajouter». C o m m e celle-là, e l l e conserve donc «l'identité» de l'entité 
à l a q u e l l e une p a r t i e es t arrachée, tout en la changeant q u a n t i t a t i v e m e n t . 

E n f i n , i l y a t r o i s t e r m e s qui ne c o r r e s p o n d e n t à aucune opération arithmé
t i q u e e t q u i , dans l'interprétation consacrée, ont t o u j o u r s été regardés c o m m e p r o -

3 2 C e t t e I d e n t i f i c a t i o n n ' e s t p a s p l u s étonnante q u e n o t r e p r o p r e i d e n t i f i c a t i o n d u carré 

a v e c c e t a u t r e paramètre caractér is t ique q u ' e s t s o n a i r e . P o u r n o u s , l e carré est s o n a i r e e t 

possède u n côté; p o u r u n B a b y l o n i e n , l e carré est s o n côté e t possède u n e a i r e . 

En conséquence d e l ' interprétat ion t r a d i t i o n n e l l e e t p u r e m e n t numérique d e c e s t e x t e s , o n 

l ' a considéré c o m m e én igmat ique e t l ' o n a b e a u c o u p d iscuté s u r l e f a i t présumé q u e l e s 

B a b y l o n i e n s n e d i s t i n g u a i e n t p a s l e carré e t l a r a c i n e carrée. C o m m e o n l e v o i t , i l n'y a p l u s 

d'énigme q u a n d l e mithartum e s t c o m p r i s c o m m e carré géométrique, s e u l e m e n t u n e c o n c e p 

t u a l i s a t i o n d i f f é ren te d e l a nôtre. L a même c h o s e v a u t , d ' a i l l e u r s , p o u r l'énigme a n a l o g u e o f 

f e r t e p a r l ' e m p l o i d u m o t g r e c ôuvccii iç c o m m e t e r m e mathémat ique ( v o i r m o n 1 1 9 9 0 b ] ) . 
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blématiques. D 'abord i l y a le «forjet». Le m o t b a b y l o n i e n e s t wesûm, l i ttéralement 
que lque chose qui s o r t ou s a i l l e . Ic i le m o t e s t employé pour dénoter l a l a r g e u r / q u i , 
quand on l a pose de façon à s a i l l i r or thogonolement d'un segment de longueur L, p rodu i t 
un r e c t a n g l e de l ' a i r e 1L=L - ce qui c o r r e s p o n d b i e n è l ' u t i l i s a t i o n du m o t dans l a 
t e r m i n o l o g i e a r c h i t e c t u r a l e au s e n s de «for je t» . L ' e m p l o i du t e r m e «poser» 
(SakSnum) dans l e t e x t e présent es t a lo rs évidente; en général, i l f a u t l e d i r e , l e sens 
du m o t , même dans l es t e x t e s mathématiques, es t assez d i f f u s e t i l s e m b l e pouvo i r dé
s i g n e r t o u t p rocessus où quelque chose est marqué ou noté matériellement ( l a mémo
r i s a t i o n d'un résultat intermédiaire e s t , d 'aut re p a r t , Imposée p a r la p h r a s e «que t a 
tête retienne»). 

R e s t e l e «corps» (libbum, littéralement «coeur» ou «entrailles»). L 'examen 
d'un g rand n o m b r e de t e x t e s m o n t r e que l'on peut «ajouter au corps» ou «arracher du 
corps» d'une s u r f a c e a u s s i b ien qu'y «ajouter» ou en «arracher» s i m p l e m e n t . M a i s , 
t a n d i s qu'on p e u t auss i «élever» l a s u r f a c e à 3 coudées (ce qui veu t d i r e c a l c u l e r l e 
v o l u m e d'un parallélépipède avec la sur face en quest ion c o m m e base e t une h a u t e u r de 
3 coudées), j a m a i s on n'«élève au corps de» que lque chose. Le «corps» n ' i n t e r v i e n t 
donc que quand l a métaphore a un sens dans l'interprétation géométrique. 

Le t e x t e décrit donc d'abord une t r a n s f o r m a t i o n de la donnée o r i g i n a l e c o n 
c e r n a n t l a s o m m e arithmétique des deux m e s u r e s en problème géométrique: P o s e r un 
f o r j e t de / au côté du carré en f a i t un r e c t a n g l e avec une a i r e mesurée p a r la même 
s o m m e . 3 / 4 représente donc un r e c t a n g l e avec une l a r g e u r égale à l a «rencontre» 
( d i s o n s x) e t une l o n g u e u r égale à x + / . Ce r e c t a n g l e e s t transformé en gnomon e t l e 
r e s t e r e s s e m b l e e x a c t e m e n t è l a deuxième des deux démonstrations citées d ' a l -
KhwSrizmï: 

« 1 > 

F i g u r e 3 

Ce problème s i m p l e e s t l e p r e m i e r d'une série de 2 4 problèmes s u r l e s 
carrés contenus dans la même t a b l e t t e , présentés en progression assez systématique du 
s i m p l e v e r s l e compliqué. Le deuxième problème e s t de t y p e x2-x=S, l e troisième de 
t y p e ax2+bx=S. E n s u i t e , l e n i v e a u a u g m e n t e g r a d u e l l e m e n t . E n f i n , après b i e n des 
problèmes c o m p l e x e s à p l u s i e u r s i n c o n n u e s , v i e n t c o m m e numéro 2 3 un problème 
très s i m p l e : 

Une s u r f a c e . La s u r f a c e e t l es quat re f r o n t s j ' a i additionnés: 2 5 / 3 6 . 
4 , l e s q u a t r e f r o n t s , t u i n s c r i s . L ' inverse de 4 es t 1 / 4 . 
1 / 4 t u élèves à 2 5 / 3 6 . 2 5 / 1 4 4 t u i n s c r i s . 

521 
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1 , l e f o r j e t , t u a j o u t e s : l y ^ f a i t 1 e q u i l a t e r a l . 

1 , l e f o r j e t que t u as ajouté, t u ar raches: 1 / 1 2 tu répètes jusqu'à deux f o i s . 
1 / 6 se r e n c o n t r e . 3 3 

La p l u p a r t des opérations nous sont déjà famil ières; d e u x , p o u r t a n t , s o n t 
n o u v e l l e s : «Élever» e t «répéter». Également n o u v e a u e s t l e m o t «front». C o m m e 
mentionné c i - d e s s u s , «élever» (naàûm) dénote la m u l t i p l i c a t i o n p a r une h a u t e u r p a r 
l a q u e l l e une a i r e e s t transformée en v o l u m e ; i l e s t même probab le que c e l a e x p l i q u e 
l'étymologie du m o t c o m m e t e r m e mathématique. Sa sphère d 'app l ica t ion , t o u t e f o i s , e s t 
beaucoup p lus v a s t e . L 'a i re d'un t r i a n g l e e t d'un trapèze, p a r e x e m p l e , sont calculées 
p a r «élévation» du mi-«front» ou du «front»-moyen à l a l o n g u e u r ; de p l u s , t o u t e 
opération de proportionnalité i m p l i q u e une élévation; l a «division» au m o y e n d'une 
m u l t i p l i c a t i o n a v e c l ' i n v e r s e du n o m b r e d i v i s e u r e s t f i n a l e m e n t désignée de c e t t e 
manière. T o u t c o m p t e f a i t , l e m o t peut être expliqué c o m m e calcul d'une valeur con
crète par multiplication. L'opération d'«élévation» est donc différente aussi b ien de la 
q u a s i - m u l t i p l i c a t i o n de «faire se tenir» que du t e r m e a-rà, dérivé du v e r b e «aller» 
e t t r a d u i s i b l e c o m m e «pas de», employé dans les t a b l e s de m u l t i p l i c a t i o n e t donc pour 
des v r a i e s m u l t i p l i c a t i o n s arithmétiques d'un nombre p a r un nombre . 

«Répéter» (esëpum) e s t une a u t r e ( q u a s i - ) m u l t i p l i c a t i o n e t , en f a i t , l a 
dernière opération m u l t i p l i c a t i v e . E l l e désigne une répétition ( v i s u e l l e m e n t s a i s i s -
s a b l e ) d'une entité concrète, ce qui i m p l i q u e n a t u r e l l e m e n t que le n o m b r e m e s u r a n t 
l'entité s e r a multiplié; l ' e x p l i c a t i o n géométrique du t e x t e nous m o n t r e r a un e x e m p l e 
t y p i q u e de l ' emplo i du t e r m e . 

«Front» (pütum) désigne (dans l ' a r p e n t a g e ) l e côté c o u r t d'un c h a m p , c e l u i 
qui f a i t f r o n t au c a n a l d ' i r r i g a t i o n . Dans l e s t e x t e s mathématiques, son équivalent 
sumérien ( s a g ) e s t employé pour la l a r g e u r d'un r e c t a n g l e p lus a b s t r a i t , m a i s j a m a i s 
l e m o t b a b y l o n i e n lui-même. Son a p p a r i t i o n i c i démontre donc que le m o t «surface» 
d e v r a i t en réalité être lu dans son sens l ittéral, comme «champ». 

Le problème concerne donc un champ carré 3 4 , dont l a s o m m e de l ' a i r e e t des 
n o m b r e s m e s u r a n t l es q u a t r e côtés es t donnée c o m m e 2 5 / 3 6 (l'unité, l e n i n d a n , égale 
a p p r o x i m a t i v e m e n t 6 m ) . La success ion des opérations peut être s u i v i e s u r c e t t e sé
quence de f igures : 

3 3 B N 1 3 9 0 1 * 2 3 , éd. M K T I I I , 4 f ; c f . t r a d u c t i o n e t d i s c u s s i o n d a n s m o n [ 1 9 9 0 , s e c t i o n 

V . 4 1 . 
3 4 Q u e l e c h a m p e s t u n carré n ' e s t p a s d i t e x p l i c i t e m e n t a u début. Q u ' i l l e s o i t rée l lement 

résul te d ' a b o r d d u f a i t q u e l e c h a m p possède q u a t r e f r o n t s - s ' i l é ta i t r e c t a n g u l a i r e , i l possé

d e r a i t d e u x f r o n t s e t d e u x l o n g u e u r s e t , s ' i l é ta i t i r régul ier , i l posséderait u n f r o n t supérieur 

e t u n f r o n t i n f é r i e u r e t u n e l o n g u e u r supérieure e t u n e l o n g u e u r in fér ieure . L a dernière l i g n e , 

52S& p l u s , l e d i t a u s s i , e n u t i l i s a n t l ' e x p r e s s i o n «se confronter». 
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F i g u r e 4 

D ' a b o r d , l a s o m m e e s t représentée p a r l e c h a m p carré cerné p a r q u a t r e 
r e c t a n g l e s à l a r g e u r égale au f r o n t e t longueur /. Deuxièmement, l ' a i re de c e t t e f i g u r e 
e s t multipliée p a r 1 / 4 , ce qui cor respond à la p r i s e d'un q u a r t de l a f i g u r e , c'est-à-
d i r e d'un g n o m o n . Ce gnomon e s t complété en carré d'une manière r e m a r q u a b l e . Un 
mathématicien m o d e r n e a j o u t e r a i t l2, ce qui cor respond b ien à ce qui se p a s s e dans 
d 'au t res problèmes de la même t a b l e t t e . I c i , p o u r t a n t , c 'est l e f o r j e t lui-même qui e s t 
ajouté. Nous avons déjà vu que l a «rencontre», numériquement i d e n t i q u e au côté du 
carré, désigne l a f i g u r e complète. De même, l e f o r j e t représente l e carré m a n q u a n t , 
évidemment comme figure ( c o m m e n o m b r e , i l représente son côté). Ce qui e s t ajouté 
e s t donc la figure e t non pas l e nombre mesurant son a i re . Le carré complété a donc une 

a i r e de = e t , en conséquence, un côté d e y ^ = 1 j ^ . P o u r r e t r o u v e r l e d e m i -
f r o n t , l e «forjet que t u as ajouté» es t encore arraché, ce qui soul igne une f o l s de plus 
que l a f i g u r e carrée ajoutée comme complément es t ident ique à son côté, qui es t de f a i t 
l a g r a n d e u r arrachée. F i n a l e m e n t , i l en résulte le f r o n t lui-même quand le d e m i - f r o n t 
e s t «répété», c'est-à-dire combiné avec son i m a g e de m i r o i r . 

D'après sa s t r u c t u r e mathématique, l e problème e s t du même t y p e que l e 
numéro t r o i s de l a t a b l e t t e ( e t même plus s i m p l e ) . La s o l u t i o n , p o u r t a n t , e s t o b t e n u e 
de manière différente. Différente aussi es t la f o r m u l e employée, qui se lon l a manière 
du numéro deux a u r a i t dû être «J'ai additionné l a s u r f a c e e t m e s q u a t r e c o n f r o n t a 
tions». L ' e m p l a c e m e n t e n t r e l e s problèmes c o m p l e x e s e t l a f o r m u l e a b e r r a n t e a u s s i 
b i e n que l a méthode i n s o l i t e o n t t o u j o u r s été regardés c o m m e mystérieux -
N e u g e b a u e r a même proposé que l e t e x t e s e r a i t c o r r o m p u e t ne d o n n e r a i t de sens m a 
thématique que p a r h a s a r d 3 5 . P r i s e n s e m b l e , p o u r t a n t , les t r o i s mystères s e m b l e n t se 
résoudre m u t u e l l e m e n t . La f o r m u l e («Un champ. [...] l e s q u a t r e f r o n t s [...]») s e m b l e 
i n d i q u e r que l e problème n'est pas c o m p r i s c o m m e une équation t y p e . 11 a p p a r t i e n t 
plutôt au s t o c k des énigmes mathématiques p r o f e s s i o n n e l l e s des a r p e n t e u r s . Qu'une 
énigme s o i t résolue d'une manière s u r p r e n a n t e e t élégante n'est n a t u r e l l e m e n t que 
bienséant; i l e s t t o u t auss i n a t u r e l , d 'au t re p a r t , q u ' e l l e s o i t a l o r s placée e n t r e l e s 
problèmes complexes auxquels les techniques de base peuvent être appliqués. 

La r e s s e m b l a n c e e n t r e l e problème présent e t l a première démonstration 
d'al-KhwârizmT n'a pas beso in d'être expliquée. Ce qu' i l f a u t peut-être s i g n a l e r c 'es t 
l'intérêt partagé avec Abu B a k r pour les quatre côtés d'un quadrilatère - r i e n que dans 

3 5 M K T M l , 1 4 . 

523 
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2 7 

1 5 

1 2 

1 8 3 

l o n g u e u r 

l a r g e u r 

l e s additionnés 

1 8 0 s u r f a c e 

T o i , pour t a méthode, 2 7 , les additionnés de longueur e t l a r g e u r , a j o u t e au corps 
de 1 8 3 : 2 1 0 . 
2 a 2 7 a j o u t e : 2 9 . 

Sa moitié, c e l l e de 2 9 , t u br ises : 14^ . 

< 1 4 ^ e t 1 4 ^ t u f a i s se t e n i r > 3 6 . 

14^- pas de 1 4 ^ , 2 1 0 ^ . 

Du c o r p s de 2 1 0 ~ , 2 1 0 t u a r raches : 1 / 4 es t l e r e s t e . 

1 / 4 f a i t 1 / 2 e q u i l a t e r a l . 

1 / 2 au p r e m i e r 1 4 ^ a j o u t e : 15 e s t la longueur. 

1 / 2 du second 1 4 ^ coupe: 14 e s t la largeur . . 

2 que t u as ajouté è 2 7 , de 14 , la l a r g e u r , tu a r r a c h e s : 
12 e s t l a v r a i e la rgeur . 
1 5 , l a longueur , 12 la l a r g e u r j ' a i f a i t se ten i r : 
15 pas de 1 2 , 1 8 0 e s t la s u r f a c e . 
1 5 , l a longueur , excède 1 2 , la l a r g e u r , pa r quoi? 
I l l'excède par 3 . 3 au corps de 1 8 0 , l a s u r f a c e , a j o u t e . 
1 8 3 e s t l a s u r f a c e . 3 7 

Du po in t de vue des opérations, ce t e x t e ne nous appor te pas beaucoup de neuf. 
On p e u t o b s e r v e r que l ' express ion «ce p a r quoi A excède B » r e v i e n t dans beaucoup de 
t e x t e s - e l l e désigne une «soustraction par comparaison», donc une s o u s t r a c t i o n dont 
l e résultat ne p a r t a g e pas l'identité du d i m i n u e n d u m ; on r e m a r q u e auss i q u ' e l l e c o r 
r e s p o n d è l ' e x p r e s s i o n utilisée p a r Abu B a k r , «ce dont A a u g m e n t e B». «Couper B de 
A» e s t , d 'aut re p a r t , une s o u s t r a c t i o n qui conserve l'identité, précisément c o m m e f a i t 
«arracher»; l e s deux m o t s peuvent être regardés c o m m e de s i m p l e s s y n o n y m e s , e n t r e 

3 6 C e complètement d ' u n e e l l i p s e s u i t d e s p a s s a g e s para l lè les d e l a même t a b l e t t e , d o n t 

l ' u n e s e t r o u v e h u i t l i g n e s p l u s b a s d a n s l a présente t r a d u c t i o n . 

52437
 A O 8 8 6 2 ^ 1 , éd. M K T I , 1 0 8 f . 

l e c h a p i t r e du Liber mensurationum s u r l e s carrés, s e p t problèmes l e s c o n c e r n e n t 
( l e s numéros 4 , 6 , 7 , 8 , 9 , 1 2 et 1 4 ) , e t dans l e c h a p i t r e s u r l e s r e c t a n g l e s p l u s i e u r s 
(dont l e numéro 4 3 cité plus haut ) l e f o n t auss i . C e t t e o b s e r v a t i o n s 'accorde b ien avec 
l e rôle des problèmes de ce r e c u e i l c o m m e énigmes d ' a r p e n t e u r s . Évidemment, si un 
a r p e n t e u r (ou quelqu'un d 'aut re dont l a m o t i v a t i o n n'est pas ce t e s p r i t de système qui 
caractérise l ' i n s t r u c t i o n mathématique des i n s t i t u t i o n s s c o l a i r e s ) do i t f o r m u l e r une 
énigme c o m b i n a n t l ' a i r e e t l e s côtés d'un carré, l e s premières possibilités qui l u i 
v iendront è l ' espr i t seront l'aire et le côté e t l'aire et les côtés. 

N o t r e troisième exemple v ien t d'une a u t r e t a b l e t t e e t concerne un rec tang le : 

L o n g u e u r , l a r g e u r . La l o n g u e u r e t l a l a r g e u r j ' a i f a i t se t e n i r : Une s u r f a c e j ' a i 
bâtie. 
J 'en a i f a i t le tour . Ce par quoi la longueur excède la l a r g e u r j ' a i ajouté au corps 
de l a s u r f a c e : 1 8 3 . 
J e s u i s retourné. La longueur e t la l a r g e u r j ' a i additionnées: 2 7 . 
Longueur, l a r g e u r e t s u r f a c e sont quoi? 
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l e s q u e l s l e s Baby lon iens ont chois i selon leurs connota t ions e t v a l e u r s métaphoriques 
(on ne «coupe» que des entités linéaires). 

Les m o t s «longueur, largeur» au c o m m e n c e m e n t nous i n f o r m e n t que l e p r o 
blème c o n c e r n e une s u r f a c e déterminée par une l o n g u e u r e t une l a r g e u r - c 'est-à-
d i r e un r e c t a n g l e . La spécification selon laquel le le procès de «faire que se tiennent» la 
longueur e t la l a r g e u r entraîne qu'une sur face est «bêtie» démontre que l'opération en 
q u e s t i o n e s t v r a i m e n t une construction et non pas une m u l t i p l i c a t i o n arithmétique 
(une m u l t i p l i c a t i o n présupposant une opération de bètissement s e r a i t mentionnée 
après cel le- là) . P l u s r e m a r q u a b l e encore es t l a r e m a r q u e s e l o n l a q u e l l e c e l u i qui a 
jalonné l a s u r f a c e en f a i t la ronde; i l s 'agi t v r a i m e n t d'une s u r f a c e dans l e t e r r a i n - è 
s a v o i r d'un «champ». Une f o i s e n c o r e , l e problème prétend t r a i t e r de l a p r a t i q u e de 
l ' a rpen tage , t o u t en appar tenant en réalité dans la catégorie «brillante» des énigmes. 

La méthode peut paraître quelque peu opaque, m a i s s 'expl ique s y m b o l i q u e m e n t 
c o m m e sui t : Des données 

xy+(x-y) = 163 , x+y = 27 

s u i v e n t p a r a d d i t i o n e t l ' i n t r o d u c t i o n de Y = y+2 

xy+(x-y)+(x+y) = xy+2x = x(y+2) = xY = 210, 

e t d 'aut re p a r t 

x+y = (x+y)+2 = 27+2 = 29, donc (x+Y)/2 = 14^, 

et donc 

l(x-Y)/2]2 = l(x+Y)/2]2 -xY = 210 j}-210 = 1/4, (x-Y)/2 = 1/2. 

Ceci nous donne 

X = l(x+Y)/2]+[(x-Y)/2] = 14 y 1/2 = 15 

et 

Y = [(x+Y)/2H(x-Y)/2] = 14 y 1/2 = 14, 

dont 11 résulte f i n a l e m e n t 

y = Y-2 = 12. 

M i s à p a r t l e r e m p l a c e m e n t de x+y par x-y ( e t v i c e v e r s a ) dans l e s données, 
l e problème e s t s t r i c t e m e n t analogue au d e r n i e r problème cité c i - d e s s u s d'Abû Bakr . 
P l u s haut déjà i l a été d i t qu'Abû Bakr emplo ie une méthode paléobabylonienne c a r a c 
téristique pour résoudre ce problème, so i t le c a l c u l p a r d e m i - s o m m e e t demi-di f fé
r e n c e . En f a i t , l a r e s s e m b l a n c e va p lus l o i n , i n c l u a n t l ' i n t r o d u c t i o n d'une «variable 
auxil iaire» Xou Y, dont l e présent t e x t e p a r l e e x p l i c i t e m e n t c o m m e une «largeur», 
différente b i e n sûr de l a «vraie largeur». Q u T s o i t réellement une l a r g e u r se v e r r a 
s u r l a f i g u r e s u i v a n t e , qui nous m o n t r e r a a u s s i l a s i t u a t i o n d'un p o i n t de vue 
d ' a r p e n t e u r : z 
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F i g u r e 5 

D'abord , le r e c t a n g l e e s t bâti e t «ce par quoi l a l o n g u e u r excède l a largeur» 
e s t «ajouté» - ce qui présuppose qu' i l e s t pourvu d'une l a r g e u r / e t ce qui donne une 
s u r f a c e t o t a l e égale è 183. Au pas su ivan t , «les additionnés de longueur e t largeur» ( l e 
p l u r i e l e s t i n d u b i t a b l e dans l e t e x t e Baby lon ien) y sont ajoutés. C o m m e on l e v o i t , l e 
résultat e s t un nouveau r e c t a n g l e d 'a i re 210, dont l a n o u v e l l e l a r g e u r (Y) excède l a 
l a r g e u r i n i t i a l e par 2 e t dont l a s o m m e des deux côtés e s t 27+2 = 29. 

Le r e c t a n g l e à a i r e connue ( i c i 210 ) a v e c l a s o m m e des deux côtés 
connue ( i c i 29 ) e s t un problème t y p e de l'«a1gèbre» paléobabylonienne. Sa s o l u t i o n 
p e u t être s u i v i e d a n s l a f i g u r e s u i v a n t e , tirée en f a i t de l a démonstration d ' a l -
K h w S r i z m T du cas «trésor e t nombres égalent racines» 3 8: 

H 

M 1 L K 

A 
R G 

N 1 ? B 

F i g u r e 6 

Le r e c t a n g l e I n c o n n u e s t représenté p a r A N , dont l ' a i r e e s t 210. S i BD e s t 
r e n d u égal à AB (Y), i l s ' e n s u i t que ND égalera 29(=x+Y). Nous d i v i s o n s ce s e g m e n t 
en deux p a r t i e s égales (NT e t T D ) e t l es fa isons «se tenir», ce qui p rodu i t l e carré NK, 

dont l ' a i r e s e r a (14^)2 = 21Cr^(= l(x+y)/2]2). Si HR e s t r e n d u égal à AB ( = V ) , on 

v e r r a è l ' a i d e d'un peu de comptabilité élémentaire ( H M , c o m m e GA, égale (x-Y)/2) 
que MR égale GB e t donc que l ' a i re du gnomon MLRGTN égale 210, qui e s t arraché des 

210^. représentant NK. Le r e s t e (dont l ' a i r e s e r a 1/4) s e r a l e carré RK, dont l e côté 

3 8 E d . , t r a d . R o s e n 1 8 3 1 : 1 8 . 
526 
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égale (x-Y)/2 = 1/2. C e t t e demi-différence e s t ajoutée «au p r e m i e r 14^» ( N T ) , ce 

qui nous donne l a l o n g u e u r ( x = 1 5 ) , e t e n s u i t e coupé «du second 14^» ( M N ) , ce qui 

donne l a l a r g e u r ( V = 1 4 ) . 

La même f i g u r e a u r a i t pu être r e p r i s e au traité d ' i b n T u r k 3 9 . 11 s e m b l e b i e n , 
f i n a l e m e n t , que l a f i g u r e à l a q u e l l e se réfère Abu B a k r p a r son «voici!» s o i t s i m i 
l a i r e 4 0 . S o m m e t o u t e , i l y a de bonnes r a i s o n s de p e n s e r que l es s a v a n t s m u s u l m a n s 
bâtissent sur une t r a d i t i o n née durant l'âge du bronze babylonien. 

D 'au t res o b s e r v a t i o n s d'ordre s t y l i s t i q u e e t l i n g u i s t i q u e étaient c e t t e h y p o 
thèse. D'abord, l ' o r g a n i s a t i o n «rhétoricienne» des problèmes. C o m m e nous l 'avons v u , 
l e s problèmes d'Abû B a k r c o m m e n c e n t «Si q u e l q u ' u n t ' a u r a d i t» . Ce q u e ce 
«quelqu'un» a d i t e s t d i t è l a première personne s i n g u l i e r p a r f a i t - a v e c une s e u l e 
e x c e p t i o n : Si l a longueur excède la l a r g e u r , cec i e s t expliqué à la troisième personne 
s i n g u l i e r présent, c o m m e un f a i t neut re e t non pas c o m m e quelque chose «qu'il» a f a i t . 

A l o r s v i e n t une référence e x p l i c i t e è l a méthode, qui e s t e n f i n expliquée 
c o m m e q u e l q u e chose que «tu» do is f a i r e , è l'impératif a l t e r n a n t a v e c l a deuxième 
p e r s o n n e s i n g u l i e r du présent. P a r f o i s , une étape e s t justif iée p a r une référence è 
l'énoncé e m p l o y a n t l a f o r m u l e «parce que sa p a r o l e fut» (quoniam sermo eius fuit). 
P a r f o i s a u s s i , un résultat intermédiaire qui ne correspond pas d i r e c t e m e n t a une e n 
tité géométrique doi t être «retenu en mémoire». 

Une p a r t i e de ces caractéristiques se r e t r o u v e n t dans l e s problèmes paléo
b a b y l o n i e n s cités i c i . Ceux qui m a n q u e n t se t r o u v e n t t o u s dans d ' a u t r e s t e x t e s , en 
p a r t i c u l i e r l a référence au «quelqu'un» i n t r o d u i s a n t l'énoncé. À e l l e s e u l e , 
l ' a l t e r n a n c e e n t r e l a première e t la deuxième personne p o u r r a i t être expliquée c o m m e 
un r e f l e t de l a s i t u a t i o n d i d a c t i q u e ; l a même c h o s e p o u r r a i t peut-être se d i r e de 
l ' a l t e r n a n c e e n t r e présent e t p a r f a i t . Si l es deux a l t e r n a n c e s sont considérées e n 
s e m b l e e t combinées avec les a u t r e s caractéristiques s t y l i s t i q u e s beaucoup p lus s i n 
gulières, t o u t e e x p l i c a t i o n p a r l a s i t u a t i o n d i d a c t i q u e e t par le hasard d e v i e n t extrê
m e m e n t i n v r a i s e m b l a b l e . 

Une particularité des t e x t e s paléobabyloniens es t la multiplicité des opéra
t i o n s d i s t i n c t e s . Dans leurs grandes l ignes , les mêmes d i s t i n c t i o n s sont respectées par 
Abu B a k r concernant l es opérations a d d i t i v e s e t s o u s t r a c t i v e s . 11 es t plus d i f f i c i l e de 
v o i r ce qu ' i l en e s t des opérations m u l t i p l i c a t i v e s , p a r c e que l es opérations c o r r e s 
pondant à «élever» e t «pas de» sont absentes de son traité. I l y a des i n d i c e s , p o u r t a n t , 
qu ' i l d i s t i n g u e q u e l q u e chose de s i m i l a i r e à la «répétition» concrète paléobabylo
n i e n n e ; d 'abord , Abu B a k r e m p l o i e «doubler» là où un t e x t e baby lon ien a u r a i t «répété 
jusqu'à deux» - m a i s p lus r e m a r q u a b l e es t une c o n s t r u c t i o n double au numéro 5 7 , où 
«quadrupler» e s t s u i v i p a r une e x p l i c a t i o n numérique («mult ipl ication» p a r 4 ) , 
précisément c o m m e dans le problème babylonien où l e résultat numérique d'un procès 
de «faire a e t b se tenir» est trouvé comme «â pas de b». 

3 9 T r a d . S a y i l i 1 9 6 2 : 1 6 4 . 
4 0 B i e n e n t e n d u , e l l e d o i t ê t re d i f férente d a n s l e détail p o u r l a s i m p l e r a i s o n q u ' i l p a r t d 'un 

r e c t a n g l e où l ' a i r e e t l a différence e n t r e l e s côtés s o n t c o n n u e s ; s e l o n t o u t e v r a i s e m b l a n c e , 

e l l e c o r r e s p o n d préc isément a u x f i g u r e s 2 e t 3 . L e numéro 5 8 du Liber mensurationum, 

p o u r t a n t , p a r t d e l ' a i r e ( p l u s précisément, d e T a i r e du l o s a n g e i n s c r i t d a n s l e r e c t a n g l e ) e t d e 

l a s o m m e d e s côtés (égale d a n s c e c a s à l a s o m m e d e s d i a g o n a l e s du l o s a n g e ) e t s e m b l e s u i v r e 

e x a c t e m e n t l a même v o i e géométr ique q u e n o t r e problème b a b y l o n i e n . C f . a u s s i p l u s b a s l e 

numéro 9 . 
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I V . U n e t r a d i t i o n 

À en c r o i r e l e mystérieux «voici!» (intellige), l e trai té d'Abû B a k r s e m b l e 
présupposer une compréhension h e u r i s t i q u e basée s u r des f i g u r e s géométriques. 
B e a u c o u p de problèmes son t du même t y p e que l e s problèmes paléobabyloniens, y 
c o m p r i s l e s types assez s i n g u l i e r s concernant l 'a i re e t l es q u a t r e côtés d'une f i g u r e e t 
l a s o m m e de l ' a i re e t d'une c o m b i n a i s o n linéaire des côtés d'un r e c t a n g l e . La méthode 
de base coïncide avec l e s méthodes particulières e t caractéristiques de I'«algèbre» 
paléobabylonienne, p a r e x e m p l e l ' emplo i d'une d e m i - s o m m e e t d'une demi-différence 
e t l e «changement de variable». La d i s t i n c t i o n e n t r e opérations qui diffèrent dans une 
interprétation géométrique, m a i s pas dans une interprétation arithmétique e s t r e s 
pectée. La s t r u c t u r e «rhétoricienne» coïncide, f i n a l e m e n t , avec c e l l e des t e x t e s m a 
thématiques babyloniens dans les détails de g r a m m a i r e e t des expressions f i xes . S o m m e 
t o u t e , i l e s t donc p l u s que d i f f i c i l e de r e j e t e r l'idée que l e traité d'Abû B a k r (ou du 
m o i n s une p a r t i e de sa s u b s t a n c e , pu isqu ' i l c o n t i e n t d ' a u t r e s matières) a p p a r t i e n t è 
«une t r a d i t i o n née d u r a n t l'âge du b r o n z e babylonien», c o m m e 11 a été suggéré p l u s 
haut . P u i s q u ' i l s ' a g i t d'un traité s u r l ' a r p e n t a g e , i l f a u t c r o i r e que l a t r a d i t i o n a été 
t r a n s m i s e p a r l e m i l i e u des praticiens-géomètres - a r p e n t e u r s , a r c h i t e c t e s e t 
maîtres maçons - l e même m i l i e u qui s e m b l e a v o i r inspiré p l u s i e u r s des problèmes 
b a b y l o n i e n s cités p lus h a u t 4 1 . C o m m e presque tous l es m i l i e u x de p r a t i c i e n s a n t i q u e s 
e t médiévaux, o u t r e c e l u i des s c r i b e s , c e l u i - c i ne nous a laissé aucune source écrite 
sur ses méthodes, bien que l ' ex is tence d'un fonds de méthodes ne peut pas être m i s e en 
d o u t e ; l e f a i t qu'une t r a d i t i o n a pu s u r v i v r e depu is l'ère paléobabylonienne j u s q u ' a u 
neuvième siècle sans a v o i r laissé de t r a c e s e s t donc m o i n s s u r p r e n a n t qu'on p o u r r a i t 
l e c r o i r e à première v u e 4 2 . 

C e t t e conc lus ion peut être étayée par deux o b s e r v a t i o n s d 'ordre différent. On 
p e u t , d 'abord , s i g n a l e r un a u t r e cas f r a p p a n t de continuité mathématique réunissant 
l'ère paléobabylonienne e t l e moyen-âge i s l a m i q u e (auss i b ien que le moyen-âge l a t i n 
e t i n d i e n ) . En 9 5 2 / 5 3 , un c e r t a i n Abû'l-tfasan a l - U q l T d i s T , t r a v a i l l a n t à D a m a s , a 
écrit un traité de grande envergure sur le ca lcu l avec l e s c h i f f r e s hindous. Le d e r n i e r 
c h a p i t r e , qui p o r t e l e t i t r e «Doubler l'unité, s o i x a n t e - q u a t r e fois», nous d i t que 

Cela e s t une quest ion posée par beaucoup de gens. 11 y en a qui doublent l'unité 3 0 
f o i s e t d 'autres qui la doublent 6 4 f o i s 4 3 . 

Env i ron un siècle e t demi plus tôt, un r e c u e i l de problèmes de récréation ( l e s 
Propositiones âd dcuendos iuvenes) f u t composé en pays f r a n c , peut-être à l'école 

4 1 11 e s t même v r a i s e m b l a b l e q u e l e p o i n t d e départ d e « l 'a lgèbre» méthodique d e s s c r i b e s 

b a b y l o n i e n s a u r a été l e s d e v i n e t t e s mathématiques a p p a r a i s s a n t d a n s u n m i l i e u d ' a r p e n t e u r s 

d u r a n t l e t r o i s i è m e m i l l é n a i r e . P e n d a n t l'époque paléobabylonienne c e s d e v i n e t t e s a u r o n t 

a l o r s été adoptées e t sys témat isées d a n s l 'école d e s c r i b e s ; e n même t e m p s , l a t r a d i t i o n 

o r i g i n a l e a u r a cont inué s o n e x i s t e n c e e x t r a - s c o l a i r e ( v o i r m o n [ 1 9 9 0 a , s e c t i o n V ] ) , 

s u r v i v a n t jusqu'à l'époque d'Abû B a k r . 
4 2 11 f a u t s a v o i r q u e l e s t e x t e s mathémat iques d e l'époque b a s s e b a b y l o n i e n n e (l 'époque 

s e l e u c i d e ) n ' u t i l i s e n t p a s l e s méthodes caractér ist iques partagées p a r A b u B a k r e t l e s t e x t e s 

paléobabyloniens e t n e d i s t i n g u e n t p a s d i f f é r e n t e s opérat ions a d d i t i v e s , s o u s t r a c t i v e s e t 

m u l t i p l i c a t i v e s ( v o i r m o n [ 1 9 9 0 , s e c t i o n X . 2 1 ) ; l a t r a d i t i o n q u i réunit A b u B a k r a u x s o u r c e s 

paléobabyloniennes n e p a s s e d o n c p a s p a r l e s p r ê t r e s - a s t r o l o g u e s s e l e u c i d e s a u t e u r s d e s 

t e x t e s mathématiques cunéiformes t a r d i f s 
4 3 T r a d . S a i d a n 1 9 7 8 : 3 3 7 
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p a l a t i n e de C h a r l e m a g n e à A i x - l a - C h a p e l l e e t peut-être p a r A l c u i n . Le 13ème p r o 
blème exp l ique que 

un ro i a commandé à son m i n i s t r e de l e v e r une armée de 3 0 v i l l e s de c e t t e m a 
nière, qu'on c o n s c r i v e de chaque v i l l e t a n t d 'hommes qu'on y a u r a i t c o n d u i t s . Le 
m i n i s t r e , p o u r t a n t , e s t venu seul à la première v i l l e e t à l a s e c o n d e a v e c un 
a u t r e ; è l a troisième, m a i n t e n a n t , t r o i s sont venus [avec l u l l ; que c e l u i qui peut 
d ise combien d'hommes ont été levés de ces 3 0 v i l l e s . 4 4 

Les 64 d o u b l e m e n t s se réfèrent évidemment au «problème de l'échiquier» 
raconté p a r p l u s i e u r s a u t e u r s a r a b e s 4 5 et peut-être auss i discuté p a r a l - K h w 5 r i z m T 
dans une o e u v r e p e r d u e 4 6 . Les 3 0 doub lements se r e t r o u v e n t p lus t a r d chez B h S s k a r a , 
m a i s a u s s i dans des s o u r c e s d'une époque beaucoup p lus a n c i e n n e . T o u t d ' a b o r d , un 
p a p y r u s g r e c , p r o v e n a n t p r o b a b l e m e n t du H a u t - E m p i r e r o m a i n , m a i s peut-être des 
troisième ou quatrième siècles, c a l c u l e 3 0 d o u b l e m e n t s d'un m o n t a n t I n i t i a l de 5 
d r a c h m e s 4 7 . Ce qui e s t plus intéressant e n c o r e , une t a b l e t t e d a t a n t du X V I I I e siècle 
a v a n t J . - C . e t venant de Mari en I raq cont ien t le problème su ivant : 

À un seul g r a i n , 1 gra in a été ajouté: 
2 g r a i n s l e p r e m i e r j o u r , 
4 g r a i n s l e second j o u r , 
[...I 4 8 

e t a i n s i de s u i t e jusqu 'au trentième j o u r . C o m m e chez «Alcuin», l e d o u b l e 
m e n t e s t formulé de manière a d d i t i v e ; comme dans l e problème de l'échiquier, i l s 'agi t 
de g r a i n ( e t on t r o u v e en e f f e t dans la B a b y l o n i e des «échiquiers» à 3 0 c a s e s ! ) ; e t 
c o m m e chez a l - U q l T d i $ T , A l c u i n e t BhSskara e t dans l e papyrus g r e c , on double préci
sément 3 0 f o i s . La continuité semble être hors de doute. 

L 'aut re o b s e r v a t i o n concerne un «Traité sur ce qui e s t nécessaire c o n c e r n a n t 
l es c o n s t r u c t i o n s géométriques pour les artisans-spécialistes» écrit pa r AbQ'l-Wafâ ; 

v e r s l a f i n du dixième siècle. À propos du problème qui c o n s i s t e è a d d i t i o n n e r t r o i s 
carrés égaux, Abû'1-Waf5> r a c o n t e a v o i r présenté ce problème à l ' o c c a s i o n d'une 
r e n c o n t r e e n t r e géomètres e t «artisans-spécialistes» (sunne', t r a d u i s l b l e a u s s i 
c o m m e «praticiens»). Les géomètres, bien sûr, ont v i t e trouvé une s o l u t i o n , qui 

p o u r t a n t n'était pas du tout s a t i s f a i s a n t e pour l es a r t i s a n s , parce qu ' i ls n'étaient 
pas en état de d i v i s e r ces t r o i s carrés en pièces qui pour ra ien t être composées de 
t e l l e manière qu' i l en résulte un seul carré, c o m m e nous l 'avons f a i t pour deux 
e t c i n q carrés. En ce qui c o n c e r n e l es a r t i s a n s , i l s ont proposé p l u s i e u r s mé
thodes pour l e f a i r e . Pour quelques-unes de ces méthodes des démonstrations ont 
été f a i t e s , t a n d i s que d 'aut res se m o n t r a i e n t fausses . C e l l e s pour l e s q u e l l e s des 
démonstrations n'étaient pas données étaient très près d'être c o r r e c t e s e t ce lu i 
qui v o y a i t ces const ruc t ions les c r o i r a i t v r a i e s . 4 9 

Les «artisans-spécialistes» dont p a r l e Abül-WafS' ont donc pratiqué une 
géométrie de découpage et d 'assemblage des f i g u r e s , cor respondant précisément à la 
géométrie «naïve» que nous t r o u v o n s dans l'«algèbre» paléobabylonienne, dans l e s 

4 4 Éd. F o l k e r t s 1 9 7 8 : 5 1 . 
4 5 V o i r W i e d e m a n n 1 9 7 0 : I , 4 4 2 - 4 5 3 . 
4 6 V o i s S e s i a n o 1 9 8 7 : 4 9 2 + n o t e 2 3 . 
4 7 V o i r B o a y a v a l 1 9 7 1 . 
4 8 Éd. S o u b e y r a n 1 9 8 4 : 3 0 f f . 
4 9 T r a d , r u s s e K r a s n o v a 1 9 6 6 : 1 1 5 . 529 
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démonstrations d'al-KhwârizmT e t d ' i b n T u r k e t , se lon t o u t e v r a i s e m b l a n c e , chez Abu 
B a k r . 

La première o b s e r v a t i o n m o n t r e la possibilité d'une s u r v i e s i l e n c i e u s e duran t 
l e s deux millénaires e t d e m i séparant l'époque paléobabylonienne d'al-Khwârizmî 5 0 ; 
l a deuxième c o n f i r m e l a préférence des géomètres p r a t i q u e s pour l e s t e c h n i q u e s de 
découpage et d'assemblage des f igures. 

«Découpage e t assemblage» es t une d e s c r i p t i o n a s s e z précise des t e c h n i q u e s 
employées dans «l'algèbre» e t la «géométrie naïve» des Baby lon iens e t donc, s e m b l e -
t - 1 1 , dans «l'algèbre d'arpentage» d'Abû Bakr . Peut-être e s t - c e auss i l e n o m p a r l e 
que l AbQ B a k r désignait lui-même c e t t e méthode. C'est du m o i n s une interprétation 
p l a u s i b l e d'une r e m a r q u e f a i t e dans le problème numéro 9: * 

Et s ' i l t ' a u r a d i t : J 'a i enlevé l ' a i re [d'un carré] de ses côtés e t t r o i s sont restés, 
combien est a lors chacun de ses côtés? 
La méthode de ceci sera que tu d iv ises en deux le nombre des côtés, ce qui sera 2 , 
l e q u e l t u m u l t i p l i e s a l o r s par lui-même et ce qui en a d v i e n t s e r a 4. De c e c i e n 
lève donc 3 e t 1 r e s t e r a ; prends sa r a c i n e , qui e s t 1 , l e q u e l , s i t u l ' a j o u t e s à 2 , 
donnera l es t r o i s côtés; e t si tu l'enlèves de 2 , 1 r e s t e r a qui s e r a un quelconque 
de ses côtés, e t c e c i , en e f f e t , est selon augmentat ion e t enlèvement. 
D ' a u t r e p a r t , l a méthode se lon al-gabresi que t u poses t o u j o u r s un des côtés 
c o m m e l a chose , l a q u e l l e t u m u l t i p l i e s par elle-même [.. .] 5 1 

La s t r u c t u r e mathématique du problème coïncide (en interprétation géomé
t r i q u e , où i l n ' i m p o r t e pas de s a v o i r s ' i l y a une ou deux i n c o n n u e s ) a v e c c e l l e du 
numéro 4 3 : R e c t a n g l e à a i r e donnée e t avec s o m m e donnée des côtés 5 2 . La procédure 
peut donc être s u i v i e sur la f i g u r e 6 , avec HC égal à 4 e t l e r e c t a n g l e HD égal donc aux 
q u a t r e côtés. Le carré inconnu e s t représenté par AD e t l e r e c t a n g l e qui r e s t e quand 
l ' a i re du carré es t enlevée des quat re côtés es t donc représenté p a r HB. L 'ad jonct ion de 
1 à 2 e s t représenté p a r l ' a d j o n c t i o n de T B à NT; e l l e donne NB (d isons 4 - x ) , e t dans 
Je cas Qctuel (x = 1 ) donc 3 ou 3 x , c o m m e on l ' a f f i r m e dans l e t e x t e ( l ' i d e n t i f i c a t i o n 
s ' e x p l i q u e f a c i l e m e n t s i l'on suppose que l ' a rgument a été f a i t à p a r t i r d'une f i g u r e è 
p r o p o r t i o n s c o r r e c t e s ) . L'enlèvement e s t représenté p a r l'enlèvement de HM de NM e t 
l e résultat HN ident ique au côté. 

En p r i n c i p e , r«augmentation e t l'enlèvement» (augmentatio et diminutio) 
p o u r r a i e n t être une référence au cas c o r r e s p o n d a n t ö'al-gabr, qui e s t précisément 
c e l u i où l ' a d d i t i o n auss i b ien que la s o u s t r a c t i o n peut donner l ' inconnue, c o m m e nous 
l'a déjà expliqué a 1 - K h w 5 r i z m T . Mais s i Abu Bakr a v a i t eu l ' i n t e n t i o n de nous n o t i f i e r 
c e l a , i l a u r a i t p r o b a b l e m e n t d i t que l ' add i t ion nous donne aussi une s o l u t i o n p o s s i b l e 
( x = 3 ) , ou du m o i n s 11 a u r a i t rejeté c e t t e s o l u t i o n c o m m e différente de c e l l e qui e s t 

5 0 N o n p a s t o u t à f a i t s i l e n c i e u s e , i l e s t v r a i : I l y a l e p a p y r u s g r e c . E n o u t r e , o n t r o u v e 

d a n s l e c o r p u s Héronien e t c h e z l e s a g r i m e n s e u r s r o m a i n s d e s problèmes d u deuxième degré 

t o u t à f a i t isolés, m a i s t rès p r o c h e s d e c e r t a i n s problèmes paléobabyloniens o u présents d a n s 

l e Liber mensurationum. P a r e x e m p l e , l e Geometrica Héronien (éd. H e i b e r g 1 9 1 2 : 3 8 0 e t e n 

c o r e 444) c o n t i e n t u n problème où l a s o m m e d u d iamèt re , d e l a pér iphér ie e t d e l ' a i r e d ' u n 

c e r c l e e s t donnée; e x a c t e m e n t l e même problème s e t r o u v e d a n s u n e t a b l e t t e pa léobabylo

n i e n n e (éd. F r i b e r g 1 9 8 1 : 6 1 ) . 
5 1 Éd. B u s a r d 1 9 6 8 : 8 8 . 
5 2 E n i n t e r p r é t a t i o n û'al-Çabr, év idemment , i l a p p a r t i e n t a u c a s « t r é s o r e t n o m b r e é g a 

l e n t cô tés» . I l e s t r e m a r q u a b l e , p o u r t a n t , q u e l'énoncé d u problème c o r r e s p o n d è l a f o r m u l e 

u t i l i s é e d a n s l e s t e x t e s paléobabyloniens, « a i r e enlevée d e côtés: nombre». N o n m o i n s r e 

m a r q u a b l e e s t l e f a i t q u e l a s o l u t i o n e x p l i c i t e a u s s i b i e n l a l o n g u e u r (« les t r o i s côtés») q u e l a 

53f lrgeur ( l e côté) d u r e c t a n g l e i n c o n n u . 
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recherchée 5 3. Qui p lus e s t , beaucoup d 'au t res problèmes p a r m i ceux qui t r a i t e n t des 
r e c t a n g l e s ou des l o s a n g e s (don t ceux c o r r e s p o n d a n t au «quatrième cas» tfel-jjabr 
«trésor e t côtés égalent nombre») peuvent aussi être résolus p a r «addition [donnant 
l e côté long ou la diagonale longue] e t soust ract ion [donnant l e côté court ou la diagonale 
courte!» e t q u e l q u e s - u n s l e d i s e n t d i r e c t e m e n t ( p a r e x e m p l e l e s numéros 5 7 e t 5 8 ) . 
Dans l e c o n t e x t e du Liber mensurationum, i l n'y a donc r i e n qui l i e l e présent p r o 
blème spécifiquement è «augmentatio et diminutio» e t i l paraît p l u s p r o b a b l e que 
l ' e x p r e s s i o n d o i t être considérée c o m m e opposée à Yal-gabrde l a phrase s u i v a n t e . La 
méthode de découpage e t d 'assemblage géométrique naïve s e m b l e être désignée p a r un 
nom t r a d u i s i b l e comme «assemblage et découpage». 

Si c e l a e s t b ien l e c a s , i l f a u t se d e m a n d e r q u e l l e a été l ' express ion c o r r e s 
pondante a rabe . Un cand ida t p o s s i b l e e s t al-gam' wa'htafrîq54. P l u s i e u r s traités s u r 
ce s u j e t non identifié ont été écrits (dont l'un par a l - K h w 5 r i z m T ) jusqu 'au c o m m e n 
c e m e n t du dixième siècle, b i e n qu 'aucun d'eux n 'a i t survécu. Sam' v i e n t du v e r b e 
gama'a dont l e sens or ig ine l s e m b l e être «assembler, joindre» (concrètement); tafrîq 
v i e n t du v e r b e faraqa, «séparer, d i v i s e r , découper». L ' e x p r e s s i o n , un peu énigma-
t i q u e 5 5 , cor respond donc b ien è «assemblage et découpage» et p o u r r a i t b ien a v o i r été 
t r a d u i t e par Gérard c o m m e «augmentatio et diminutio». 

B i e n sûr, c e t t e i d e n t i f i c a t i o n r e s t e hypothétique. Ce qui s e m b l e être b i e n 
établ i , c ' es t qu'une t r a d i t i o n «d'algèbre d'arpentage» de d e s c e n d a n c e paléobabylo
n i e n n e était e n c o r e v i v a n t e e t connue è l'époque d'al-KhwârizmT e t d ' i b n T u r k e t que 
c e t t e t r a d i t i o n f a i s a i t usage de méthodes correspondant précisément ( l ' u t i l i s a t i o n de 
l ' a l p h a b e t pour désigner des entités géométriques m i s e à p a r t ) aux démonstrations 
géométriques données p a r ces a u t e u r s des a l g o r i t h m e s a p p a r t e n a n t à al-gabr. C 'est 
donc avec bonne ra ison que nous avons proposé plus haut que ces démonstrations étaient 
t o u t a u s s i t r a d i t i o n n e l l e s qu'al-gabr lui-même. Ce qu'al-KhwârizmT e t ibn T u r k on t 
f a i t n 'es t pas de réunir Yal-jabr t r a d i t i o n n e l e t l e s mathématiques r i g o u r e u s e s 
g r e c q u e s - Thâbit ibn Qurra l'a b ien vu - , m a i s de v o i r c o m m e n t l e s différentes t r a 
d i t i o n s «sous-scientifiques» pour ra i t être synthétisées avec un résultat beaucoup plus 
a p t e à s e r v i r de base aux f u t u r s développements que ne l'étaient l ' a u t o m a t i s m e a l g o 
r i t h m i q u e sans p r e u v e s ou une t e c h n i q u e fondée s e u l e m e n t s u r la m a n i p u l a t i o n des 
f i g u r e s , s ' i l s étaient p r i s chacun pour soi . 

Ceci l a i s s e encore o u v e r t e la quest ion de l 'o r ig ine 6'al-§abr. I l e s t d'usage de 
l u i a t t r i b u e r d e s r a c i n e s b a b y l o n i e n n e s e t de p r o p o s e r un p a s s a g e p a r l ' I nde . T a n t 
qu'on n'a pas prouvé (ou s e u l e m e n t trouvé) une o r i g i n e différente, i l e s t évidemment 
d i f f i c i l e de réfuter l'hypothèse babylonienne; i l f a u t savo i r , p o u r t a n t , qu 'e l le se fonde 
premièrement s u r une interprétation p u r e m e n t numérique ( e t donc f a u s s e ! ) de 

5 3 S i l ' o n s ' e n t i e n t è l a méthode géométrique, l e problème d e l a s o l u t i o n d o u b l e n e s e p o s e 

p a s ; p o u r représen te r géométr iquement l 'équation x-(2a-x) = b, i l f a u t décider d ' a v a n c e s i 

x < a o u x > a, p u i s q u e l e s représentat ions géométriques d e s d e u x c a s s o n t d i f férentes . 
5 4 L e Liber augmenti et diminutionis mentionné p l u s h a u t ( n o t e 8 ) , e n t o u t c a s , n 'a r i e n a 

v o i r a v e c l a présente méthode. 
5 5 L a s e u l e t r a c e p o s i t i v e d u c o n t e n u d e s t r a i t é s a été trouvée p a r A . S . S a i d a n ( 1 9 8 7 : 

4 4 0 ) : Abu M a n s Q r al-Baghdâdî a d i t a u c o m m e n c e m e n t d e l 'onzième siècle q u ' u n c e r t a i n p r o 

blème d'ar i thmétique p r a t i q u e e s t mentionné d a n s l e t ra i t é d'al-KhwârizmT s u r a1-§am' we'l-

tafrlq; S a i d a n e n c o n c l u t q u e l e s t ra i t és s u r l e s u j e t e n q u e s t i o n s e m b l e n t a v o i r consisté e n , 

o u d u m o i n s comporté d e s «opérat ions ar i thmét iques p o p u l a i r e s appliquées à l 'a r i thmét ique 

d e t o u s l e s j o u r s , u t i l i s a n t p r o b a b l e m e n t l ' e x p r e s s i o n d e s n o m b r e s p a r l e s d o i g t s e t l 'échelle 

d e 6 0 » ( « f o l k a r i t h m e t i c a l p r o b l e m s a s a p p l i e d t o e v e r y d a y a r i t h m e t i c , p r o b a b l y u s i n g 

f i n g e r - r e c k o n i n g a n d t h e s c a l e o f s ix ty») . Étant donné l e caractère éclect ique du t r a i t é d ' a l -

KhwârizmT s u r ahgabr, i l s e m b l e p o u r t a n t b i e n risqué d e r e c o n s t i t u e r l e c o n t e n u t o t a l d ' u n 

t r a i t é p e r d u è p a r t i r d ' u n e s e u l e c i t a t i o n . 531 
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«l'algèbre babylonienne» e t deuxièmement s u r le f a i t que l e s Baby lon iens , c o m m e l e s 
«gens 6'a1-§abr», s'intéressaient aux équations de deuxième degré. D ' a u t r e p a r t , à 
tous l e s n i v e a u x des détails, l es deux d i s c i p l i n e s diffèrent, s o i t en ce qui concerne l e 
cho ix des problèmes-type préférés, s o i t dans l es f o r m u l e s employées, s o i t dans l e s 
méthodes, s o i t dans la c o n c e p t u a l i s a t i o n des entités concernées. S'i l y a eu une r o u t e 
m e n a n t de l ' a n c i e n n e B a b y l o n i e jusqu'à Yal-Qabr d e s p r a t i c i e n s p r é - a l -
Khwâ*r1zm1ens, e l l e a dû p a s s e r par bien d 'autres contrées. 

L ' a s s o c i a t i o n i n d i e n n e e s t m i e u x étayée. La métaphore «racine» (jidhr) pour 
l e n o m b r e qui multiplié p a r lui-même donne «le trésor» p e u t nous paraître n a t u 
r e l l e , p a r c e que nous l 'avons empruntée nous-mêmes e t que nous nous y s o m m e s a c 
coutumés; m a i s dans l'interprétation numérique que lu i ont donnée les A r a b e s , e l l e e s t 
en f a i t i n e x p l i c a b l e . L ' e x p l i c a t i o n présuppose une Interprétation géométrique, c o m m e 
«ce côté s u r l e q u e l un carré r e s t e c o m m e s u r un pied» - e t c e t t e interprétation e s t 
b ien attestée dans les mathématiques indiennes au moins depuis Âryabhata. En p lus , en 
s a n s c r i t l e m o t mûla s i g n i f i e «base» e t «fondement» a u s s i b i e n que «racine d'un 
arbre» 5 6 . 

D 'au t re p a r t , c o m m e l'a déjà observé Léon Rodet 11 y a plus d'un siècle, i l y a 
une différence f r a p p a n t e , auss i b ien de n iveau que d 'approche, e n t r e l'algèbre de m a 
thématiciens I n d i e n s c o m m e Âryabhata e t B r a h m a g u p t a e t al-jjabr c o m m e nous l a 
r e n c o n t r o n s chez al-Khwâ"rizmT. De t o u t e évidence, l e s p r a t i c i e n s - c a l c u l a t e u r s ( e t 
même l e s a s t r o n o m e s ) a r a b e s n'ont pas a p p r i s l e u r ahjjabr chez ces maîtres Ind iens . 
L ' a s s o c i a t i o n I n d i e n n e s ' e x p l i q u e r a plutôt c o m m e dépendance p a r r a p p o r t à une t r a 
d i t i o n s o u s - s c i e n t i f i q u e qui a aussi inspiré l es mathématiciens ind iens dans l e u r dé
v e l o p p e m e n t s c i e n t i f i q u e du s u j e t . I l e s t pour le m o m e n t I m p o s s i b l e de d i r e s ' i l s 'ag i t 
là d'une t r a d i t i o n d ' o r i g i n e I n d i e n n e ou v e n a n t , peut-être, de K h w a Y e z m ( l e p a y s 
d ' o r i g i n e de l a f a m i l l e d'al-KhwSrizmï) ou d'une a u t r e région de l ' A s i e c e n t r a l e . Des 
réponses p o u r r a i e n t peut-être être trouvées au m o y e n d 'ana lyses p h i l o l o g i q u e s pré
c ises des sources Indiennes. 

M o i n s d'un siècle après l a m o r t d ' a l - K h w a r l z m T , l ' e x i s t e n c e d'une t r a d i t i o n 
à'al-gabr p lus v i e i l l e que l u i s e m b l e a v o i r été oubliée. En ce qui concerne l ' e x i s t e n c e 
d'une «algèbre d'arpentage» Indépendante d ' a Z - ^ r , l a s i t u a t i o n n'a pas été b i e n 
différente. Après l e m i l i e u du dixième siècle, l e s traités s u r al-Qam' wal-tafrîqne 
s'écrivaient p lus . Dans l 'Espagne l o i n t a i n e , une copie du traité d'Abû B a k r a encore pu 
être trouvée au douzième s ièc le 5 7 ; S a v a s o r d a , écrivant au début du même siècle, 
c o n s e r v e a u s s i q u e l q u e s t r a c e s d'une «algèbre» a b e r r a n t e dans son Recueil sur 
l'drpentage5e, c o m m e l e f a i t encore Léonard de P i s e dans sa Geometrie practica. Dans 
l e s d e u x c a s , p o u r t a n t , l a synthèse a v e c E u c l i d e e t a v e c l a t r a d i t i o n p o s t - a l -
Khwàrizmienne e s t déjà si mûre que s e u l e la c o n n a i s s a n c e du traité d'Abû B a k r nous 
p e r m e t de déceler c e s t r a c e s . Grèce à Gérard de Crémone, «l'algèbre d'arpentage» f u t 
t r a n s m i s e au Moyen-Age l a t i n , m a i s sans c e t t e technique géométrique qui était son plus 
fécond a s p e c t . Celle-là n'a été t r a n s m i s e qu'avec l'algèbre d'al-KhwâYizmT, en f o r m e 
r u d i m e n t a i r e , b ien sûr, m a i s déjà accommodée au goût grécisant. S i , en f i n de c o m p t e , 
e l l e va j o u e r un rôle durant l a rena issance (ce qui es t b ien probable en ce qui concerne 
C a r d a n , m a i s qui v a u t peut-être auss i pour Viète), c 'est grâce au t r a v a i l de synthèse 
d'al-KhwâiizmT. 

5 6 V o i r D a t t a & S ingh 1 9 6 2 : I , 1 6 9 f . 
5 7 Une c o p i e a s s e z c o r r o m p u e , i l f a u t l e d i r e . N n'y a pas que l a présence des «voici» sans 

f i g u r e s è v o i r e t l e mélange des différents systèmes numériques mentionnés en n o t e 17 . 
P a r m i l e s a u t r e s s i g n e s de c o r r u p t i o n t e x t u e l l e on t r o u v e , p a r e x e m p l e , des références «au 
précédent» qui en f a i t r e n v o i e n t à des problèmes venant p lus t a r d . 

5 8 Édition de l a t r a d u c t i o n l a t i n e f a i t e p a r P l a t o n de T i v o l i avec t r a d u c t i o n a l l e m a n d e dans 
C ^ S r t z e 1 9 0 2 . 
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I. The starting point 

In a number of previous publications1 I have approached the 

prehistory of algebra up to the final fixation of the subject in written 

systematic treatises by al-Khwârizmï and ibn Turk in the early 9th 

century (C.E.). The outcome of these investigations can be briefly 

summarized as follows: 

The branch of Old Babylonian mathematics normally identified 

as »algebra« was no rhetorical algebra of the kind known from the 

Islamic and European Medieval period (and from Diophantos). It did 

not deal with known and unknown numbers represented by words 

or symbols. Strictly speaking it did not deal with numbers at all, but 

with measurable line segments. Some of its problems were thus really 

concerned with inverted mensuration geometry (e.g., to find the 

1 Among which the following: 

— (1990), presenting in depth the comparative philological analysis of Old 

Babylonian »algebraic« texts. 

— (1989), a concise overview of the same subject-matter, discussing also some 

of the general implications for our understanding of early »algebra«. 

— (1986) and (1990b), presenting the evidence that Abu Baler's Liber mensuratio

num builds on a continuation of the Old Babylonian »cut-and-paste«-tradition, 

and that al-Khwàrizmî's geometrical proofs of the rules of al-jabr are inspired 

from the same source. 

— (1990a), investigating the nature of that kind of practitioners' tradition which 

appears to connect the mathematicians of the early Islamic period with the 

Babylonian calculators. 

— (1987), discussing inter alia the specific character of Islamic mathematics as 

a synthesis between Greek mathematics and such »sub-scientific« traditions. 
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dimensions of a rectangular field, when the area and the excess of 
the length over the width are given); others represented unknown non-
geometrical entities by line segments of unknown but measurable 
length (e.g., a pair of numbers from the table of reciprocals whose 
difference is given to be 7, and which is represented by the dimensions 
of a rectangle of area 60, in which the length exceeds the width by 
7). 

Correspondingly, the operations used to define and solve these 
problems were not arithmetical but concrete and geometrical. The texts, 
indeed, distinguish two different »additive« operations: joining—e.g., 
a complementary square to a gnomon; and adding measuring numbers 
arithmetically, two different »subtractive« operations: removing a part, 
the inverse of »joining«; and comparing two different entities. And 
finally no less than four different »multiplicative« operations: the 
arithmetical multiplication of number by number; the computation of a 
concrete magnitude, e.g. from an argument of proportionality; the 
construction of a rectangle; and the concrete repetition of an entity, e.g., 
the repetition 9 times of a square as a 3*3-square. 

The geometrical conceptualizations are reflected in geometrical 
techniques. The central technique for the solution of mixed second-
degree problems is the partition and reorganization of figures (one 
might speak of a »cut-and-paste« technique). So, the rectangle referred 
to in the above examples is cut and reorganized as a gnomon, and 
a complementary square (of area 31/2 3V 2) is joined to it, yielding a 
greater square of area 60^121/2=72l/2 (cf. Figure 2, which shows the 
principle). Non-normalized and certain other complex problems are 
treated by means of a technique of »scaling« (which can be considered 
a change of unit in one or both directions of the plane). In all cases, 
the geometry involved can be characterized as »naive«: The operations 
are seen immediately to yield the correct result (as we see, immediately 
and without further reflection, a=7 to follow from a+2=9=7+2); the 
texts contain no separate, formal proofs, for instance of Euclidean type. 
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This »naive geometry« is fairly similar to the proofs given by al-

Khwârizmï in his Algebra that the rules used to solve mixed second-

degree problems are correct. Another, presumably roughly con

temporary text demonstrates that the similarity can hardly be accident

al. A Liber mensurationum—written by an otherwise unidentified Abu 

Bakr and only known from a Latin translation due to Gherardo da 

Cremona (ed. Busard 1968)—contains in its first half a large number 

of quasi-geometrical, quasi-algebraic problems (finding the side of a 

square when the sum of the area and the side is known; finding length 

and width of a rectangle when the area and the excess of length over 

width are given; etc.). These are solved in two ways: Secondarily by 

means of aliabra—evidently al-jabr as known from al-Khwârizmï, 

rhetorical reduction to standard rnâl-jidr-problems and solution of these 

by means of standard algorithms; but primarily by means of what 

seems to be a naive-geometrical cut-and-paste technique, carrying 

perhaps the name augmentatio et diminutio (possibly al-]am* wa'l-tafrtq 

in Arabic, as I have suggested on earlier occasions; but cf. contrary 

evidence below). 

Abu Bakr/s treatise does not contain the complete gamut of Old 

Babylonian »algebra«. It is restricted to what looks most as surveyors' 

riddles: Combinations of the area and the side/all four sides/the 

diagonal/both diagonals, of squares/rectangles/rhombs. For this reason, 

Abu Bakr has no use for the Old Babylonian »scaling« technique; 

everything can be done by cut-and-paste style manipulation of figures. 

The character of the transmission link connecting the Old Babylon

ian epoch with the early Islamic period is made clear by a number 

of observations: through Abu Bakr/s inclusion of the problems in a 

treatise dealing purportedly with mensuration; through the mathemati

cal contents and the riddle character of the problems; and through 

a description of the favourite techniques of practical geometers given 

by Abü'l-Wafä3 in his Book about that which is necessary for artisans 

in geometrical construction (transi. Krasnova 1966: 115): When asked to 

find a square equal to three (identical) smaller squares they would 
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present (and only be satisfied with) solutions where the latter were 

taken apart and put together to form a single square. 

Evidently, Abu Baler's quasi-algebraic problems are of no practical 

use. They will have been transmitted since the Babylonian Bronze Age 

in what I suggest be called a »sub-scientific tradition«, within an 

environment of practical geometers (surveyors, architects, master 

builders, and the like) not for practical use but as »recreational« 

problems2—probably connected to the training of apprentices. 

Diophantos had already drawn some of his problems from such 

sub-scientific specialists' traditions3, and it is a reasonable assumption 

that Greek theoretical mathematics started in part as critical reflection 

upon the ways of sub-scientific mathematical practice. But these sources 

were never acknowledged, and Greek mathematics did not integrate 

sub-scientific mathematics as a total body, nor was its aim (Hero 

and a few others apart) to provide practitioners with better methods. 

The integration of practical mathematics (as carried by the sub-

scientific traditions) with theoretical mathematics (as inherited from 

the Greeks), was a specific accomplishment of the early Islamic culture. 

One expression of this process of synthetization is precisely al-

Khwârizmï's Algebra. Al-jabr itself will have been one such sub-

scientific tradition, of whose prehistory nothing is known4, but which 

2 The established name of this genre can justly be regarded a misnomer In 

traditional culture, »recreational« problems (and riddles in general) do not serve 

as recreation: Their purpose is agonistic (cf. Ong 1982:44). In particular, mathemati

cal and other profession-specific riddles have the function of fortifying professional 

identity and pride: »I have laid out a square field; the area, taken together with 

its four sides, was 140. Tell me, if you are an accomplished surveyor, the length 

of the side!«. 
3 In particular a large number of problems from Book I of his Arithmetica—see 

Hoyrup 1990c: 17ff. 
4 The only things we know are: 

— that there must be a source—al-Khwârizmï presupposes that the name of the 

discipline and the meaning of certain fundamental terms are already familiar, 

and he tells that he has been asked by the cAbbaside Khalif al-Ma3mun to write 

a concise treatise on the subject—not the thing a ruler (or anybody else) would 
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will probably have been carried by notarial and commercial calculators. 
The basic technique of the geometrical proofs will have been borrowed 
from the surveyors' tradition; the idea that proofs should be supplied, 
and the way to formulate them in writing by means of lettered 
diagrams, will have been taken from Greek mathematics. 

II. The original intention of the 
present investigation 

Another expression of the drive toward synthetization is Abu Bakr7 s 
treatise. Here, the process is the reverse of that performed by al-
Khwârizmî: The basic topic is the surveyors' tradition; but it is 
elucidated by means of the alternative method offered by al-jabr. 
Together with the drive toward conceptual and methodological 
renewal, however, Abu Baler's treatise presents definite archaic features. 

ask for if the subject did not exist already; 
— and that this source can be neither Greek nor Indian scientific mathematics— 
as argued cogently by the proponents of Indian and Greek roots, respectively. 

The only possibility left is thus that of an anonymous tradition—which, 
considering the relatively esoteric character of second-degree problems in a world 
where even the multiplication table was not common knowledge, must have been 
some kind of specialists' tradition. Certain terminological considerations (not least 
the use of the term root) suggests affinities with the Indian area. Others, however, 
show connection to the Mediterranean region. One possibility does not exclude 
the other; it is quite conceivable that the trading community interacting along 
the Silk Road will have carried certain algebraic techniques to everywhere between 
China and the Mediterranean, as it demonstrably diffused certain »recreational« 
problems in the whole area reached by its activity. 
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One of these is what may be called the »rhetorical structure« of 

the text. The normal format of Old Babylonian was as follows: »If 

somebody has said to you: [statement]. You, by your method: [procedure]^. 

The statement would be formulated in the past tense, first person 

singular (»I have made...«), with one exception—the excess of one 

length over the other would be told as a neutral fact in the present 

tense (»the length exceeds the width by ...«). The procedure would 

be told in the present tense, second person singular, alternating with 

the imperative; quotations from the statement justifying particular 

steps would be introduced by the phrase »because he has said«. All 

these features recur in Abu Baler's text, together with certain others 

of the same descent. 

This astonishing agreement between a Latin text and cuneiform 

tablets antedating it by 3000 years suggest that the precise wording 

of the Arabic text might disclose further details on the character of 

the transmitting tradition. In the absence of the Arabic version of the 

treatise it might even be possible, so it would seem, to make use of 

Gherardo's translation for this purpose. Gherardo, indeed, was an 

extremely conscientious translator (cf. also Lemay 1978:175f)—probably 

one of the most accurate translators of scientific and philosophical texts 

of all times. Since he also translated al-Khwânzmï's Algebra (ed. 

Hughes 1986), it might therefore be possible to find his particular Latin 

equivalences for Arabic terms. If these could be argued to be trans

ferred from one translation to the other, we might get access to 

certain terminological features of the Liber mensurationum. 

This was what I intended to attempt and to contribute at the 

present symposium. As I set out to compare Gherardo's Latin version 

with the published Arabic text of al-Khwärizmfs Algebra, however, 

the two turned out to differ so strongly precisely in the essential 

chapter (the geometrical demonstrations) that reliable conclusions 

appeared to be out of sight. Instead, however, Gherardo's text turned 

out to reflect to an astonishing extent the process through which al-

Khwârizmï constructed this part of his treatise, and thereby also to 
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demonstrate that the Arabic manuscript used for all editions and 

translations5 is the outcome of a process of stylistic normalization and 

thus not identical with al-Khwârizmï's original text—significantly 

farther removed from it (at least at certain points) than the manuscript 

used by Gherardo for his translation. 

The results of this investigation are thus what I am going to 

present in the following, together with the meagre conclusions which 

can all the same be drawn concerning my original question. 

5 Oxford, Bodleian I CMXVIII, Hunt 214/1, folios 1-34. I used Rosen's edition 

supported by Rozenfeld's Russian translation (1983) (Rosen's English translation 

is too free to be relied upon for my present purpose). Page-references to the 

Oxford Arabic text refer to the Arabic pages in Rosen 1831. 

Only in the very last moment, and only owing to the kind assistance of 

Professor Essaim Laabid, Marrakesh, did I get hold of a xerox of the Cairo edition 

(Muäarrafah & Ahmad 1939), which is also based on the Oxford manuscript. I 

checked all passages of relevance for the following, but found no disagreements 

which affect the conclusions (cf. also Gandz's discussion of the character of Rosen's 

errors—1932: 61-63). The major disagreements which turned up concerned the 

diagrams, where both editions proved deficient when compared with a reproduc

tion from the manuscript facing MuSarrafah & Ahmad 1939: 24—cf. Figure 3. 

Rosen omits most of the numbers which label lines and areas in the diagrams; 

MuSarrafah & Ahmad, e.g., do not distinguish alif from mira, with the result that 

one diagram carries two of the latter but none of the former. Since letters are 

important for my argument but numbers not, I have chosen to reproduce Rosen's 

diagrams. 

All English translations from the Arabic, the Latin and the Russian are mine. 
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III. Gherardo's version 

I am not going to present a full stylistic and structural comparison 

of Gherardo's text and the published Arabic text. For good reasons, 

in fact: I do not read Arabic, and thus have to restrict myself to what 

can be done by means of dictionary and grammar6, supported to some 

extent by Rozenfeld's fairly yet not fully literal Russian translation. 

I shall hence focus on a specific stylistic feature, which turns out to 

be significant. 

The format of Abu Bakr's surveyors' riddles (a format which goes 

back, we remember, to Old Babylonian times) was presented above: 

»Somebody« says, »I have done«. In order to solve this problem, »You 

do ...«. This reflects a tradition where teaching takes the form of 

inculcation of rules and procedures (whether reasoned or acquired 

through rote learning). Modern mathematics, on the other hand, is 

mostly presented in the first person plural mixed up with an imper

sonal third person, passive or active present or future tense, »We 

construct«, »The line is drawn«, »the value will be«, etc. The latter 

format is already found in Greek mathematical texts (even though the 

Greek mathematicians often speak in the first person singular). 

Unlike Abu Bakr, al-Khwârizmï does not stick to a single format. 

But his choice in particular chapters is not random. Nor is the choice 

of grammatical person always identical in the Oxford Arabic text and 

6 My main aids have been Wehr's dictionary (1961), Brockelmann's grammar 

(I960), and Souissy's doctoral dissertation on Arabic mathematical terminology 

(1968). I apologize for the wrong vocalizations which I will certainly have 

committed in the following. 
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in Gherardo's version. The variations of this pattern is what provides 
me with my main evidence. 

It is evidently legitimate to ask whether even as meticulous a 
translator as Gherardo would really respect such minor grammatical 
shades in a translation. After all, his purpose was to transmit scientific 
knowledge and not Arabic grammatical gradations—and he did cut 
down two full pages (1-2) of Arabic text, containing the praise of God 
and the dedicatory letter, to the single phrase »After the praise and 
exaltation of God he says«7. 

Inside the translation, however, even grammatical shades turn out 
to be respected. This is confirmed by a chapter which has not been 
submitted to stylistic normalization in the Arabic version, the one on 
multiplication of composite expressions (Oxford Arabic pp. 15-19, 
Gherardo pp. 241-243). The chapter contains a large number of 
examples, some of them purely numerical and given neutrally, »if it 
is ten diminished by one times ten diminished by two«, others 
algebraic and set forth by a »somebody«, e.g., »And if he has said, 
ten and thing times its equal«8. All the way through the chapter, the 
forms agree—and in the single case where the Arabic text uses the 
passive tense, this is also done by Gherardo9. No doubt, then, that 
Gherardo took care to render Arabic grammatical details as closely 
as possible in Latin10; we may confidently trust him as a witness of 

7 »Hic post laudem dei et ipsius exaltationem inquit« (Hughes 1986: 233 line 1,4). 
(All page references to Gherardo's text in the following refer to this edition). 
8 Oxford Arabic p. 16, last line (wa'in qâla ...), Gherardo p. 242, line 37 (Quod si 
dixerit: "Decern et res in decern et rem"). 

Strictly speaking one might claim that even the purely numerical examples 
are preceded by a reference to a »somebody«—viz the one which inaugurates 
the whole chapter. Still, this does not change the fact that the two types are 
treated differently. 
9 Oxford Arabic p. 16, line 6 from bottom (fidä qua laka); Gherardo p. 242, line 
31 (Cumque tibi dictum fuerit). 
1 0 We may compare this with the two modern translations. Rosen (English pp. 
21-27) misses the distinction between numerical and algebraic examples completely; 
Rozenfeld respects it in full, but renders both active and passive forms as »they 
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the forms used in his Arabic original, even when they differ from 

ours—in particular, of course, because the deviations turn out to be 

systematic, which they would not be if resulting from occasional 

nodding. 

Apart from this chapter on multiplication, we shall have to look 

at three different passages, which demonstrate systematic variations 

in usage and as regards the relations between the two versions of the 

text: the presentation of the rules used to solve the mixed equations; 

their geometrical proofs; and the chapter on addition and subtraction 

of composite expressions. When adequate, other than grammatical 

considerations will be made appeal to. For the moment, we shall 

concentrate on Gherardo's text. 

The rules 

The chapter containing the rules (pp. 234-236) starts off by 

presenting the three composite modes in non-personal format, 

»treasures11 and roots are made equal to number« etc. Then each of 

have said« (skazut), judging (rightly, I suppose) the distinction to be a mere 
stylistic whim. 
1 1 »Treasure« renders Latin census and Arabic mal. This translation is to be 

preferred to the conventional »Square«, which is misleading for several reasons. 

Firstly, »square« possesses geometrical connotations, which were only to be 

associated with mal in later times—indeed by those generations who had learned 

their algebra from al-Khwârizmï. The customary translation therefore makes a 

fool of al-Khwârizmï when he takes great pain to explain that a geometrical 

square represents the mal. Secondly, the algebraic understanding of »square« is 

also misleading: The square is the second power of the unknown, and no 

unknown in its own right. This, again, makes a fool of al-Khwârizmï (and quite 

a few modern scholars have considered him lacking in mathematical consequence 

on this account) when, after finding the root (jidr), he also finds the mal. Thirdly, 

speaking of the mal as a second power of the unknown makes us believe that 

the root is meant as the root of the equation—once again a meaning only taken 

on by the term as a consequence of al-Khwârizmï's work To al-Khwârizmï, the 

root is simply the square root of the mal 
That the mal is considered a basic and not a derived unknown is born out 

by the rather frequent use of the term to designate the unknown in a first degree 
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them is exemplified in personalized style, and followed by a rule: »But 

treasures and roots which are made equal to number are as if you 

say, 'a treasure and ten roots are made equal to thirty nine dragmas'. 

Whose meaning is this: from which treasure, to which is added the 

equal of ten of its roots, will be collected a totality which is thirty 

nine? Whose rule is that you halve the roots, which in this question 

are five. So multiply them with themselves, and from them arise 

twenty five. Add to these thirty nine, and they will be sixty four. 

Whose root you take, which is eight [...]«12. 

This succinct rule for the normalized case of the first composite 

mode is followed by a more discursive and explanatory exposition 

of the reduction of non-normalized cases to normal form. In this occurs 

one of the two grammatical first persons of the chapter: »It is therefore 

needed that two treasures be reduced to one treasure. But now we 

know that one treasure is the half of two treasures. Therefore reduce 

everything which is in the question to its half [...]«. The other turns 

up in the concluding passage: »These are thus the six modes [three 

simple and three composite—JH], which we mentioned in the 

beginning of this book of ours. And we have also already explained 

them and said what the modes were of those in which the roots are 

not halved [i.e., in the simple modes—JH]. Whose rules and necessities 

we have shown in the preceding. That, however, which is necessary 

problem as a mal—e.g., in one of the monetary problems from al-Karajï's Kdft 

(ed., transi. Hochheim 1878: iii, 14), and in the bulk of first-degree problems 

contained in the Liber augmenti et diminutionis (ed. Libri 1838: I, 304ff; Libri's 
commentary, it is true, misses the point completely, demonstrating ad oculos the 

dangers of the conventional translation). 
1 2 »Census autem et radices que numéro equantur sunt sicut si dicas: 'Census 

et decern radices equantur triginta novem dragmis.' Cuius hec est significatio: 

ex quo censu cui additur equale decern radicum eius aggregatur totum quod est 

triginta novem. Cuius régula est ut medies radices que in hac questione sunt 

quinque. Multiplica igitur eas in se et fiunt ex eis viginti quinque. Quos triginta 

novem adde, et erunt sexaginta quattuor. Cuius radicem accipias que est octo 

[...]« (p. 234, lines B.5-11). 
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on the halving of the roots in the three other sections we have put 

down with the verified sections. Now, however, for each section we 

make a figure [forma/sürah], through which the cause of the halving 

shall be found«. 

The proofs 

As we shall see below, this may be what al-Khwârizmï intended 

at first. In all known versions of the text, however, he presents us 

with two diagrams for the case »treasure and roots made equal to 

number«. 

d h 

t 

a 

census 

b 

Z 

k e 

\ 

Figure 1: Treasure and roots made equal to number (A) 

(Hughes 1986: 237; Rosen 1831: 10 (Arabic)) 

The first of these is peculiar in several ways. As in those Greek 

mathematical works which will have been known to al-Khwârizmï 

at least from his colleagues in the House of Wisdom, it is lettered— 

but several letters label whole rectangles and not points13. Moreover, 

1 3 In Elements u, 5-8, it is true, a notation occurs which at first looks similar the 

designation of a gnomon by means of three letters (ed. Heiberg 1883: I, 130-

140). But at closer inspection the similarity turns out to be misleading, as the 

letters marks point on a circular arc going through the three quadrangles from 

which the gnomon is composed. 
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it does not halve the number of roots, so as to represent the 10 roots 
by two rectangles of length 5 and R (R: the root); it divides 10 into 
4 times l1/» and represents the 10 roots by four rectangles 2V 2 

AU the other diagrams follow the respective rules closely, halving 
the number of roots and manipulating the corresponding rectangles 
and a quadrate of unknown dimensions so as to permit a quadratic 
completion: 

a 

c e n s u s 

b 

q u i n q u e 
.o c 
5' 
c o 

d re 

Figure 2: Treasure and roots made equal to number (B) 
(Hughes 1986: 238; Rosen 1831: 11 (Arabic)) 

The alternative diagram for the first case labels whole rectangles by 
single letters, as does the main diagram; the others, to the contrary, 
follow the normal Greek (and, as it was to become, the normal Arabic) 
pattern. 
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Figure 3: Treasure and number made equal to roots 
(Hughes 1986: 239; Rosen 1831: 13 (Arabic); manuscript, reproduced 

from Musarrafah & Ahmad (eds) 1939: (facing) 24) 
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Figure 4: Roots and number made equal to treasure 
(Hughes 1986: 240; Rosen 1831: 15 (Arabic)) 



When we turn our attention to the grammatical person used in 

the text, differentiations will be observed which follow another pattern. 

The first proof of the first case starts out in the first person singular 

(future tense): accipiam, faciam. Then comes an argument that we have 

known (scivimus) a certain surface to have a certain numerical value— 

viz from the statement of the problem; from that point onwards, 

everything with one exception continues in the first person plural 

(addiderimus, nos novimus, minuam, mediamus, multiplicamus, addimus, 

compleatur nobis, sufficit nobis). The style of the whole argument is 

discursive and almost colloquial: »I take [...]. Now we know [...]. If 

now we add [...]. But we have found out [...]. Therefore one of its 

sides is its root, which is eight. I shall therefore subtract [...]. However, 

we have only halved the ten roots [...] in order that the larger figure 

may be completed for us with that which was lacking for us in the 

four corners [...]. 

The alternative proof for the first case is formulated in the first 

person plural all the way through, except for one phrase »take its 

root«. It is also more concise and formal in style, and one might 

believe that al-Khwârizmï has left behind certain initial pedagogical 

and stylistic habits and completed a shift to formal writing in the 

plural. This guess, however, is contradicted by the proofs of the last 

two cases. Both of these start out by describing the construction 

process in the first person singular, and both of them afterwards make 

a partial shift to the plural; the plural seems to be used in references 

to what we know or want to be done, and when performing arith

metical operations on the already existing diagrams (this rule, it will 

be observed, does not fit the second proof, and only fits the first 

proof completely in a specific interpretation to which we shall return 

below). The last proof also contains a reference to »the three roots 

and four which I indicated for you« (quos tibi nominavi). 

Both the third and the fourth proof give a rather discursive 

explanation of the purpose of the construction of the diagram, i.e., 

of the way the squares and rectangles of the diagrams represent the 
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given treasure, roots and number. Even this makes their style different 
from that of the second proof. 

Addition and subtraction of composite expressions 

The proofs of the rules for solving the mixed second-degree 
equations were borrowed by numerous mathematical authors in later 
centuries, Arabic as well as Latin. But they are not the only geometri
cal proofs offered by al-Khwârizmî. After the chapter on multiplication 
of binomials comes another on »aggregation and diminution«, which 
first gives some examples of addition and subtraction of binomials 
and trinomials, promising an explanation by means of a figure in the 
end of the chapter, and then proceeds to exemplified rules for the 
multiplication of roots by integers and their reciprocals and for the 
multiplication and division of a root by another root. In the end of 
the chapter (pp. 245-247) the promised proofs are brought—two proofs 
by means of diagrams and one rhetorical, because the diagram at
tempted by al-Khwârizmî has turned out to »make no sense«. 

The promise is stated in the first person singular, and the rules 
and examples set forth in the second person singular (»You should 
know that if you want to take half the root of a treasure, you should 
multiply [...]« (244, line 18); »if you want to divide the root of nine 
by the root of four, divide nine by four [...]« (244, lines 32f). The 
choice of grammatical person in the geometrical proofs agrees with 
the main style of the previous ones: Making the constructions in the 
first person singular, but using the first person plural when »we« wish 
to do something, when »we« see, and when arithmetical operations 
are performed on the basis of diagrams which are already at hand. 
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IV. The Oxford text 

As told above, the manuscript which has been used for the modern 
editions and translations differs from the one which Gherardo must 
have used. It does so in several ways, of which I shall concentrate 
on two. 

Let us first apply the standard methods for comparing classical 
geometrical texts: The agreement/disagreement between the letterings 
of diagrams and in the structures of proofs. Already at this simple 
level, indeed, the relation between the two manuscripts can be seen 
to differ from chapter to chapter. 

Starting from behind, the diagrams used for the addition of 
binomials exhibit optimal agreement: alif-a, bâ*-b, jftn-g, dâl-d, jjw*-h, 
zciy-z, M*-e. If we observe that the labels of the four rectangles in 
Figure 1 can be freely interchanged, the same agreement is seen in 
the first proof of the case »treasure and roots made equal to number« 
(with the supplementary correspondences tâ*-t, kâf-k). The alternative 
diagram in the Oxford manuscript contains two letters râ° and hat 
with no counterparts in Gherardo's version (cf. Figure 2), and the texts 
differ correspondingly: Where Gherardo only refers to »the quadrate 
of the greater surface« (p. 238, lines 42f), the Oxford manuscript has 
»the greater surface, which is the surface rh«u . Apart from that, the 
letters agree according to the same scheme of correspondences. So they 
do in every respect in the case »roots and number made equal to 
treasure« (Figure 4; since the Oxford manuscript omits many diacritical 

14 al-saft al-a*zam al-dîhuwa sath RH, if I read it correctly (p. 11, line 1). 
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dots, the correspondence ra°-z (Rosen) cannot be distinguished safely 
from the correspondence zây-z (MuSarrafah & Ahmad)). 

In the diagram for the case »a treasure and twenty-one made equal 
to ten roots«, on the other hand, only 3 out of 12 letters agree. 
Remarkable differences will also be found in the progression of the 
proofs, together with significant similarities. 

One of these demonstrates that one of the proofs is made on the 
basis of the other, and not independently. This is an idiosyncratic 
didactical explanation that if in a quadrate »a side is multiplied by 
one, the outcome is one root; and if by two, two of its roots«15. 
Another similarity, coupled with a deviation, shows Gherardo's source 
to be better than the Oxford manuscript. Gherardo explains (p. 238, 
lines 51f) his rectangle ga to be 21; nothing similar is found in the 
Oxford version; but at a later point both texts refer to this value as 
already known16. The Oxford text is thus the result of a revision—a 
Verschlimmbesserung, indeed. 

Gherardo's proof only leads to one of the two solutions (namely 
3); the Oxford proof ends by also giving the solution 7. Alas, the 
diagram only fits the case where the root is smaller than 5 (unless 
we accept that line segments may have negative lengths, which was 
certainly not intended). While Gherardo's proof errs by incompleteness, 
the Oxford version commits a genuine mathematical mistake. The 
person responsible for this minor blunder, however, cannot be the 
editor who is responsible for the changed lettering and for the omitted 
identification of the rectangle ga (Gherardo's lettering) as 21; this 
follows from a comparison with Robert of Chester's translation17. Two 

1 5 Gherardo, p. 238, lines 54-56; Oxford Arabic p. 11, lines 4-3 from bottom 
1 6 According to the Oxford text (p. 12, line 8), »it has already become clear« (qad 
käna tabayyana?). 
1 7 Ed. Hughes 1989: 39-41. Robert has the same lettering as Gherardo, except that 
he interchanges the correspondences of M and hâ and makes käf correspond to 
c. He has the same diagram as Gherardo (and, lettering apart, the Oxford 
version)—the supplementary diagram found in Karpinski's edition (1915: 85) has 
been added by Scheubel. He also tells the area of ga to be 21. But like the Oxford 
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hands, at least (one working before and one after the Oxford manu
script family branched off from Robert's family, and none of them 
too competent) will have been active in recasting the Oxford version 
of this particular proof. 

Similarly, the Oxford proof of the case »three roots and four made 
equal to a treasure« has been tinkered with: it omits Gherardo's 
observation that the area of al is 6 V 4 (p. 240, lines lOlf), and changes 
one passage through and through (p. 14, lines 3-7). All other proofs, 
on the other hand, agree completely in mathematical structure, apart 
from one or two brief omissions. 

The other approach is through the use of grammatical persons. 
If, once again, we start from behind, the proofs concerned with the 
addition of binomials on the whole follow the same system as 
Gherardo: Use of the first person singular for constructions, and of 
the first person plural for what »we« know or want to do, and for 
arithmetical argumentation on the already existing diagram 1 8. 

The proofs of the »rules« for mixed second-degree equations, on 
the other hand, exhibit a much more even picture than Gherardo's 
text. No first person singular and no imperatives are to be found: all 
are replaced by the first person plural. The only exception is the 
mistaken insertion »proving« the double solution in the case »treasure 
and number made equal to roots«, which makes use of an invariable 
»you«. 

In the chapter on the multiplication of composite expressions, we 
remember, the Oxford text agreed with Gherardo in the use of 
grammatical person. The same holds for the definition of the six cases, 
for the exposition of the rules, and in the chapters containing algebraic 

version, Robert gives the double solution in spite of his diagram, in words which 
come too close to those of the Oxford version to be independent; Robert also 
agrees with this version in omitting erroneously from his description the drawing 
of ht (Gherardo's lettering). 
1 8 Only one exception will be obsered: to Gherardo's secabo, »I shall cut off« (p. 
246, line 83), however, corresponds the plural qata*anä (p. 22, line 9). 
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problems. Apart from the chapters on proofs, indeed, the two versions 
only diverge in this respect at two places—and that, curiously enough, 
»the other way round«. 

One of the places is where al-Khwârizmî rounds off the presenta
tion of the six modes and their »rules« and enters his geometrical 
demonstrations. The Oxford text (p. 8, line 11-16) speaks in the first 
person singular (»in the first part of my book«, »I have made clear«, 
etc.) and stays in the role of an author speaking to his reader (»the 
square which you seek«—p. 8,2 last lines). Gherardo, as quoted above, 
speaks (p. 236, lines 67-72) in the plural (»in the beginning of this book 
of ours«; »we have shown«; »the treasure which we want to know«). 
The other place is when al-Khwârizmî tells that he has attempted a 
geometrical proof for the addition of trinomials, but that the result 
was unsatisfactory (Oxford version p. 24 lines 5-7, Gherardo p. 247, 
lines 93-93). In both places, the author steps forward as the author 
of the whole book. Most plausibly, Gherardo has felt it appropriate 
to follow normal Latin style precisely in these places; there is no 
reason to believe that his Arabic manuscript differed from the Oxford 
manuscript in the two passages in question. 

V. Conclusions concerning al-Khwärizmt 

In all other places, however, we must prefer Gherardo's choice 
of grammatical person to the Oxford choice. If al-Khwârizmî had 
written his demonstrations of the rules for the mixed equations in an 
invariable first person plural, Gherardo (or anybody between him and 
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al-Khwârizmî) would have had no reason to introduce the systematic 

distinctions which are found in his version. Nor would mere sloppiness 

on Gherardo's (or an intermediate copyist's) part have produced 

anything resembling a system. The divergent uses of grammatical 

person in the two versions must therefore (apart from the two 

Gherardo passages in »author's plural«) be explained as deviations 

of the Oxford version from al-Khwârizmï's original text, produced 

by somebody aiming at stylistic normalization or in any case following 

his own stylistic preferences while rewriting—but since normalization 

has taken place even in proofs where mathematical substance is copied 

faithfully, intentional rectification of style seems to be involved. 

This rectification, as we have seen, only affects the geometrical 

proofs of the rules for mixed equations but not the proofs concerned 

with the addition of binomials (nor other matters, indeed); comparison 

with Robert of Chester's translations, furthermore, tells that it has taken 

place before his times. We cannot trust Robert's own grammatical 

choices, it is true19. But since the insertion on the double solution, 

which was known to Robert, has escaped that grammatical normaliza

tion which has affected its surroundings, the normalization must 

precede the insertion, which must precede Robert's translation. The 

stemma will have to be something like this: 

1 9 It is thus no powerful argument that Robert mostly uses the first person plural. 

This might easily be a consequance of his own stylistic feelings—even the in

sertion on the double solution is, indeed, formulated first person plural through

out. In general, it should be remembered, Robert of Chester is a less literal trans

lator as Gherardo, and would, for instance, reduce »it is obvious to us« to a mere 

»it is obvious«. 
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al-Khwârizmï 

•A 

Gherardo B 

D 
i 

Robert 

Oxford manuscript 

Here, A represents the grammatical normalization and B the mistaken 

addition on the double solution. C corresponds to the changed lettering 

in Figure 4. Omissions from the proofs take place both in the region 

A-B and in the vicinity of C. 

It is noteworthy that »A« only submitted the first set of geometrical 

demonstrations to his stylistic treatment. Evidently, he must have 

found the other demonstrations uninteresting or superfluous—a view 

which was shared by others20. 

Starting from the above conclusion, viz that Gherardo's text can 

be regarded as a faithful reflection of al-Khwârizmï's own use of 

grammatical person, we may make some further inferences concerning 

al-Khwârizmï's working method. The use of the »somebody«, the »I« 

and the »you«, as pointed out above, belongs with the sub-scientific 

traditions drawn upon by al-Khwârizmï. When presenting rules, 

problems and solutions/methods borrowed from these, he takes over 

their format, even when the words are actually his own. 

2 0 The proofs concerned with the addition of binomials are omitted by Robert 

of Chester and thus, in all probability, by his original (say, by »D«); and they 

were not taken over by Abu Kâmil or other later writers on algebra. 
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In proofs, however, his ways are different—and, as a matter of 

fact, uneven. The principal system, as we remember, was that 

constructions were told in the first person singular, while intentions, 

insights and arithmetical argumentation from existing diagrams were 

told in the first person plural. There were, however, two exceptions 

to this rule, both to be found in the proofs concerned with the case 

»treasure and roots made equal to number«. Firstly, in the first proof 

the outer segments of the side of the larger square are subtracted by 

a minuam (p. 237, line 23). Secondly, the second proof employs the 

plural consistently, apart from the slip where a »sub-scientific 

imperative« steals in. 

The first exception may not really be one. The first proof, indeed, 

is the one most obviously taken over from the sub-scientific cut-and-

paste tradition21; within this tradition, however, the subtraction in 

question would be a real, geometrical removal, and thus one of those 

constructive steps which al-Khwârizmï tells in the first person singular 

in other places. 

The other exception, however, is indubitable. It looks, indeed, as 

a first step toward that stylistic normalization which was carried 

through by »A«. The context is the alternative proof. The best 

explanation of its anomalous style seems to be that it has been written 

after the other proofs. It could have crept in during an early revision 

of the text performed by somebody else, familiar perhaps with ibn 

Turk's similar proof (Sayih 1962: 145f—ibn Turk, as a matter of fact, 

also speaks in the first person plural). But the way rectangles are 

labeled by only one letter reminds too much of al-Khwârizmï's first 

proof to make the intervention of a foreign hand plausible. It is more 

likely that al-Khwârizmï first prepared a text containing one diagram, 

and one proof, for each case; this, indeed, is what is promised in the 

preceding passage; at some later moment, perhaps after discussion 

with more grecophile colleagues at the House of Wisdom he inserted 

2 1 See my (1990a: 80 and note 61). 
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another diagram and proof somewhat closer to Elements H, 6, ex

pressing himself in a somewhat different style22. 

This and other questions may be answered more definitively 

through further philological work on the text. One thing, however, 

should then be remembered: Since Gherardo's translation is (as far 

as it goes) closer to the original than the Oxford version, no in

vestigation of al-Khwârizmï's Algebra should be made without 

attentive consideration of this Latin version, all modern editions and 

translations being based on the Oxford manuscript. Robert's less literal 

translation is not to be relied upon to the same extent; but even Robert 

may provide us with important supplementary evidence. 

Since the Oxford text appears to be the outcome several deliberate 

attempts at revision, it would be obvious to get behind it by taking 

other Arabic manuscripts of the work into accounP. But even the 

published texts—Oxford and Latin venons—might provide many clues. 

After all, the present paper was based only on very few textual 

parameters, which turned out to yield unexpected quantities of 

information. Other parameters—vocabulary, grammar, structure of the 

exposition—might yield more. 

2 2 It appears that this conjectural »later moment« must be considerably later. In 

a newly located, better manuscript of the Latin translation of al-Khwârizmï's al

gorism, which refers to the Algebra as an earlier work, al-Khwârizmî still makes 

use of the first person singular (Menso Folkerts, private communication). 
2 3 Three are mentioned by Sezgin (1974: 240, 401). 
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VT. Conclusions concerning Gherardo and the 
Liber mensurationum 

The lack of agreement between Gherardo's source and the Oxford 

version thwarted my original project: To find the Arabic terminology 

used by Abu Bakr in the Liber mensurationum. Still, the chapters of 

al-Khwârizmï's Algebra which have been least tinkered with in the 

Oxford version provide some bits of information. 

Most important is probably that one of the main uses of aggregare 

in the translation of al-Khwârizmï cannot possibly fit its use in the 

translation of Abu Bakr. Recurrent in the latter are phrases like »I have 

aggregated the side and the area [of a square]« and »I have aggregated 

its four sides and its area« (Busard 1968: 87). A survey of the use of 

the term in the translation of al-Khwârizmï, from the beginning 

through the second set of geometrical demonstrations, gives 7 corre

spondences to balaga, »to reach«, »to amount to«, together with 

derivations from this root; 9 to jama% »to gather«, »to put together«, 

and to derived forms (most indeed to ajtamaca (VIII), »to be/come 

together«, and concentrated in the chapter on addition of binomials); 

one instance falls in a passage which has been changed in the Oxford 

version; one, finally, expands a passage where this version only has 

a kâna, »to be/occur«, but where balaga might have been used, and 

may thus have been used in the original text. Of course, jama% 

would fit the use of the term in the Liber mensurationum; but balaga 

would certainly not. 

Two other additive terms from the Liber mensurationum are 

adiungere and addare. Both are also found in Gherardo's translation 

of al-Khwârizmï, the relatively rare adiungere mostly where the Oxford 
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version has jamaca2i, the more frequent addare corresponding to zâda, 

»to increase«, »to augment«. 

The obvious conclusions to draw from these observations are 

negative: Even though he took great care to be precise, Gherardo made 

no attempt to establish a one-to-one correspondence between Arabic 

and Latin terms used within a single work25. A fortiori, whatever 

terminological correspondences we may establish within a particular 

translation cannot be transferred without the greatest circumspection 

to other translations. Even if the Arabic original used by Gherardo 

in his translation of al-Khwârizmï had been at hand, it would have 

been difficult to carry through my original project, perhaps impossible. 

Still, one observation can be made: even though my previous con

jectural identification of Abu Bakr's augmentatio et diminutio with al-

jamc wa'1-tafrîq is not directly excluded by the equivalence jamaca-

aggregare, it is certainly not substantiated. 

2 4 In one instance, Gherardo's adiungare (p. 238, line 50) corresponds to an Arabic 

wasala, »to connect«, »to join«, »to attach« in the Oxford edition (to judge from 

the printed editions, the Oxford manuscript has a meaningless nsm—Rosen 1831: 

11 line 7). But since this falls in the proof of the second case, which was emended 

both mathematically and stylistically, no firm conclusion follows. 
2 5 Probably for good reasons; if his translations were to be used by others, he 

was constrained to respect, or at least compromise with, the conceptual boundaries 

of current Latin usage. Evidently, these differed strongly from those of the Arabic. 

Even in his choice of grammatical form, he was of course constrained by the 

difference between the two languages. One of his strategies to circumvent the 

problem was touched at above: When an Arabic perfect was too obviously not 

a preterit, Gherardo would choose the Latin future tense to demarcate it from 

the implicitly imperfect present tense. 
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In memory of George Sarton 

The Argument 

The development of autonomous theoretical science is often considered a "Greek 
miracle." It is argued in the present paper that another "miracle," necessary for the 
creation of modern science, took place for the first time in the Islamic Middle Ages, 
viz. the integration of (still autonomous) theory and (equally autonomous) practice. 

The discussion focuses on the mathematical disciplines. It starts by investigating 
the plurality of traditions which were integrated into Islamic mathematics during its 
formation, emphasizing practitioners' "sub-scientific" traditions, and shows how 
these were synthesized in a way virtually unknown in earlier cultures. A discussion of 
the sociocultural roots of this specific synthesis concludes that a major role was 
played in the earlier period by the combination of fundamentalist convictions charac
teristic of Islam - that the most humble daily activity is directly responsible to the 
highest ontological level, while conversely this highest level is concerned with the 
humblest ranks of daily existence - with the absence of an institutionalized "Church" 
able to monopolize the interpretation of the mutual bond of the divine and the 
everyday levels. 

As the institutions of learning crystallized around the turn of the millennium, the 
integrative attitude to theory and practice was fixated institutionally; the latter 
process is discussed, first with the example of the madrasah institution as the carrier 
of an arithmetical textbook tradition, and second with that of the bond between 
astronomy and theoretical geometry. 
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or Sociocultural Conditions? 299; XI. Practical Fundamentalism, 300; XII. Vari
ations of the Islamic Pattern, 303; XIII. The Importance of General Attitudes: The 
Mutual Relevance of Theory and Practice, 305; XIV. The Institutionalized Cases: (1) 
Madrasah and Arithmetical Textbooks, 309; XV. The Institutionalized Cases: (2) 
Astronomy and Pure Geometry, 311; XVI. A Warning, 313; XVII. The Moral of the 
Story, 315; Acknowledgments, 317; Biographical Cues, 318; Bibliography and 
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I. Introducing the Problem K 

When the "history of science" in prehistoric or Bronze Age societies is described, 
one normally finds a description of the technologies and of the practical knowledge 
which these technologies presuppose. This state of our art reflects perfectly the state 
of the arts in these societies: they present us with no specific; socially organized, and 
systematic search for and maintenance of cognitively coherent knowledge concerning 
the natural or practical world - i.e., with nothing like our own scientific endeavor. 

The ancestry of that specific endeavor is customarily traced back to the "Greek 
Miracle," the rise of pure theory, well described by Aristotle (Metaphysica, 981b 14-
982a 1, trans. Ross [1928] 1972): 

At first he who invented any art whatever that went beyond the common percep
tions of man was naturally admired by men, not only because there was something 
useful in the inventions, but because he was thought wise and superior to the rest. 
But as more arts were invented, and some were directed to the necessities of life, 
others to recreation, the inventors of the latter were naturally always regarded as 
wiser than the inventors of the former, because their branches of knowledge did 
not aim at utility. Hence when all such inventions were already established, the 
sciences which do not aim at giving pleasure or at the necessities of life were 
discovered [ . . . ] . 
So [ . . . ] , the theoretical kinds of knowledge [are thought] to be more of the 
nature of Wisdom than the productive. 

This passage establishes the fundamental distinction between "theoretical" and 
"productive" knowledge, between "art" and "science," and thus the break with those 
earlier traditions where knowledge beyond the useful was carried precisely by the 
same groups that possessed the greatest amount of useful knowledge.1 A fairly 
complete social and cognitive separation of the two is also inherent, though not fully 
explicit. Even if obvious deviations from this ideal can be found in several ancient 
Greek scientific authors (some of whom we shall mention below), Aristotle's 

1 I have discussed this relation at some depth for the case of Old Babylonian mathematics in my paper 
o f 1985. A short but striking illustration for the case o f Egypt is supplied by the opening phrase o f the 
Rhind Mathematical Papyrus, the mainly utilitarian contents o f which are presented as "accurate 
reckoning o f entering into things, knowledge o f existing things all, mysteries . . . secrets all" (trans. 
Chace et al. 1929, plate 1; cf. the similar translation in Peet 1923, 33). 
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discussion can be regarded as a fair description of the prevailing tendency throughout 
Greek antiquity. 

On the other hand, it is definitely not adequate as a description of modern or 
contemporary attitudes to the relationship between science and technology (which 
we are often disposed to regard as "applied science"2). We are separated from the 
Bronze Age organization of knowledge not only by a "Greek Miracle," but also by at 
legist one later break, leading to the acknowledgment of the practical implications of 
theory. Customarily we locate this break in the late Renaissance, and regard Francis 
Bacon as a pivotal figure. 

One aim of the present paper is to show that the break took place earlier, in the 
Islamic Middle Ages, which first came to regard as a fundamental epistemological 
premise that problems of social and technological practice can (and should) lead to 
scientific investigation, and that scientific theory can (and should) be applied in 
practice. Alongside the "Greek Miracle" we shall hence have to reckon an "Islamic 
Miracle." A second aim is to trace the circumstances that made medieval Islam 
produce this "miracle." 

1 shall not pursue these two aims in broad generality, which would be beyond my 
competence. Instead, I shall concentrate on the case of the mathematical sciences. I 
shall do so not as a specialist in Islamic mathematics,3 but as a historian of mathemat
ics with a reasonable knowledge of the mathematical cultures connected to that of 
medieval Islam, basing myself on a fairly broad reading of Arabic sources in 
translation. What follows is hence a tentative outline of a synthetic picture as it 
suggests itself to a neighbor looking into the garden of Islam; it should perhaps best 
be read as a set of questions to the specialists in the field, formulated by an interested 
outsider. 

From this point of view, the mathematics of the Islamic culture4 appears to differ 
from its precursors by a wider scope and a higher degree of integration. It took up the 
full range of interests of all the mathematical traditions and cultures with which it 
came in contact, "scientific" as well as "subscientific" (a concept which I discuss 
below); furthermore, a significant number of Islamic mathematicians mastered and 
worked on the whole gamut from elementary to advanced mathematics (for which 
reason they tended to see the former vom höheren Standpunkt aus [from a higher 

2 I shall not venture into a discussion of this conception, which is probably no better founded than its 
Aristotelian counterpart. 

3 This status is barred to me already because my knowledge o f Arabic is restricted to some elements 
of basic grammar and the ability to use a dictionary. Indeed, the only Semitic language I know is the 
simple Babylonian of mathematical texts. 

4 I use the term "culture" as it is done in cultural anthropology. Consequently, the Sabian, Jewish, and 
Christian minorities which were integrated into Islamic society were all participants in the "Islamic 
culture," in dar al-Islam. 

Similarly, "Islamic mathematics" is to be read as an abbreviation for "mathematics of the islamic 
culture," encompassing contributions made by many non-Muslim mathematicians. I have avoided the 
term "Arab mathematics" not only because it would exclude Persian and other non-Arab mathematicians 
but also (and especially) because Islam and not the Arabic language must be considered to be the basic 
unifying force of the "Islamic culture." Cf. below, chapter X . 
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vantage point], to quote Felix Klein). Even if we allow for large distortions in our 
picture of Greek mathematics, due to the schoolmasters of late antiquity (cf. Toomer 
1984, 32), similar broad views of the essence of mathematics appear to have been 
rare in the mature period of Greek mathematics; those who approached it tended to 
miss either the upper end of the scale (like Hero) or its lower part (like Archimedes 
and Diophantos, the latter with a reserve for his lost work on fractions, the 
Moriastica). 

The "Greek Miracle" would not have been possible had it not been for the existence 
of antecedent intellectual source traditions. If we restrict ourselves to the exact 
sciences, nobody will deny that Egyptian and Babylonian calculators and astronomers 
supplied much of the material (from Egyptian unit fractions to Babylonian astronomi
cal observations) that was so radically transformed by the Greek mathematicians.5 It 
is equally certain, however, that the Egyptian and Babylonian cultures had never 
been able to perform this transformation, which was brought about by specific social 
structures and cultural patterns present in the Greek polis.6 Similarly, if we want to 
understand the "miracle" of Islamic mathematics, and to trace its unprecedented 
integration of disciplines and levels, we must also look for both the sources that 
supplied the material to be synthesized and the forces and structures in the culture of 
Islam that caused and shaped the transformation - the "formative conditions." 

II. Scientific Source Traditions: The Greeks 

A dichotomy between "scientific" and "subscientific" source traditions was intro

duced above. I shall return to the latter and discuss why they must be taken more 

seriously than is normally done. First, however, I shall concentrate on the more 

conspicuous scientific sources, starting with the most conspicuous of all to medieval 

Islamic lexicographers as well as to modern historians of science:7 Greek 

mathematics. 

That this source was always regarded as having paramount importance can be 

seen, e.g., from the Fihrist (Catalogue) written by the tenth-century Baghdad court 

librarian al-Nadïm.8 The section on mathematics and related subjects contains 

the names and known works of 35 pre-Islamic scholars. Of these 21 are Greek 

5 Even the protophilosophical cosmogonies that precede and announce the rise of Ionian natural 
philosophy are now known to make use o f Near Eastern material (see Kirk, Raven, and Schofield 1983, 
7-74, passim). 

6 A stimulating discussion o f the formative conditions for the rise of philosophy is Vernant 1982. A n 
attempt to approach specifically the rise o f scientific mathematics is offered in my paper of 1985. 

7 For the same reason, I shall treat this part o f the subject with great brevity, mentioning only what is 
absolutely necessary for what follows. A detailed account of the transmission of works of individual 
Greek authors will be found in GAS, V:70-190. 

H A recent translation based on all available manuscripts is Dodge 1970. Chapter 7, section 2, dealing 
with mathematics, and the mathematical passages from section 1, dealing with philosophy, were 
translated from Flügel's critical edition (1872, based on a more restricted number o f manuscripts) by 
Suter (1892; supplement 1893). 
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mathematicians (including writers on harmonics, mathematical astronomy, and 
mathematical technology). All the others deal with astrology (in the narrowest 
sense, it appears) and Hermetic matters (4 of these belong to the Greco-Roman 
world, 6 to the Assyro-Babylonian orbit, and 4 are Indians). Thus not a single work 
on mathematics written by a non-Greek, pre-Islamic scholar was known to our tenth-
century court librarian,9 who would certainly be in good position to know anything 
there was to know. 

Central to the Greek tradition, as it was taken over by the Islamic world, were the 
Elements and the Almagest. Together with these belonged, however, the "Middle 
Books," the Mutawassitât: the "Little Astronomy" of Autolycos, Euclid, 
Aristarchos, Hypsicles, Menelaos, and Theodosios; the Euclidean Data and Optics 
and some Archimedean treatises.10 Even Apollonios and a number of commentators 
on Euclid, Ptolemy, and Archimedes (Pappos, Hero, Simplicios, Theon, Proclos, 
Eutocios) belong to the same cluster.11 

Somewhat less central are the Greek arithmetical traditions, whether Diophantos 
or the Neopythagorean current as presented by Nicomachos (or by the arithmetical 
books of the Elements, for that matter). Still, all the works in question were of course 
translated; further work on Diophantine ideas by al-Karajï and others is well attested 
to;12 and even though Nicomachean arithmetic was, according to Ibn Khaldün, 
"avoided by later scholars" as "not commonly used [in practice]" (Muqaddimah 
VIL.19, trans. Rosenthal 1958,111:121), it inspired not only Thäbit (Nicomachos's 
translator), but other scholars too.13 Finally, the treatment of the subject in 
encyclopedic works demonstrates familiarity with the concepts of Pythagorean and 
Neopythagorean arithmetic.14 

Also somewhat peripheral - yet less peripheral than they were for those Byzantine 
scholars whose selection of works to be studied and hence to survive created our image 
of Greek mathematics - are the subjects that we might characterize tentatively as 

9 Comparison with other chapters in the Catalogue demonstrates that the lopsided selection is not 
due to any personal bias of the author. 

1 0 A full discussion is given by Steinschneider (1865), a brief summary by Sarton (1931, lOOlf.). 
1 1 This can be compared with the list of works that al-Khayyâmï presupposes as basic knowledge in his 

Algebra: The Elements and the Data, Apollonios's Conies I—II, and (implicit in the argument) the 
established algebraic tradition (trans. Woepcke 1851,7). The three Greek works in question constitute an 
absolute minimum, we are told. 

1 2 See Woepcke's introduction to and selections from al-Karajfs Fakhri (1851, 18-22 and passim); 
Sesiano 1982, 10-13; and Anbouba 1979, 135. 

1 3 On Thâbit's investigation of "amicable numbers," see Hogendijk 1985, or Woepcke's translation of 
the treatise (1852). Two later treatises on theoretical arithmetic were also translated by Woepcke (1861), 
one anonymous and one by Abu Ja'faral-Khazin (aSabian like Thäbit). Among recent publications on the 
subject, works by Anbouba (1979) and Rashed (1982; 1983) can be mentioned. 

1 4 So , al-Fârâbî's Ihsha* al^ulüm (De scientiis, trans. Palencia 1953, 40); al-Khuwârizmî's Mafätih 
al-culüm (translation of the section on arithmetic in Wiedemann 1970,1:411-28; theoretical arithmetic is 
treated amply on pp. 411-18) ; and the encyclopedic part o f the Muqaddimah, (trans. Rosenthal 1958, 
111:118-21). 

The treatment in the encyclopedias is remarkably technical. In itself it seems highly probable that late 
Hellenistic Hermeticism, and Sabian, Jabirian, and Isma cïlî numerology would mix with "speculative" 
arithmetic. To judge from the encyclopedias, however, any inspiration from that quarter has remained 
without consequence for the contents of the subject when understood as mathematics. Cf. also below, 
chapterXVI. 
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"technological mathematics" (al-Fàrâbï speaks of cilm al-hiyal "science of artifices" 
[Palencia 1953, Arabic p. 73]) and its cognates: optics and catoptrics, the "science of 
weights," and nonorthodox geometrical constructions (geometry of movement, 
geometry of fixed compass opening). They are well represented e.g. in works by 
Thäbit, the Banü Müsä, Qustä ibn Lüqä, ibn al-Haytham, and Abü'1-Wafa3; but 
detailed discussions would lead us too far astray from our topic. 

III. Scientific Source Traditions: India 

The way al-Nadîm mentions the Indians indicates how the Indian inspiration must 
have looked from the Islamic end of the transmission line, even though he misses 
(and is bound to miss) essential points. Indian mathematics, when it reached the 
Caliphate, had, according to all available evidence, become anonymous: Indian 
trigonometry was adopted via Siddhantic astronomical works and zijes (astronomical 
tables with elements of theory) based fully or in part on Indian sources.15 Islamic 
algebra was untouched by Indian influence - which would in all probability not have 
been the case if the Islamic mathematicians had had direct access to great Indian 
authors like Äryabhata and Brahmagupta.16 

Below the level of direct scientific import, some influence of Indian algebra is 
plausible. This is indicated by the metaphorical use of jidhr ("root," "stem," "lower 
end," "stub," etc.) for the fy*st power of the unknown. Indeed, this same metaphor 
(which can hardly be considered self-evident, especially not in a rhetorical, non-
geometric algebra - cf. below, chapter VI) is found already around 100 B . C . in India 
(Datta and Singh 1962,11:169). In all probability, however, this borrowing was made 
via practitioners' subscientific transmission lines, to which we shall return below; 
furthermore, the ultimate source for the term need not have been Indian. 

Apart from trigonometry, the main influence of Indian mathematics is the use of 
"Hindu numerals." If the Latin translation of al-Khwârizmï's introduction of the 
system is to be believed (and it probably should be17), he only refers it to "the 
Indians." So does Severus Sebokht in the mid-seventh century (fragment published in 
Nau 1910). The earliest extant "algorism" in Arabic, that of al-Uqlïdïsï from the mid-

5 See e.g. GAS, V : 191ff.; Pingree 1973; and Pingree, DSB, IV: 555f. The Zïj al-sindhind, the Sanskrit 
astronomical treatise translated with the assistance of al-Fazârï around 773 A . D . was mainly built upon the 
methods of Brahmagupta's Brâhmasphutasiddhânta, but influence from the Àryabhatiya is present. The 
original authors had become unknown in the process. 

1 6 The discrepancy between the advanced syncopated algebra of the Indians and the rhetorical 
algebra of al-Khwârizmï was already noticed by Léon Rodet (1878). This observation remains valid even if 
his supplementary claim (viz. that al-Khwârizmï's method and procedures are purely Greek and identical 
with those o f Diophantos [p. 95]) is unacceptable. 

Al-Khwârizmï can be considered a key witness: he is one of the early Islamic workers on astronomy, 
and mainly oriented towards the Zïj al-sindhind, with some connection to the Pahlavi Zïj al-Shâh and 
(presumably) to Hellenistic astronomy (cf. Toomer, DSB, VII:360f.). A s we shall see when discussing his 
treatise on mensuration, he would recognize and acknowledge Indian material when using it. 

1 7 The translation conserves the traditional Islamic invocation of G o d (see Vogel 1963,9), which would 
in all probability have been cut out before credit-giving references were touched (as it was cut out in both 
Gherardo o f Cremona's and Robert o f Chester's translations of al-Khwârizmï's Algebra - see the editions 
in Hughes 1986, 233 and Karpinski 1915, 67, or the quotations in H0yrup 1985a, 39, n. 58. 
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tenth century, is no more explicit. Most of its references are to "scribes" or "people of 
this craft" - evidently, local users of the technique are thought of: there is no explicit 
reference to the origin of the craft more precise than "Indian reckoners" (trans. 
Saiden 1978,45,104,113). In addition, the dust-board so essential for early "Hindu 
reckoning" was known under a Persian, not an Indian, name: takht (ibid., 351). 
Finally, the methods of indeterminate equations and combinatorial analysis (both of 
which are staple goods in Indian arithmetic textbooks) are not found with the early 
Islamic expositions of Hindu reckoning (even though examples of indeterminate 
equations can be found in textbooks based on finger reckoning).18 So the Islamic 
introduction of Hindu reckoning can hardly have been based on direct knowledge of 
"scientific" Indian expositions of arithmetic. Like trigonometry, it appears to derive 
from contact with practitioners using the system. 

Some inspiration for work on the summation of series may have come from India. 
Apart from the chessboard problem (to which we shall return below), the evidence is 
not compelling, and proofs given by al-Karajï and others may be of Greek as well as 
Indian inspiration. 

The two scientific source traditions were plainly tapped directly through trans
lations from Greek and Sanskrit. To some extent, however, the mathematics of 
Indian astronomy found its way through Pahlavi, while elementary Greek astronomy 
may have been diffused through both Pahlavi and Syriac.19 Neither of these second
ary channels of transmission appears to have been scientifically creative, and they 
should probably be counted among the scientific source traditions only insofar as we 
distinguish "scientific" (e.g. astronomical and astrological) practice from "subscien
tific" practice (that of surveyors, builders, calculators, etc.). 

IV. Subscientific Source Traditions: Commercial Calculation 

This brings us to the problems of subscientific sources, which we may initially 
approach through an example. The last chapter in al-Uqlïdîsfs arithmetic is entitled 
"On Doubling One, Sixty-Four Times" {Kitäb al-Fusûl... IV:32, trans. Saidan 1978, 
337). This is the chessboard problem, to which al-Khwârizmî had dedicated a 
treatise,20 and whose appurtenant tale is found in various Islamic writers from the 
ninth century onward.21 Al-Uqlïdïsï, however, states that "this is a question many 

1 8 Cf. Saidan 1978,14. On the later (and probably independent) origin of Islamic combinatorial analysis, 
see Djebbar 1981, 67ft 

1 9 See Pingree 1963, 241ff.; 1973, 34. Through the same channels, especially through the Sabians, 
some late Babylonian astronomical lore may have been transmitted (cf. the Babylonian sages mentioned 
in the Fihrist). Still, the integration of Babylonian results and methods into Greek as well as Indian 
astronomy makes it impossible to distinguish any possible direct Babylonian contributions. 

In principle, nonastronomical Greek mathematics may also have been conveyed through Syriac 
learning. There is, however, absolutely no evidence in favor of this hypothesis (cf. below, chapter X I ) . 

2 0 According to a remark in the third part of Abu Kämil's Algebra (Jan Hogendijk, personal 

communication). 
2 1 Relevant passages from al-Ya eqûbï and al-Khâzinï are translated in Wiedemann 1970,1:442-53. 
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people ask. Some ask about doubling one 30 times, and others ask about doubling it 
64 times," thereby pointing to a wider network of connections. In the mid-twelfth 
century, Bhäskara II asks about 30 doublings in the Lïlâvâti (trans. Colebrook 1817, 
55); so does Problem 13 in the Carolingian collection Propositiones ad acuèndos 
juvenes, ascribed to Alcuin (ed. Folkerts 1978). A newly published cuneiform tablet 
from the eighteenth century B . C . 2 2 contains the earliest extant version of the prob
lem. Like the chessboard problem, it deals with grain, and its 30 doublings corre
spond to the 30 cases of a current game board; but like the Carolingian problem, it 
avoids speaking of "doubling" or "multiplication by 2," telling instead that "to each 
grain/soldier comes another one." 

The problem belongs in the category of "recreational problems," denned by 
Hermelink as "problems and riddles which use the language of everyday but do not 
much care for the circumstances of reality" (Hermelink 1978, 44), to which we may 
add the further observation that an important aspect of the "recreational" value of 
the problems in question is a funny, striking, or even absurd deviation from these 
circumstances. With good reason, Stith Thompson includes the chessboard doub
lings in his Motif-Index of Folk Literature (Thompson 1975, V:542 [Z 21.1]). From a 
somewhat different perspective, we may see recreational mathematics as a "pure" 
outgrowth of practical mathematics (which, in the premodern era, means computa
tion). It does not seek mathematical truth or theory; instead, it serves to display 
virtuosity.23 

Other recreational problems share the widespread distribution of the repeated 
doublings. Shared problem types (and sometimes shared numbers) and similar or 
common dress connect the arithmetical epigrams in Book XIV of the Anthologia 
Graeca,24 Ananias of Shirak's arithmetical collection from seventh-century Armenia 
(trans. Kokian 1919),25 the Carolingian Propositiones, part of the ancient Egyptian 
Rhind Papyrus, and ancient and medieval problem collections from India and 
China.26 They turn up without fancy dress in Diophantos's Arithmetica, and recur in 
medieval Islamic, Byzantine, and Western European problem collections. The 
pattern looks very much like the distribution of folktales (even to the extent that 

2 2 Published in Soubeyran 1984, 30; discussion and comparison with the Carolingian problem and the 
chessboard problem in H0yrup 1986, 477f. 

2 3 In my paper of 1985,1 use the same distinction between theoretical aim and display of virtuosity in a 
sociological discussion o f the different cognitive and discursive styles o f Greek and Babylonian math
ematics. Even the difference between the arithmetical books V I I - I X o f the Elements and Diophantos's 
Arithmetica is elucidated by the same dichotomy; truly, Diophantos has theoretical insight into the 
methods he uses, but his presentation is still shaped by the origin o f his basic material in recreational 
mathematical riddles. 

We observe that the complex of practical and recreational mathematics can (structurally and func
tionally) be regarded as a continuation of the Bronze A g e organization of knowledge (cf. above, chapter I) . 
The two complexes were, however, separated by a decisive gap in social prestige - comparable to the 
gap between the Homeric bard and a medieval peasant telling stories in the tavern. 

2 4 The epigrams were edited around 500 A . D . by Metrodoros. 
2 5 It should be observed that Ananias had studied in the Byzantine Empire, and that parts of the 

collection appear to come from the Greek orbit. 
2 6 A detailed discussion would lead us too far astray. A wealth of references will be found in Tropfke/ 

Vogel et al. 1980, passim. 
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Diophantos's adoption of the material can be seen as a parallel to the literate 
adoption of folktale material). The geographical distribution is also roughly con
gruent with that of the Eurasian folktale (viz., "from Ireland to India" [Thompson 
1946,13ff.]). This, however, can be regarded only as a parallel, not as an explanation. 
First of all, the recreational problems cover an area stretching into China, beyond the 
normal range of Eurasian folktales;27 second, mathematics can be entertaining only 
in an environment that knows something about the subject. The predominant 
themes and techniques of the problems in question point to the community of traders 
and merchants interacting along the Silk Road, the combined caravan and sea route 
reaching from China to Cadiz.28 

"Oral mathematics" is rarely encountered in vivo in the sources. Like folktales 
before the age of folklorists, it has normally been worked up by those who took the 
care to write it down, adoption entailing adaptation.29 Generally they were mathe
maticians, who at least arranged the material systematically, and perhaps gave 
alternative or better methods for solution or supplied a proof. In a few cases, 
however, they added a description of the situation in which they found the material. 
So Abu Kämil in the preface to his full mathematical treatment of the indeterminate 
problem of "the hundred fowls,"30 which he describes as 

a particular type of calculation, circulating among high-ranking and lowly people, 
among scholars and among the uneducated, at which they rejoice, and which they 
find new and beautiful; one asks the other, and he is then given an approximate 
and only assumed answer, they know neither principle nor rule in the matter 
("Book of Rare Things in Calculation"; German trans. Suter 1910, 100; my 
English J.H.). 

A similar aggressive description of reckoners who 

strain themselves in memorising [a procedure] and reproduce it without knowl
edge or scheme [and others who] strain themselves by a scheme in which they 
hesitate, make mistakes, or fall in doubt, 

is given by al-Uqlïdïsï in connection with the continued doubling problem raised by 
"many people "(trans. Saidan 1978, 337). 

It is precisely this situation that has distorted the approach to the subscientific 
traditions. The substratum was anonymous and ubiquitous, and its procedures 

2 7 This is illustrated beautifully by the chessboard problem and its framework tale. The motif turns up 
in the Chinese as well as in the "Eurasian" domain; the Chinese tale, however, is wholly different, dealing 
with a peasant and the wages of his servant, determined as the successively doubled harvests from one 
grain of rice (Thompson 1975, V:542, Z 21.1.1). 

2 8 It is worth noting that two arithmetical epigrams from the Anthologia graeca deal with the Mediter
ranean extensions of the route: X I V : 121 with the land route from Rome to Cadiz, and X I V : 129 with the 
sea route from Crete to Sicily. 

2 9 The Carolingian Propositiones appear to form an exception. The editor of the collection (Alcuin?) 
was obviously not more competent as a mathematician than the practitioners who supplied the material. 

3 0 Its distribution (from ancient China and India to Aachen) is described in Tropfke/Vogel et al. 1980, 

614-16. 
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deserve the designation of recipes rather than methods. Every mathematician 
inspired by it had to employ his own techniques to solve the common problems (or at 
least translate the recipes into his own theoretical idiom): Diophantos would use 
rhetorical algebra, the Chinese Nine Chapters on Arithmetic would manipulate 
matrices, and the Liber abaci would find the answer by means of proportions. We 
should not ask, as is commonly done, whether Diophantos (or the Greek arithmeti
cal environment) was the source of the Chinese or vice versa. There was no specific 

source: the ground was wet everywhere. 

Besides supplying problems and procedures, the community of merchants and 
bookkeepers appears to have provided Islamic mathematics with two of its funda
mental arithmetical techniques: the peculiar system of fractions and the "finger 
reckoning." 

The system of fractions is built up by means of the series of "principal fractions" -
l/2, ! / 3 , . . . , !/io (the fractions that possess a name of their own in the Arabic language) 
- and their additive and multiplicative combinations (described e.g. in Saidan 1974, 
368; Juschkewitsch 1964, 197ff.; Youschkewitch DSB, 1:40). The system has been 
ascribed to Egyptian influence and to independent creation within the territory of the 
Eastern Caliphate.31 It turns out, however, that some Old Babylonian texts use simi
lar expressions, e.g. "the third of X, and the fourth of the third of A™ for VizX.32 So we 
are really confronted with an age-old system and at least a common Semitic usage; 
but, for example, the formulation of Problem 37, of the Rhind Papyrus suggests in 
fact a common /ton/to-Semitic usage, which had already provided the base on which 
the Egyptian scribes developed their unit fraction system around the turn of the 
second millennium B . C . 3 3 Since "fractions of fractions" are also used occasionally in 
the Carolingian Propositiones,34 they appear to have spread over the whole Near 
East and Roman Empire in late antiquity, and thus to have been well-rooted in the 
commercial communities throughout the region covered by the Islamic expansion; 
further evidence of this is their use in arithmetical textbooks written for merchants, 
accounting officials, etc. in the earlier Islamic period (cf. below, chapter XIV). 

The use of "principal fractions" and "fractions of fractions" appears to coincide 
with that of "finger reckoning," another characteristic method of Islamic elementary 

3 1 Saidan (1974, 358) among others proposes Egyptian influence. Youschkevitch DSB, 1:40) quotes 
M. I. Medevoy for the suggestion of independence. 

3 2 "Sha-lu-ush-ti 20 û ra-ba-at sha-lu-ush-ti û-te4-tim" - M L C 1 7 3 1 , rev. 34-35 , in A . Sachs 1946, 205 
(the whole article deals with such phenomena). Expressions in the same vein are encountered in the 
tablet Y B C 4652, nos. 19-22 (in Neugebauer and Sachs 1945, 101). 

3 3 The problem in question is o f typical "riddle" or "recreational" character: " G o down I times 3 into 
the hekat-measure, lA o f me is added to me, Vs of xh o f me is added to me, XM o f me is added to me; return 
I, filled am I" (the "literal translation," Chace et al. 1929, plate 59). It can thus be seen as a witness of a 
current, more or less popular usage. A close analysis of the (very few) instances of rudimentary unit 
fraction notation from the Old Kingdom (from the twenty-fourth century B.C.) suggests that they stand 
midway between this original usage and the fully developed system (space and relevance does not 
permit further unfolding o f the argument). 

3 4 Nos. 2 , 4, and 40 deal with medietas medietatis (and nos. 2 and 40 further with medietas [huiusj 
medietatis, i .e., with Vi o f Vi of x/i)\ no. 3 treats of medietas tertii. All four problems are of the same type 
as no. 37 of the Rhind Papyrus, cf. note 33. 

578 



The Formation of "Islamic Mathematics'' 291 

mathematics. It was referred to as hisäb al-Rûm wa'l-cArab (calculation of the 
Byzantines and the Arabs) (Saidan 1974,367 [misprint corrected]): a system related 
to that used in medieval Islam had been employed in ancient Egypt.35 Various 
ancient sources refer to the symbolization of numbers by means of the fingers 
(Menninger 1957,11:11-15), without describing, it is true, the convention employed. 
But since the very system used in Islam is described around 700 a . d . in Northumbria 
by Bede (De temporum ratione, cap. I, ed. Jones 1943, 179-81), who would be 
familiar with descendants of ancient methods rather than with the customs of Islamic 
traders, we may safely assume that all three systems were identical. 

V. Subscientific Source Traditions: Practical Geometry 

So far we have dealt with what appears to have been a more or less shared tradition 
for practitioners of bookkeeping and commercial arithmetic (hisäb, to use the Arabic 
term). Another group possessing a shared tradition (for practical geometry) com
prised surveyors, architects, and "higher artisans."36 

In the case of this subscientific geometry, we can follow how the process of 
mathematical synthesis had begun long before the Islamic era. Indeed, various 
ancient civilizations had had their specific practical geometries. The (partly) different 
characters of Egyptian and Babylonian practical geometry have often been noted.37 

The melting pots of the Assyrian, Achaemenid, Hellenistic, Roman, Bactrian, and 
Sassanian empires mixed them up completely;38 and through the Heronian corpus 

3 5 See the cubit rod reproduced in Menninger 1957,11:23. 
3 6 Once again, the evidence for a shared tradition is found in Islamic sources - e.g., Abu'l-Wafa*s Book 

on What is necessary from Geometric Construction for the Artisan, trans. Krasnova 1966. 
3 7 E.g., different ways to find the area of a circle; the Babylonian treatment of irregular quadrangles and 

of the bisection of trapezia, and the absence o f both types o f problem in Egypt. 
3 8 Thus, the Demotic Papyrus Cairo JE 89127-30, 137-43 (third century B .C.) has replaced the 

excellent Egyptian approximation of the area of a circle (equivalent to it = ztyfei « 3.16) with the much less 
satisfactory Babylonian and biblical value T T = 3 (Parker 1972, 40f., problems 32-33) . The same value is 
also taken over by pre-Heronian Greco-Egyptian practical geometry, cf. Pap. Gr. Vind. 19996 as published 
by Vogel and Gerstinger (1932,34). A formula for the area o f a circular segment which is neither correct 
nor near at hand for naive intuition is used in the Demotic papyrus mentioned above (no. 36); in the 
Chinese Nine Chapters on Arithmetic, it is used in nos. 1,35-36, and made explicit afterwards (trans. Vogel 
1968,15). Hero, finally, ascribes it to "the Ancients" (oî dp%aîoi - Metrika I:xxx [ed. Schöne 1903, 72]) 
while criticizing it (cf. the discussion in van der Waerden 1983, 39f., 174). 

The Babylonian calculation of the area o f the circle, which is inferior to the Middle Kingdom Egyptian 
method, was probably an improvement over early Greek and Roman practitioners' methods: Polybios and 
Quintilian both tell us that most people incorrectly measured the area of a figure by its periphery (and 
Thucydides himself uses this measure - see Eva Sachs 1917,174). Precisely the same method turns up in 
the Carolingian Propositiones, nos. 25 and 29, which find the area o f one circle as that o f the isoperimetric 
square, and of another as that of an isoperimetric rectangle. 

T o complete the confusion, the Propositiones find the area o f all nonsquare quadrangles (rectangles 
and 
trapezoids alike) by means of the "surveyors' formula" for the irregular quadrangle (semisum of lengths 
times semisum of widths). This formula is employed in old Babylonian tablets. It was used by surveyors in 
Ptolemaic Egypt (see Cantor 1875,34f) , and it turns up in the pseudo-Heronian Liber geeponicus (ibid., 
43). It was not used by Hero, nor by the Roman agrimensors (nor, it appears, in Seleucid Babylonia); but it 
turns up again in the eleventh-century Latin compilation Boethii geometria altera II:xxxii (ed. Folkerts 
1970,166). In the eleventh century A .D . , Abu Mansur ibn Tahir al-Baghdâdî ascribes the formula to "the 
Persians" (Anbouba 1978,74), but al-Khwârizmï (who does not use it) had probably seen it in the Hebrew 
Mishnat ha-Middot 11:1 (ed. Gandz 1932, 23), or eventually in some lost prototype for that work. 
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some Archimedean and other improvements were infused into the practitioners' 
methods and formulas.39 This mixed and often disparate type of calculatory geometry 
was encountered locally by the mathematicians of Islam, who used it as a basic 
material while criticizing it, just as they encountered, used, and criticized the 
practices of commercial and recreational arithmetic. 

VI. Algebra and Its Alternative 

As pointed out in chapter III, Islamic algebra was probably not inspired by Indian 
scientific algebra. Detailed analysis of a number of sources suggests instead a 
background in the subscientific tradition - or, indeed, in two different subscientific 
traditions. I have published the arguments for this elsewhere (H0yrup 1986),40 and 
here shall therefore present only the results of the investigation briefly. 

Al-jabr was performed by a group of practitioners engaged in hisäb (calculation) 
and spoken of as ahl al-jabr (algebra people) or ashäb al-jabr (followers of algebra). 
The technique was purely rhetorical; a central subject was the reduction and resol
ution of quadratic equations - the latter by means of standardized algorithms 
(analogous to the formula x = V2b + V((V2b)2 + c) for solving the equation x2 = bx + c, 
etc.) unsupported by arguments, with the rhetorical argument reserved for reduc
tion. Part of the same practice (but possibly not understood as covered by the term 
al-jabr) was the rhetorical reduction and solution of first-degree problems. 

As argued in chapter III, part of the characteristic vocabulary suggests a subscien
tific (but probably indirect) connection with India. An ultimate connection to 
Babylonian algebra is also inherently plausible, but not demonstrated by any clear-
cut evidence; in any case the path that may have led from Babylonia to the early 

3 9 So the value JT = represented by Hero as a simple approximation (Metrika 1:26, ed. Schöne 1903, 
66) , is taken over by Roman surveying (Columella and Frontinus, see Cantor 1875,90,93f.) and stands as 
plain truth in Latin descendants of the agrimensor tradition (e.g. Boethii geometria altera II:xxxii, ed. 
Folkerts 1970, 166). The Mishnat ha-Middot (11:3 ed. Gandz 1932, 24) presents the matter in the same 
way. So does al-Khwârizmî in the parallel passage o f his Algebra, but in the introductory remark he 
represents the factor VA as "a convention among people without mathematical proof"(ed. ibid. pp. 69 
and 81f.) - thereby telling us that he considered at least that section o f the Mishnat ha-Middot (or its 
prototype) representative of a general subscientific environment. 

Other Heronian improvements are the formula for the area o f a triangle and his better calculation of the 
circular segment, which turn up in various places (see, e.g., Cantor 1875, 90, reporting Columella, and 
Mishnat ha-Middot V, ed. Gandz 1932,47ff.). 

4 0 The essential sources involved in the argument are al-Khwärizmfs Algebra (ed. and trans. Rosen 
1831); the extant fragment o f ibn Turk's Algebra (ed. and trans. Sayili 1962); Thäbit's Euclidean Verifi
cation of the Problems of Algebra through Geometrical Demonstrations (ed. and trans. Luckey 1941); 
Abu Kâmil's Algebra (ed. and trans. Levey 1966); the Liber mensurationum written by some unidentified 
Abu Bakr and known in a Latin translation due to Gherardo of Cremona (ed. Busard 1968); and Abraham 
bar Hiyya's (Savasorda's) Hibbur ha-meshihah we-tishboret (Collection on Mensuration and Partition; 
Latin translation Liber embadorum, ed. Curtze 1902). 

On one point, my paper of 1986 should be corrected. On p. 472 I quote Abu Kämil for a distinction 
between "arithmeticians" (ba'alei ha-mispar, in the Hebrew translation [Levey 1966, 95], i.e., "masters 
o f number" and "calculators" (yinhagu ha-hasbanim, in the Hebrew translation [Levey 1966, 97], "those 
who pursue calculation"). The distinction turns out to be absent from the Arabic facsimile edition of the 
work (ed. Hogendijk 1986) (Jan Hogendijk, personal communication). 
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medieval Middle East must have been tortuous, as the methods employed in the two 
cases are utterly different. 

The last statement is likely to surprise, since Babylonian algebra is normally 
considered to be built either on standardized algorithms or on oral rhetorical 
techniques. A detailed structural analysis of the terminology and of the distribution 
of terms and operations inside the texts shows, however, that this view does not hold 
water; furthermore, it turns out that the only interpretation of the texts that makes 
sense is geometric - the texts have to be read as (naive, nonapodictic) constructional 
prescriptions, really dealing, as they seem to do when read literally, with (geometric) 
squares, rectangles, lengths, and widths (all considered as measured entities); they 
split, splice, and combine figures so as to obtain a figure with known dimensions in a 
truly analytic though completely heuristic way. Only certain problems of the first 
degree (if any) are handled rhetorically, and no problems are solved by standard 
algorithms.41 

This is quite certain for Old Babylonian algebra (c. seventeenth century B . C . ) , 

where the basic problems are thought of as dealing with rectangles, and are solved by 
naive-geometric "analysis." A few tablets dating from the Seleucid period and 
written in the Uruk environment of astronomer-priests contain second-degree prob
lems too. They offer a more ambiguous picture. Their garb is geometric, as is the 
method (though rather synthetic than analytic); but the geometric procedure is 
obviously thought of as an analogy to a set of purely arithmetical relations between the 
unknown magnitudes. 

Having worked intensively with Babylonian texts for some years, I was utterly 
amazed to discover accidentally their peculiar rhetoric (characterized by fixed shifts 
between present and past tense, and between the first, second, and third person 
singular) in the medieval Latin translation of a Liber mensurationum written by an 
unidentified Abu Bakr. The first part of this misâfta (surveying) text contains a large 
number of problems similar to those known from the Old Babylonian tablets: A 
square plus its side is 110; in a rectangle, the excess of length over width is 2; and the 
sum of the area and the four sides is 76; etc. The problems, furthermore, are first 
solved in a way strikingly reminiscent of the Old Babylonian methods (although the 
matter is obscured by the absence of a number of figures alluded to in the text); a 
second solution employs the usual rhetorical reductions and solutions by means of 
standard algorithms. The second method is spoken of as aliabra, evidently a trans
literation of al-jabr. The first usually goes unlabeled, being evidently the standard 
method belonging to the tradition; in one place, however, it is spoken of as "augmen
tation and diminution" - apparently the old splicing and splitting of figures. 

A precise reading of the text in question leaves no reasonable doubt that its first 
part descends directly from the Old Babylonian "algebra" of measured line segments 

4 1 The arguments for this are, as any structural analysis, complex, and impossible to repeat in the 
present context. A brief sketch is given in my paper of 1986, 449-56) . A detailed but fairly unreadable 
presentation is given in my preliminary paper (1985b). Another detailed but more accessible exposition is 
now available as preprint (H0yrup 1987). 
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(the second part contains real mensuration in agreement with the Alexandrinian 
tradition). Once this is accepted as a working hypothesis, a number of other sources 
turn out to give meaningful evidence. The geometrical "proofs" of the standard 
algebraic algorithms given by al-Khwârizmï and ibn Turk will have been taken over 
from the parallel naive-geometric tradition and not from Greek geometry; Thäbit's 
Euclidean proof of the same matter is therefore really something different, which 
probably explains his silence with regard to these hitherto presumed predecessors; 
etc. 

Especially interesting is Abü'l-Wafä3's report of a discussion between (Euclidean) 
geometers on one hand and surveyors and artisans on the other (Book on What is 
Necessary from Geometric Construction for the Artisan, X:xiii, trans. Krasnova 
1966:115). He refers to the "proofs" used by the latter in questions concerned with 
the addition of figures; these proofs turn out to be precisely the splitting and splicing 
used by Abu Bakr and in the Old Babylonian texts. This confirms a suspicion already 
suggested by the appearance of the "algebra" of measured line segments in a treatise 
on mensuration: this "algebra" belonged to the practitioners engaged in subscien
tific, practical geometry, and was hence a tradition of surveyors, architects, and 
higher artisans. Al-jabr, on the other hand, was carried by a community of calcu
lators, and was considered part of hisäb, as Abu Kämil seems to tell us (cf. note 40). 

VII. Reception and Synthesis 

In pre-Islamic times these different source traditions had already merged to some 
extent. The development of a syncretic practical geometry was discussed above, and 
the blend of (several sorts of) very archaic surveying formulas with less archaic 
recreational arithmetic in the Propositiones ad acuendos juvenes was also touched 
upon.42 Still, merging, and especially critical and creative merging, was not the 
dominant feature. 

From the ninth century onwards, however, it came to be the dominant feature of 
Islamic mathematics. The examples are too numerous to be listed, but a few 
illustrations may be given. 

A modest example is the geometric chapter of al-Khwârizmï's Algebra. As shown 
by Solomon Gandz (1932, discussion and the two texts), it is very closely related to 
the Hebrew Mishnat ha-Middot, which is a fair example of pre-Islamic syncretic 
practical geometry, or at least a very faithful continuation of that tradition.43 

4 2 True, the Propositiones are not pre-Islamic according to chronology. Still, they show no trace of 
Islamic influence, and were collected in an environment where mathematical development was to all 
evidence extremely slow. We can safely assume that most of the mathematics o f the Propositiones was 
already present (if not necessarily collected) in the same region by the sixth century A . D . 

4 3 In his English summary, Sarfatti (1968, ix) claims that Arabic linguistic influence "although not 
evident prima facie, underlies [the] mathematical terminology" of the Mishnat ha-Middot. If this is true, 
the work must be dated in the early Islamic period. The main argument of the book is in Hebrew, and I am 
thus unable to evaluate its force - but since Arabic and Syriac (and other Aramaic) technical terminologies 
are formed in analogous ways, and since no specific traces of Arabic terms are claimed to be present, it 
does not seem to stand on firm ground. 
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Al-Khwärizmrs version of the same material is not very different; but before treating 
of circular segments, precisely as done in the Mishnat ha-Middot, he says that the 
ratio 3Vi between perimeter and diameter of a circle "is a convention among people 
without mathematical proof." (In the Mishnat ha-Middot the value stands as 
undiscussed truth.) He goes on to inform us that the Indians "have two other rules," 
one equivalent to TT = VlO and the other to n = 3.1416.44 Finally he gives the exact 
value of the circular area as the product of semiperimeter and semidiameter, 
together with a heuristic proof.45 So not only are the different traditions brought 
together, we are also offered a sketchy critical evaluation of their merits. 

If the whole of al-Khwârizmï's Algebra is taken into account, the same features 
become even more obvious. The initial presentation of the al-jabr algorithms is 
followed by their geometric justification, by reference to figures inspired by the 
"augmentation-and-diminution" tradition, but which are more synthetic in charac
ter, and for the sake of clear presentation make use of Greek-style letter formalism 
(Rosen 1831,16-20). 4 6 A little further on, the author attempts his own extrapolation 
of the geometrical technique in order to prove the rules of rhetorical reduction. 

The result is still somewhat eclectic, especially in the chapter on geometry. 
Comparison and critical evaluation do not amount to real synthesis. But in the work 
in question, and still more in the complete oeuvre of the author, an effort to make 
more than random collection and comparison of traditions is clearly visible. Soon 
after al-Khwârizmï, furthermore, other authors wrote more genuinely synthetic 
works. One example, in the same field as al-Khwârizmï's naive-geometric proofs of 
the al-jabr algorithms, is Thâbit's treatise on the "verification of the rules of al-jabr" 

by means of Elements II.5-6 (ed., trans. Luckey, 1941). Another, in the field of 
practical geometry, is Abü'l-Wafä^s Book on What is Necessary from Geometric 

Construction for the Artisan, where methods and problems of Greek geometry 
(including, it now appears, Päppos's passage on constructions with restricted and 
constant compass opening [see Jackson 1980]) and Abu'l-Wafa3's own mathematical 
ingenuity are used to criticize and improve upon practitioners' methods, but where 
the practitioners' perspective is also kept in mind as a corrective to otherworldly 
theorizing.47 These examples could be multiplied ad libitum. Those already given, 

4 4 The former is an ancient Jaina value, the latter is given by Âryabhata - see Sarasvati Amma 1979, 
154. 

4 5 Arabic text and translation in Gandz (1932,69f.); ahlal-handasa ("surveyors" and later "geometers," 
translated "mathematicians" by Gandz) corrected to ahl al-hind ("people of India") in agreement with 
Anbouba 1978, 67. 

4 6 The whole technique of the proofs has normally been taken to be of purely Greek inspiration, partly 
because of the letter formalism, partly because neither the Old Babylonian naive-geometric technique 
nor its early medieval descendant was known. 

4 7 Russian trans, by A . Krasnova (1966). Interesting passages include chapter I, on the instruments of 
construction, and X. i and X.xiii, which discuss the failures o f the artisans as well as the shortcomings of 
the ( too theoretical) geometers. Consideration of practitioners' needs and requirements is also reflected 
in the omission o f all proofs. 

Though more integrative than al-Khwârizmï's Algebra, Abu'l-Wafa^s work is not completely free o f 
traces of eclecticism. This is most obvious in the choice o f grammatical form, which switches 
unsystematically between a Greek "we" and the practitioners' "If somebody asks you . . . , then you [do 
so and so ] . " 
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however, will suffice to show that the Islamic synthesis was more than bringing 
together methods and results from the different source traditions; it included an 
explicit awareness of the difference between the perspectives of theoreticians and 
practitioners, and of the legitimacy of both, as well as acknowledgment of the 
possible relevance and critical potentiality of each when applied to results, problems, 
or methods belonging to the other. While the former aspect of the synthesizing 
process, though much further developed than in other ancient or medieval civiliza
tions, was not totally unprecedented, the latter was exceptional (cf. also below, 
chapter XIII). 

Apart from a violent cultural break and an ensuing cultural flowerirtg (which of 
course explains much, but unspecifically), what accounts for the creative assimila
tion, reformulation, and (relative) unification of disparate legacies as the "math
ematics of the Islamic world"? And what accounts for the specific character of Islamic 
mathematics as compared with Greek or medieval Latin mathematics, for example? 

VIII. "Melting Pöt" and Tolerance 

I shall not pretend to give anything approaching an exhaustive explanation. Instead, 
I shall point to some factors which appear to be important, and possibly 
fundamental. 

On a general level, the "melting-pot effect" was an important precondition for 
what came about. Within a century after the Hegira, the whole core area of medieval 
Islam had been conquered, and in another century or so the most significant strata of 
the Middle Eastern population were integrated into the emerging Islamic culture.48 

This - and also the movements of individual scholars as well as those of larger 
population groups, especially toward the Islamic center in Baghdad - broke down 
earlier barriers between cultures and isolated traditions and offered the opportunity 
for "cultural learning." The religious and cultural tolerance of Islam was important 
here. Muslims were of course aware of the break in history marked by the rise of 
Islam; in the field of learning a distinction was maintained between awcPil, "pristine" 
(i.e., pre-Islamic), and Muslim/Arabic "science" (i.e.,c//m, a term roughly corre
sponding to the Latin scientia and perhaps better rendered as "field of knowledge"). 
Since, however, the latter realm encompassed only religious (including legal), liter
ary, and linguistic studies (see ibn Khaldün, MuqaddimahVI. 9:passim, esp. VI. 9, 
trans. Rosenthal 1958, II - III, esp. 11:436-39; and Nasr 1968, 63f), the complex 
societal setting of learning in the mature Islamic culture prevented the development 
of Greek-like contempt for "barbarians." Furthermore, the rise of persons whose 

4 8 According to Bulliet's counting o f names (1979), the majority o f the Iranian population was con
verted around 200 A . H . (816 A . D . ) , while the same point was reached in Iraq, Syria, and Egypt some fifty 
years later. The socially (and scientifically!) important urban strata (artisans, merchants, religious and 
state functionaries) were predominantly Muslim some eighty years earlier (cf. also Waltz 1981). An 
examination o f the possible correlation o f Bulliet's geographical distinctions with the emergence of local 
Islamic scholarly life would probably be rewarding. 
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roots were in different older elites to high positions in the Caliphate may have 
precluded the sort of cultural exclusiveness that came to characterize Latin Chris
tianity during its phase of learning from other cultures (where, even when most open 
to Islamic and Hebrew scholarship, it took over only translations and practically no 
scholars, and showed little interest in translating works with no relation to the 
"culturally legitimate" Greco-Roman legacy).49 

Whatever the explanation, Islam remained freer of ethnocentrism and culturo-
centrism than many other civilizations.50 Due to this tolerance, the intellectual and 
cognitive barriers that were molten down in the melting pot were not immediately re
placed by new barriers, which would have nullified the positive effects of the cultural 
recasting. It also permitted Islamic learning (both in its initial phase and later) to 
draw on the service of Christians, Jews, and Sabians, and on the Muslims rooted in 
different older cultures - for examples Mäshä'älläh the Jew, Thâbit the heterodox 
Sabian, Hunayn ibn Isfräq the Nestorian, Qustâ ibn Lüqä the Syrian Christian of 
Greek descent, Abu Macshar the heterodox, pro-Pahlavi Muslim from the Hellenist-
Indian-Chinese-Nestorian-Zoroastrian contact point at Balkh, and cUmar ibn 
al-Farrukhän al-Tabarî the Muslim from Iran. In later times, the conversion from 
Judaism of al-Samaw3al late in life appears to have been unrelated to his scientific 
career.51 Still later, the presence of Chinese astronomers collaborating with Muslims 
at Hulagu's observatory at Maragha underscores the point (Sayili 1960, 205-7). 

Still, "melting-pot effect" and tolerance were only preconditions - "material 
causes," in a quasi-Aristotelian sense. This leaves open the other aspect of the 
question: Which "efficient" and "formal" causes made medieval Islam scientifically 
and mathematically creative? 

IX. Competition? 

It has often been claimed that the early-ninth-century awakening of interest in awtfU 
(pre-Islamic) knowledge52 "must be sought in the new challenge which Islamic 
society faced" through the "theologians and philosophers of the religious minorities 
within the Islamic world, especially the Christians and Jews" in "debates carried on 
in cities like Damascus and Baghdad between Christians, Jews, and Muslims," the 
last being "unable to defend the principles of faith through logical arguments, as 
could the other groups, nor could they appeal to logical proofs to demonstrate the 
truth of the tenets of Islam" (formulations of Nasr 1968, 70). One problematic 
feature of this thesis is that, according to O'Leary (1949,142) who is otherwise close 

4 9 I have discussed this particular culturocentrism in my paper o f 1985a, 19-25 and passim. One o f the 
rare fields where it is not clearly felt appears to be mathematics, where the requirements of mathemat
ical astronomy, "Hindu reckoning," and commercial arithmetic and algebra in general may have opened a 
breach o f relative tolerance. 

5 0 This is of course not to say that it remained totally free. The conquering Arabs, e.g., felt ethnically 
superior to others, as conquerors have always done. The lack of ethnocentrism is only relative. 

5 1 Cf. the biographies in DSB. 
5 2 The beginnings of astronomical interests in the late eighth century is different, as it is bound up with 

practical interests in astrology. The same applies to the very early interest in medicine - cf. GAS, 111:5. 
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to the idea of stimulation through intellectual competition, "we have very little 
evidence of philosophical or theological speculation in Syria [including Damascus] 
under the cUmayyad dynasty." Another serious challenge to it is the fact that Islamic 
learning advanced well beyond the level of current Syriac learning in a single bound 
(not least in mathematics). Here, the cases of the translators tlunayn ibn Ishâq and 
Thäbit should be remembered. Both began their translating activity (and Thâbit his 
entire scientific career) in the wake of the c Abbasid initiative. Most of their trans
lations and other writings were in Arabic; their work in Syriac was clearly secondary, 
and included none of their mathematical writings or translations (unless some minor 
work be hidden among Thäbit's "various writings on astronomical pbservations, 
Arabic and Syriac"; Suter 1900,36). ftunayn's translations show us that by the early 
ninth century A . D . the Syrian environment was almost as much in need of broad 
Platonic and Aristotelian learning as the Muslims (cf. Rosenfeld and Grigorian, DSB 
XIII:288-95; Anawati and Iskandar, DSB XV:230-49; cf. also below, chapter XI). 
True, a Provençal-Hebrew translation, dated 1317 A . D . , of an earlier Mozarabic 
treatise claims that an Arabic translation of Nicomachos's Introduction to Arithmetic 
was made from the Syriac before 822 A . D . 5 3 This testimony, even if reliable, is 
however of little consequence: an understanding of scientific mathematics is neither a 
necessary condition for interest in Nicomachos nor a consequence of even profound 
familiarity with his Introduction. Equally little can be concluded from the existence 
of a (second-rate) Syriac translation of Archimedes' On the Sphere and Cylinder, 
since it may well have been prepared as late as the early ninth century and thus have 
been a spin-off from thecAbbasid wave of translation (GAS V: 129).54 

A quest for intellectual competitiveness will thus hardly do, and definitely not as 
the sole explanation of the scientific and philosophical zeal of the early-ninth-century 
cAbbasid court and its environment. Similarly, the cAbbasid adoption of many 
institutions and habits from the Sassanian state and court, and the concomitant 
peaceful reconquest of power by the old social elites,55 may explain the use of 
astrologers in the service of the court, e.g. at the famous foundation of Baghdad. But 

5 3 The Mozarabic work is a paraphrase of Nicomachos written by a mid-tenth century Andalusian 
bishop R a b f ibn Yahya. In his preface, Rabf refers to commentaries that al-Kindï should have made to a 
translation from Syriac. The evidence can hardly be considered compelling; on the other hand, some 
Arabic translation antedating Thäbit's must have existed. See Steinschneider 1896, 352 and GAS, 
V:164£ 

5 4 Positive evidence that Syriac learning was close to mathematical illiteracy is found in a letter written 
by Severus Sebokht around 662 (trans. Nau 1910, 210-14). In this letter, the Syrian astronomer par 
excellence o f the day quotes the third-century astrologer Bardesanes extensively and is full o f contempt 
for those who do not understand the clever argument - which is in fact nothing but a mathematical 
blunder, as enormous as it is elementary. 

5 5 "The people will become subject to the people of the East and the government will be in their 
hands," as expressed by the contemporary Mäshä'alläh in his Astrological History (trans. Kennedy and 
Pingree 1971, 55). Or, in Peter Brown's modern expressive prose (1971, 201): "Khusro I had taught the 
de khans, the courtier-gentlemen of Persia, to look to a strong ruler in Mesopotamia. Under the Arabs, the 
dekkans promptly made themselves indispensable. They set about quietly storming the governing class 
o f the Arab empire. By the middle of the eighth century they had emerged as the backbone o f the new 
Islamic state. It was their empire again: And , now in perfect Arabic, they poured scorn on the refractory 
Bedouin who had dared to elevate the ways of the desert over the ordered majesty of the throne o f the 
Khusros." 
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it does not explain why Islamic astrologers were not satisfied with the Zïj al-Shah, 

(the astronomical tables prepared for the Sassanian Shah Yazdijird III) with its 
connection to the past of the reborn Sassanian elite. An attempt to be still more 

splendid than the Sassanian Shah could explain that the Caliph made his scholars tap 
Siddhantic and Ptolemaic astronomy directly from the sources, instead of using only 
the second-hand digests known from the Pahlavi astrologers (Pingree 1973, 35). 
Continuity or revival of elites and general cultural patterns are, however, completely 
incapable of explaining the sudden new vigor of scientific culture in the Irano-Iraqi 
area - a truly qualitative jump. In particular, they are unable to tell us why a 
traditional interest in the astronomic-astrological applications of mathematics 
should suddenly lead to an interest in mathematics per se - not to speak of the effort 
toward synthesizing separate traditions. 

X. Institutions or Sociocultural Conditions? 

Sound sociological habit suggests that one look for explanations at the institutional 
level. But there is a serious problem to this otherwise reasonable "middle-range" 
approach to the problem (to use Robert K. Merton's expression56): the institutions of 
Islamic learning were still in their swaddling clothes in the early ninth century, if born 
at all. In this age of fluidity and fundamental renewal, Islamic learning formed its 
institutions quite as much as the institutions formed the learning.57 In order to get out 
of this closed circle of pseudo-causality we will have to ask why institutions became 
shaped the way they did. The explanations should hold for the entire core area of 
medieval Islam and at the same time be specific for this area. 

Two possibilities suggest themselves: Islam itself, which was shared as a cultural 
context even by non-Muslim minorities and scholars; and the Arabic language. 
Language can be ruled out without hesitation. The flexibility of Semitic languages 
(especially the rich verbal system with its complex of generalized aspect and voice, 
and its vast array of corresponding nominal derivatives) makes them well suited both 
to render accurately foreign patterns of thought and to serve as the basis for the 
development of autochthonous philosophical and scientific thought. But Syriac and 

5 6 See his polemical defense of a "middle-range theory" whose abstractions are "close enough to observed 
data to be incorporated in propositions that allow empirical testing" against such precocious total systems 
whose profundity of aims entails triviality in the handling of all empirical details (Merton 1968, 39-72 , 
especially the formulations on pp. 39 and 49). 

5 7 As "institutions" o f learning in the widest sociological sense ( i .e . , socially fixed patterns o f rules, 
expectations, and habits) one can mention the short-lived "House of Wisdom" at al-Ma'mün'scourt, 
together with kindred libraries; the institutions o f courtly astronomy and astrology and, more generally, 
the ways astronomy and astrology were generally practiced; that traditional medical training which made 
medicine almost a monopoly of certain families (cf. Anawati and Iskandar relating AbîUsaybi 'a , in 
DSB, XV:230) ; the fixed habits and traditions of other more or less learned practical professions; the 
gatherings of scholars; the fixed form in which science could already be found in Byzantium; the mosque 
as a teaching institution (the madrasah was developed only much later); and practical and theoretical 
management o f Islamic jurisprudence, including the transmission of Aûd/ï/i [jurisprudentially informative 
traditions on the doings and sayings of the Prophet]. Of only one of these institutions - Byzantine science 
- can it be claimed that it was really fixed by the early ninth century. Cf. Nasr 1968,64-88; Makdisi 1971; 
and Watt and Welch 1980, 235-50. 
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other Aramaic dialects are no less Semitic than Arabic; they had been shaped and 
honed for philosophical use over centuries, and much of the Arabic terminology was 
in fact modeled upon the Syriac (see Pines 1970, 782). The Arabic tongue was an 
adequate medium for what was about to happen, but it replaced another medium 
that was just as adequate. Language, then, cannot be the explanation; Islam 
remains. 

Of course, the explanation need not derive from Islam regarded as a system of 
religious teachings; what matters is Islam as a specific integrated social, cultural, and 
intellectual complex. From this complex some important factors can be singled out. 

V 

XI. Practical Fundamentalism 

One factor is the very character of the complex as an integrated structure - i.e., those 
implicit fundamentalist claims of Islam that have most often been discussed with 
relation to Islamic law as 

the totality of God's commands that regulate the life of every Muslim in all its 
aspects; it comprises on an equal footing ordinances regarding worship and ritual, 
as well as political and (in the narrow sense) legal rules, details of toilet, formulas 
of greeting, table-manners, and sick-room conversation (Schacht 1974, 392). 

True, religious fundamçntalism in itself has normally had no positive effects on 
scientific and philosophical activity, and it has rarely been an urge toward intellectual 
revolution. In ninth-century Islam, however, fundamentalism was confronted with a 
complex society in transformation. Religious authority was not segregated socially as 
a "Church": hadlth ("traditions," ci note 57) and Islamic jurisprudence in general 
were the province mainly of persons engaged in practical life, be it handicraft, trade, 
secular teaching, or government administration (Cohen 1970). Furthermore, a 
jealous secular power did its best to restrain the inherent tendencies of even this 
stratum to get the upper hand.58 

Fundamentalism, combined with the practical involvement of the carriers of 
religious authority, may have expressed itself in the recurrent tendency in Islamic 
thought to regard "secular" knowledge (scientia humana, in the medieval Latin 
sense) not as an alternative to Holy Knowledge (kaläm al-dîn, "the discourse of 
Faith,"59 scientia divina) but as a way to it, and even to contemplative truth, häl 
(sapientia, in yet another Latin approximate parallel). Psychologically, it would be 

5 8 There were at least two (tightly coupled) g o o d reasons for this jealousy. First, traditionists and 
jurisprudents might easily develop into a secondary center of power; second, they might inspire, 
participate in, or strengthen popular risings, which were already a serious problem for the c Abbasid 
caliphs. 

The destruction o f the Baghdad "House o f Learning" (Dar al-cilm - "Residence o f Knowledge" would 
perhaps be a more precise translation) in a Sunni riot in 1059 A . D . shows what could be the fate even o f 
scholarly institutions when religious fervor and social anger combined. See Makdisi 1961, 71 

5 9 The expression is quoted from the ninth-century M utakalt im al-Jähizvia Anton Heinen (1978,64) , 
who sums up (p . 57) his point o f view in the formula "Knowledge Çilm) = kaläm al-dîn + kaläm 
al-falsafah," the latter term meaning "the discourse o f philosophy," i.e., secular theoretical knowledge. 
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almost impossible to regard a significant part of the activity of "religious personnel" 
as irrelevant to their main task,60 or as directly irreverent (as illustrated by the 
instability generated by scandalous popes, etc., and leading to the Reformation. In 
Islam, the ways of the cUmayyad caliphs provided as effective a weapon for Khärijite 
radicals and for thec Abbasid takeover as that given to Anabaptists and to Lutheran 
princes by the Renaissance popes). That integration of science and religious attitude 
was not just a Mutakallimün's notion, but was shared to a certain extent by active 
mathematicians, is apparent from the ever-recurring invocation of God at the 
beginning and end of their works (and the references to Divine assistance inter
spersed throughout the text of some works.61 

The legitimization of scientific interests through the connection to a religion that 
was fundamentalist in its theory and bound up with social life in its practice may also 
have impeded the complete segregation of pure science from the needs of daily life 
without preventing it, however, from rising above these needs. This could lead not 
only to the phenomenon that even the best scientists would occasionally be con
cerned with the most practical and everyday applications of their science,62 but also to 
a general appreciation that theory and practice belong together naturally (ci above, 
chapter VII, and especially below, chapter XIII). 

The plausibility of this explanation can be tested against some parallel cases. One 
of these is that of Syriac learning, which belonged in a religious context with similar 
fundamentalist tendencies. Syrian Christianity, however, was carried by a church, 
i.e., by persons who were segregated from social practice in general, and Syriac 
learning was carried by these same persons. The custodial and noncreative character 
of Syriac learning looks like a sociologically trite consequence of this situation; as 
Pines (1970, 783) explains: 

pre-Islamic monastic Syriac translations appear to have been undertaken mainly 
to integrate for apologetic purposes certain parts of philosophy, and perhaps also 
of the sciences, into a syllabus dominated by theology. In fact great prudence was 
exercised in this integration; for instance, certain portions of Aristotle were 
judged dangerous to faith, and banned. 

6 0 In a similar way, practical charity, the management of ritual and sacraments, and religious teaching 
are understood as necessarily belonging together in Christian environments where the church (and 
eventually the same priest) takes care o f all o f them. 

6 1 One work containing such copious references to G o d is Abu Bakr's Liber mensurationum, which 
was discussed above. Normally the invocations were abridged or left out in the Latin translations (not 
least in Gherardo's translations); in this case, however, they have survived because o f their position 
within the body o f the text (while the compulsory initial invocation is deleted). 

O f course, routine invocation is no indicator of deep religious feeling. What matters is that the 
invocation could develop into a routine, and that it was thus considered a matter of course or decorum 
even in mathematical texts. You may perhaps persevere in an activity which you fear is unpleasant to 
G o d ; but if so, you rarely invite him explicitly (routinely or otherwise) to pay heed or assist you in your sins. 

6 2 Among the numerous examples I shall mention Abü'l-Wafa"s Book on What is Necessary from 
Geometric Construction for the Artisan (trans. Krasnova 1966), which was discussed above; al-Uqlïdïsï's 
Arithmetic, the mathematical level of which suggests that the author must have been beyond the rank-
and-file; and ibn al-Haytham's works on the determination of the qiblah (the direction toward Mecca) and 
on commercial arithmetic (nos. 7 and 10 in Ab î UsaybiVs list, trans. Nebbia 1967, 187f., cf. Rozenfeld 
1976, 75). 
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Other interesting cases are found in twelfth- and thirteenth-century Latin Chris
tianity. Particularly close to certain ninth-century Islamic attitudes is Hugh of Saint-
Victor, the teacher and rationalistic mystic from the Paris school of Saint Victor (cf. 
Chenu 1974). He was active during the first explosive phase of the new Latin learning 
(like the Islamic late eighth and early ninth century A . D . the phase during which the 
Elements were translated) in a school that was profoundly religious and at the same 
time bound up with the life of its city. The sociological parallels with ninth-century 
Baghdad are striking. Also striking are the parallel attitudes toward learning. In the 
propaedeutic Didascalicon,63 Hugh pleads for the integration of the theoretical 
"liberal arts" and the practical "mechanical arts"; his appeal "learn everything, and 
afterwards you shall see that nothing is superfluous"64 permits the same wide 
interpretation as the Prophet's saying "seek knowledge from the cradle to the 
grave";65 and Hugh considers Wisdom (the study of which is seen in I.iii as "friend
ship with Divinity") to be a combination of moral and theoretical truth and prac
titioners' knowledge.66 One can hardly come closer to al-Jähiz's "formula," as 
quoted in note 59. 

Hugh, however, was an exception already in his own century. The established 
church, as represented by the eminently established Bernard of Clairvaux, fought 
back; even the later Victorines demonstrated through their teaching that a socially 
segregated ecclesiastical body is not compatible with a synthesis of religious mysti
cism, rationalism, and an open search for all-encompassing knowledge. As a conse
quence, the story of twelfth- and thirteenth-century Latin learning can on the whole 
be read as a tale of philosophy as potentially subversive knowledge, of ecclesiastical 
reaction, and of a later final synthesis in which the "repressive tolerance" of Domin
ican domesticated Aristotelianism blocked the future development of learning.67 It is 
also a tale of segregation between theoretical science and practitioners' knowledge: 

6 3 I use the edition in PL 176, col . 739-952. A recent English translation is Taylor 1961 (it should be 
noted that the chapters are numbered somewhat differently in the two versions). 

64 Omnia dis ce, videbis postea nihil esse superfluum (Didascalicon VI:ii i) . Strictly speaking, "every
thing" is "everything in sacred history," since this is the subject o f the chapter; but in the argument 
Hugh's own play as a schoolboy with arithmetic and geometry, his acoustical experiments and his all-
devouring curiosity are used as parallel illustrative examples. 

6 5 Quoted from Nasr 1968,56. In this case, as in that of Hugh, the intended meaning of "knowledge" 
is probably not quite as wide as a modernizing reading might assume. This, however, is less important 
than the open formulation and the optimism about the religious value o f knowledge that was read into it, 
and against which the opponents of awâ'tt knowledge had to fight (cf. Goldziher 1915, 6) - for centuries 
only with limited success. 

A major vehicle for the high evaluation o f knowledge in medieval Islam (be it knowledge in the narrow 
sense, viz. knowledge of God 's "Uncreated Word ," i.e., o f the Koran, and o f the Arabic language), and at 
the same time a virtual medium for the spread of a high evaluation o f knowledge in a more general sense, 
was the establishment o f education on a large scale in Koran schools and related institutions. (I am 
grateful to Jan Hogendijk for reminding me of this point, which I had not mentioned in the first version of 
this paper.) 

A wealth o f anecdotes illustrating an almost proverbial appreciation o f knowledge (from the level of 
elementary education to that o f genuine scholarship) will be found in Tritton 1957, 27fc and passim. 

6 6 I.ix. "Practitioners' knowledge" translates scientia mechanica, while "moral truth" renders intel
ligent practical activa. 

6 7 This picture is o f course unduly schematized. The subject is dealt with in somewhat greater detail in 
my paper of 1985, 32-38. 
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lay theoretical knowledge gained a subordinated autonomy, but only by being cut off 
from the global world view68 and concomitantly also from common social practice. 
This entailed loss of that unsubordinated, mutually fecundating integration with 
practical concerns that was a matter of course in Islam.69 

XII. Variations of the Islamic Pattern 

Above, Islam was regarded as an undifferentiated whole or a broad average. Such 
generalizations have their value. Still, looking at specific religious currents or theo
logical schools might give us some supplementary insight into the mechanisms 
coupling faith, learning, and social life, or at least give the picture the shades of life. 

One current in which the coupling between the "discourse of philosophy" and the 
"discourse of Faith" was strong was the muctazila. According to earlier interpret
ations, admittedly, the muctazilite attitude to philosophy should have been as 
distorted as that of Syrian monasticism;70 but from Heinen's recent analysis it 
appears that the muctazila in general did not derive the Syro-Christian sort of 
intellectual censorship on philosophy from the theological aims of kaläm (cf. above, 
note 59). Under al-Ma3mün, who used muctazilism in his political strategy, the 
inherent attitudes of this theological current were strengthened by the ruler's interest 
in clipping the wings of those traditionalists whose fundamentalism would lead them 
to claim supreme authority, concerning knowledge first of all, but implicitly also in 
the moral and political domain (cf. above, note 58 and main text there). Among the 
Ismacilï there was an equally strong (or stronger) acceptance of the relevance of 
awä'il knowledge for the acquisition of Wisdom, even though the choice of disciplines 
was different from that of the mutakallimün (cf. the polemic quoted in note 70): to 
judge from the Ikhwän aUsafä\ Neoplatonic philosophy, Harranian astrology, and 
the Hermeticism of late antiquity were central subjects (cf. Marquet, DSB, XV:249-
51); but the curriculum of the Ismäcili aUAzhar madrasah in Cairo included philos
ophy, logic, astronomy, and mathematics (Fakhry 1969, 93), the central subjects of 

6 8 The situation is expressed pointedly by Boethius de Dacia in his beautiful De eternitate mundi (ed. 
Sajo 1964,46 and passim), when he distinguishes the truth of natural philosophy (veritas naturalis) from 
"Christian, that is genuine, truth" (veritas christianae fidei et etiam Veritas simpliciter). 

m When integration was needed by a group of practitioners, as in thirteenth- and fourteenth-century 
astronomy, the need was satisfied by means o f simplifying compendia, in striking contrast to the develop
ment in Islam - cf. below, chapter X V I . Latin science, when applied, was subordinated, and hence not 
fertilized by the interaction with the questions and perspectives of practice; for this reason, on the other 
hand, applications were bound to remain on the level of common sense. Cf. Beaujouan 1957, especially 
the conclusion. 

7 0 So , according to Albert Nader, "les mu ctazila touchent à la sphère physique avec des mains 
conduites par des regards dirigés vers une sphère métaphysique et morale: la raison cherchant à 
concilier les deux sphères (1956, 218, quoted from Heinen 1978, 59). As pronounced enemies o f the 
Muctazila, the tenth-century Ismâ cïlï Ikhwän aUsaftf are still more emphatical, claiming that the 
Muctazila "die medizinische Wissenschaft für Unnütz, die Geometrie als zur Erkenntnis des wahren 
Wesens der Dinge unzuständig halten, die Logik und die Naturwissenschaften für Unglauben und 
Ketzerei und ihre Vertreter für irreligiöse Leute erklären" (IV:95; quoted from Goldziher 1915, 25) . 
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ancient science. The same broad spectrum of religiously accepted interests (includ
ing also Jabïrian alchemy) can be ascribed to the Shi'ite current in general. In the 
Ashcarite reaction to muctazilism, and in later Sünna, the tendency was to emphasize 
fundamentalism and to reject non-Islamic philosophy, or at least to deny its rele
vance for Faith. Accordingly, the curriculum of the Sunni Nizamiyah madrasah in 
Baghdad included, alongside the traditionalist disciplines (religious studies, Arabic 
linguistics, and literature), only "arithmetic and the science of distributing bequests" 
(Fakhry 1969, 93; the latter being in fact a "subdivision of arithmetic," as ibn 
Khaldün explains71). 

In the long run, muctazilism lost out to Sunnism, and in the very*long run the 
dominance of traditionalist Sunnism (and of an equally traditionalist Shi'ism) was 
probably one of the immediate causes for Islamic science's loss of vigor. During the 
Golden Age, however, when institutionalization was still weaker than a vigorous and 
multidimensional social life, the attitudes of the formulated theological currents 
reflected rather than determined ubiquitous dispositions (cf. also above, note 65). 
Muctazilism was only the most clear-cut manifestation of more general tendencies, 
and the reversal of muctazilite policy in 849 did not mean the end of secular 
intellectual life in the Caliphate nor of the routine expression of religious feelings in 
the opening and closing sentences of scholarly works. Furthermore, through Sufi 
learning, and in the person of al-Ghazzâlï, secular knowledge gained a paradoxical 
new foothold - more open, it is true, to quasi-Pythagorean numerology than to 
cumulative and high-level mathematics,72 but still able to encourage more serious 
scientific and mathematical study. It appears that the Sufi mathematician ibn 
al-Bannä3 did in fact combine mathematical and esoteric interests (Renaud 1938); 
and even though al-Khayyâmî's Sufi confession may be suspected of not reflecting his 
inner opinions as much as his need for security (Youschkevitch and Rosenfeld, DSB, 
VII:330; Kasir 1931,3f.), his claim that mathematics can be part of "wisdom"73 must 
either have been an honest conviction or (if it was meant to ensure his safety) have 
had a plausible ring in contemporary ears. At the same time, the two examples show 
that the role of Gnostic sympathies was only one of external inspiration: ibn al-Ban-
nä5's works are direct (and rather derivative) continuations of the earlier mathemat
ical and astronomical tradition (see Vernet, DSB, 1:4371), and al-Khayyâmï's 
treatise was written as part of a running tradition of metamathematical commen
taries on the Elements, and in direct response to ibn al-Haytham. Gnostic sympathies 
might lead scholars to approach and go into the mathematical traditions, but it did 

71 Muqaddimah VI : 19, trans. Rosenthal 1958, 111:127. It will also be remembered that "inheritance 
calculation" occupies just over one half o f al-Khwârizmï's Algebra (pp. 86-174 in Rosen's 1831 
translation). 

7 2 The similarity with the Ismâ'ïlï orientation is clear; according to ibn Khaldün, good reasons for such 
similarity exist through the close relations between the early Sufis and "Neo-Ismâ cîlîyah Shfah extre
mists" (Muqaddimah VI:16, trans. Rosenthal 1958,111:92). 

The paradoxical (or at least quite vacillating) attitude of the mature al-Ghazzâlï toward mathematics is 
illustrated through a number of quotations in Goldziher 1915, passim. 

7 3 The claim is even given emphasis by a somewhat clumsy repetition in the introduction to his 
"Discussion of Difficulties of Euclid" (trans. Amir-Möez 1959,276). 
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not transform the traditions, nor did it influence how work was carried out within 
traditions. 

XIII. The Importance of General Attitudes: 
The Mutual Relevance of Theory and Practice 

Analysis according to specific religious currents is hence not to be taken too literally 
when the shaping of mathematics is concerned. As long as religious authority was not 
both socially concentrated and segregated and in possession of scholarly competence 
(as it tended to be in thirteenth-century Latin Christianity), the attitudes of even 
dominant religious currents and groups could influence the internal development 
and character of learning only indirectly, by influencing overall scholarly dispositions 
and motivations. (What they could do directly, without fulfilling these two con
ditions, was to strangle rational scholarship altogether - such things happened; but 
they affected the pace and ultimately the creativity of Islamic science, which is a 
different issue.) If scholars could find a place in an institution under princely 
protection (a "library with academy," i.e., Dar al-cilm and the like, or an observa
tory) or covered by a religious endowment (madrasah, hospital, etc.), the absence of 
a centralized and scholarly competent church permitted them to work in relative 
intellectual autonomy, as long as they stayed within the limits defined by institutional 
goals:74 princes, at least, were rarely competent to interfere with learning by more 
subtle and precise means than imprisonment or execution.75 The general attitude -
that mathematics qua knowledge was religiously legitimate and perhaps even a way 
to Holy Knowledge, and that conversely the Holy was present in the daily practice of 
this world - could mold the disposition of mathematicians to the goals of their 
discipline; but even a semi-Gnostic conception of rational knowledge as a step 
toward Wisdom appears not to have manifested itself as a direct claim on the subjects 
or methods of actual scientific work - especially not as a claim to abandon traditional 
subjects or methods. 

Accordingly, in Islamic mathematical works explicit religious references are nor
mally restricted to the introductory dedication to God, the corresponding clause at 
the end of the work, and perhaps passing remarks invoking his assistance for 
understanding the matter or mentioning his monopoly on absolute knowledge. 
Apart from that, the texts are as secular as Greek or medieval Latin mathematics. It 

7 4 In a case like the Sunni Nizamiyah madrasah in Baghdad, the institutional goals were of course 
already quite restricted. They would permit you to teach al-jabr but not Apollonios. 

Formally, the situation was thus not very different from that of Syriac monastic learning. The Syriac 
learned monk, too , had to stick to the institutional goal of Church and monastery. Materially, however, the 
difference was all-important, because the institutional goal o f the Church included the defense of an 
already established theological opinion. We may think of the difference between the obligation to teach 
biology instead of sociology and the prohibition to teach anything except creationist biology-

7 5 Cf. the anecdotes about Hulagu and Nasïr al-Dïn al-Tusï reported by Sayili (1960,207), and the story 
of the closing of the Istanbul observatory when its astrological predictions had proved catastrophically 
wrong (ibid., 291-93) . At most, the ruler was able to make cuts in a program that was too ambitious for 
his taste, or to close an institution altogether. 
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is impossible to tell whether the divine dedications in Qustä ibn Lüqä's translation of 
Diophantos76 are interpolations by a Muslim copyist, or were written by the Christian 
translator with reference to a different God: they are quite external to the rest of the 
text. The ultimate goals of the activity were formulated in a different way from what 
we find in Greek texts (when a formulation is found at all in Greek texts; but cf. the 
initial quotation from Aristotle). The Islamic mathematician would (irrespective of 
his personal creed) not be satisfied by staying at the level of immediate practical 
necessity, he would go beyond these and produce something higher, viz., principles, 
proofs, and theory; nor would he, however, feel that any theory, however abstract, 
was in principle above application,77 or that the pureness of genuine mathematics 
would be polluted by possible contact with daily needs. Several examples were 
discussed above, in chapter VII (al-Khwârizmï, Abü'1-Wafä3) and in chapter XI, note 
62 (al-Uqlïdïsî, ibn al-Haytham). An example involving a nonmathematician (or 
rather a philosopher-not-primarily-mathematician) is al-Fârâbï's chapter on cilm 
al-hiyal, the "science of artifices" or "of high-level application" (see above, end of 
chapter II). We should of course not be surprised to find the science of al-jabr wa'l-
muqâbalah included under this heading; algebra was already a high-level subject 
when al-Fârâbï wrote. But even if we build our understanding of the subject on Abu 
Kämil's treatise, we might well feel entitled to wonder at seeing it intimately 
connected to the complete ancient theory of surd ratios, including both that given by 
Euclid in Elements X and "that which is not given there" (my translation from the 
Spanish of Palencia 1953,52). More expressive than all this, however, is the preface 
to al-Bïrùnï's trigonometrical treatise Kitâb istikhrâj aUawtâr fi'l-dä'irah bi-khawäss 
aUkhatX al-munhani al-wäqiz fihä (Book on finding the Chords in the Circle ... ), 
which I quote in extensive excerpts from Suter's German translation (1910a, my 
English translation - emphasis added): 

You know well, God give you strength, for which reason I began searching for a 
number of demonstrations proving a statement due to the ancient Greeks con
cerning the division of the broken line in an arbitrary circular arc by means of the 
perpendicular from its center, and which passion I felt for the subject [ . . . ] , so that 
you reproached [?] me my preoccupation with these chapters of geometry, not 
knowing the true essence of these subjects, which consists precisely in going in each 
matter beyond what is necessary. If you would only, God give you strength, observe 
the aims of geometry, which consist in determining the mutual relation between 
their magnitudes with regard to quantity, and [if you would only observe] that it is 
in this way that one reaches knowledge of the magnitudes of all things measurable 
and ponderable found between the center of the world and the ultimate limits of 

7 6 Openings of Books IV, V, V I , and VII , and the closing formula o f the work, trans. Sesiano 1982,87, 
126, 139, 156, 171, or Rashed 1984,111:1, IV: 1, 35, 81, 120. In the last o f these places, the praise that 
ends the work is followed by the date of copying, which is again followed by another praise of God and a 
blessing o f the Prophet, in a way that suggests (through comparison with other treatises with Muslim 
author and Muslim copyist), but does not prove, that the first praise goes back to Qustä himself. 

7 7 "In principle," for o f course much theory went unapplied in practice, and theory was developed 
regardless of possible application. 

594 



The Formation of "Islamic Mathematics" 307 

perception through the senses. And if you only knew that by them [the geometrical 
magnitudes] are meant the [mere] forms, detached from matter [ . . . ] . Whatever 
way he [the geometer] may go, through exercise will he be lifted from the physical 
to the divine teachings, which are little accessible because of the difficulty to 
understand their meaning, because of the subtility of their methods and the 
majesty of their subject, and because of the circumstance that not everybody is 
able to have a conception of them, especially not the one who turns away from the 
art of demonstration. You would be right, God give you strength, to reproach me, 
had I neglected to search for these ways [methods], and used my time for 
something where an easier approach would suffice; or if the work had not arrived 
at the point which constitutes the fundament of astronomy, that is to the calculation 
of the chords in the circle and the ratio of their magnitude to that supposed for the 
diameter [ . . . ] . 
Only in God the Almighty and All-wise is relief! 

By going beyond the limits of immediate necessity and by cultivating the abstract and 
apodictic methods of his subject, the geometer hence worships God - but only on the 
condition that (like God, we may add) he cares for the needs of everyday astronomy. 

Al-Bïrûnî's formulation is unusually explicit, perhaps reflecting an unusually 
explicit awareness of current attitudes and their implications. Normally these atti
tudes stand out most obviously in comparison with texts of similar purpose or genre 
from neighboring cultures. Particularly gratifying in this respect is the field of 
technical literature. As mentioned in note 69 in the case of astronomy, the prevailing 
tendency in Latin learning was to opt for the easy way by means of simplifying, 
nonapodictic compendia. Most illustrative are the various Anglo-Norman treatises 
on estate management. One such treatise was compiled on the initiative of (or even 
by) Robert Grosse teste;78 yet it contains nothing more than common-sense and 
rules of thumb. Not only was the semiautonomous arena granted to rational philo
sophical discussion in the thirteenth-century compromise not to encroach on sacred 
ground; neither should it divert the attention of practical people and waste their time. 
In contrast, a handbook on "commercial science," written by one Shaykh Abu'1-Façll 
Jacfar ibn cAlï al-Dimishqï sometime between 870 and 1174 A . D . , combines general 
economic theory (the distinction between monetary, movable, and fixed property) 
and Greek political theory with systematic description of various types of goods and 
with good advice on prudent trade.79 Knowledge of the fine points of trade was, just 

7 8 Several of the treatises were edited by Oschinsky (1971). Grosseteste's involvement is discussed 
pp. 192ff.; cf. the texts, pp. 388-409. 

7 9 A discussion and a partial translation o f the treatise is given by Ritter (1916). The treatise is a 
contrast not only to thirteenth-century European handbooks on prudent management, but also to Greek 
common-sense deliberations like Hesiod's Works and Days or Xenophon's Oeconomica. A similar 
contrast is obvious if we compare Ovid's Ars amoris or the pseudoscholarly treatises to which it gave rise 
in the Latin Middle Ages with the development of regular sexology in Islam. Closer to mathematics, we 
may compare Villard de Honnecourt's very unscholarly reference to figures de tart de iometrie (Sketch
book, ed. Hahnloser 1935, Taf. 38) with the serious study of Euclidean geometry by Islamic architects 
(see Wiedemann 1970, 1:114). 
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like mathematics or any other coherently organized, systematic field of knowledge, 
considered a natural part of an integrated world view covered by al-lsläm. In 
agreement with the basic (fundamentalist but still non institutionalized) pattern of 
this world view, the theoretical implications of applied knowledge were no more 
forgotten than were the possible practical implications of theory. 

The use of theory to improve on practice looks like a fulfillment of the ancient 
Heronian and Alexandrinian project.80 It had not been totally inconsequential: the 
acceptance of n=22/i was discussed above; "Archimedes' screw" and Alexandrinian 
military and related techniques were also reasonably effective (Gille 1980). On the 
whole, however, the project had proved beyond the forces of ancient science and of 
ancient society - for good reasons, we may assume, since fruitful application of 
theory presupposes a greater openness to the specific problems and perspective of 
practitioners than was current in Greek science.81 Thus, as was claimed in the 
introductory chapter, the systematic theoretical elaboration of applied knowledge 
was a specific creation of the Islamic world. It was already seen in the early phase of 
Islamic mathematics, when the traditions of "scientific" and "subscientific" math
ematics were integrated. The great synthetic works in the vein of al-Khwârizmï's 
Algebra or Abü'l-Wafä5's Book on What is Necessary from Geometric Construction 

for the Artisan were discussed above (chapter VII), as was their occasionally eclectic 
character. One step further was taken in cases where a problem taken from the 
subscientific domain was submitted to theoretical investigation on its own terms (i.e., 
not used only as inspiration for an otherwise indépendant investigation, as when 
Diophantos takes over various recreational problems and undresses thern in order to 
obtain pure number-theoretical problems). Thäbit's Euclidean "verification of the 
rules of al-jabr" was mentioned above (chapter VII), and Abu Kämil's preface to his 
investigation of the recreational problem of the "hundred fowls" was quoted in 
chapter IV. 8 2 A final and decisive step occurred when the results of theoretical 
investigation were adopted in and transmitted through books written for prac
titioners. A seeming first adoption of Thäbit's Verification is found in Abu Kämil's 
Algebra (trans. Levey 1966: 34-36). At closer inspection, however, the reference to 
Euclid is rather ornamental, and the Euclidian proposition referred to is "demon
strated" by naive geometry. But in Abraham bar rliyya's (Savasorda's) Collection on 

Mensuration and Partition, Where Euclid is not even mentioned by namej the actual H ^ 
argument can be understood only by somebody knowing his Euclid by heart.83 

*» Cf. Hero 's introductions to the Metrika and Dioptra ( ed . Schöne 1903, 2ff. and 188ff.). 
8 1 W e may remember B e n j a m i n Farrington's observation that "it was not [ . . . ] only with Ptolemy and 

G a l e n that the ancients stood on the threshold o f the modern wor ld . By that late date they had already 
been loitering on the threshold for four hundred years. T h e y had indeed demonstrated conclusively their 
inabil ity to cross i t" (1969 , 302 ) . 

8 2 A paral lel case is ibn al-Hay^am's investigation of the "purchase of a horse" (partial ly translated in 
W i e d e m a n n 1970, 11:617-19) . This treatise too opens with a polemic against practitioners who do not 
justify their procedures. 

8 3 La t in (and G e r m a n ) translation in Cur tze 1 9 0 2 , 3 8 , 4 0 . I t should be observed that Abraham's text is 
meant most practically. I t is in the same tradit ion as A b u Bakr's Liber mensurationum, cf. above, 
chapter V I . 
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XIV. The Institutionalized Cases: ( 1 ) Madrasah and Arithmetical Textbooks 

The two most interesting cases of infusion of theory into an inherently practical 
mathematical tradition appear to be coupled not only to the general dispositions of 
Islamic culture, but also to important institutions that developed in the course of 
time. The first institution I shall discuss is the writing of large-scale, reasoned 
arithmetical textbooks. Al-Uqlïdïsï's work was already discussed above (chapter IV 
and note 62); in his introductory commentary to the translation Saidan (1978,19-31) 
describes a number of other works that have come down to us.84 In the early period, 
two largely independent types can be described: the "finger-reckoning type" and the 
"Hindi type," using verbal and Hindu numerals, respectively. The two most import
ant finger-reckoning books are those of Abü'1-Wafa3 (description in Saidan 1974) and 
of al-Karajî (trans. Hochheim 1878). The two earliest extant Hindi books are those 
of al-Khwârizmï (extant only in Latin translation) and al-Uqlïdïsï. Among lost works 
on the subject from the period between the two, al-Kindfs treatise in four sections 
can be mentioned.85 Later well-known examples are Küshyär ibn Labbân's expla
nation of the system for astronomers (trans. Levey and Petruck 1965), and 
al-Nasawfs for accounting officials.86 

After the mid-eleventh century, it becomes difficult to distinguish two separate 
traditions. While al-Nasawï, examining around 1030 A . D . earlier treatises on his 
subject, would still (according to his preface) restrict the investigation to Hindi 
books, his contemporary ibn Tähir inaugurated an era where the traditions were 
combined, and wrote a work presenting "the elements of hand arithmetic and the 
chapters of takht [dust board, i.e. Hindi - J.H.] arithmetic," together with "the 
methods of the people of arithmetic" (apparently his section 6 on Greek theoretical 
arithmetic) and the "arithmetic of the zïj" (sexagesimal fractions).87 

The same combination is found again in the Maghrebi arithmetical tradition as we 
know it from works of al-Haçsar (reported extensively in Suter 1901), ibn al-Bannä5 

(ed. and trans. Souissy 1969), al-Umawï,88 and al-Qalasâdï,89 and through ibn 
Khaldün's report.90 This tradition is interesting in several respects, not least for its 

8 4 In the following, I follow Saidan's typology. 
8 5 Listed in al-Nadîm's Fihrist, trans. Dodge 1970, 617. It is not clear whether the "Introduction to 

Arithmetic, five sections," also mentioned there, is a finger-reckoning treatise, a commentary on 
Nicomachos (in whom he was certainly interested), or a combination o f these two. 

* T o be precise, the Arabic treatise that has come down to us was written for the Büyid vizier Sharaf 
al-Mulük; but we must assume that the author stayed close to the earlier treatise written in Persian, o f 
which he himself speaks in the preface. See the translation o f the preface in Woepcke 1863,492-95, and 
Saidan, DSB, IX:614. The discussion of the treatise in Suter 1906 covers only the brief section dealing 
with the extraction of roots. 

8 7 Quoted from Saidan 1978, 24 (pp. 24-29 present an extensive abstract of the whole work). 
8 8 See Saidan 1978a and idem, DSB, XIII:539f. Al-Umawï taught in Damascus, but he came from the 

West, where he had been taught, and he brought its methods to the East. 
m His "rather extended and rich summary" of arithmetic (as he describes it himself in the introduction) 

was translated by Woepcke (1859). 
w Muqaddimah VI : 19, trans. Rosenthal 1958, III:122f. Ibn Khaldün had himself been taught by a 

disciple of ibn al-Bannâ' (see Vernet, DSB, 1:437). A systematic investigation of certain aspects of 
Maghrebi mathematics has been undertaken by Djebbar (1981). 
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systematic development of arithmetical and algebraic symbolism,91 the former of 
which was taken over by Leonardo Fibonacci in the Liber abaci.92 

The early writers of major arithmetic textbooks appear to have been relatively 
independent of one other. During the initial phase of synthesis, they collected, 
systematized, and reflected upon current methods and problems of one or the other 
group of practitioners, and they also used earlier treatments that were accessible as 
books. The first source appears to have been used in al-Uqlïdîsî's work, while 
al-Nasawï quotes the written works he has consulted. The integration of finger and 
Hindi reckoning, on the other hand, appears to depend upon the more continuous 
teaching tradition of the madrasah. Already ibn Tâhir is reported to haye taught at 
the mosque (Saidan, DSB, XV:9), and, as mentioned above (chapter XII), the only 
non-"traditional" subject permitted at the Baghdad Nizamiyah madrasah was arith
metic. In the Maghreb tradition, ibn al-Bannä3 was taught and himself became a 
teacher of mathematics and astronomy at the madrasah in Fez (Vernet, DSB, 1:437). 
This makes it inherently plausible that even al-Ha§§ar, upon whose works he com
mented, had relations with the madrasah (at the very least his works must have been 
used there). Ibn al-Bannä̂ s network of disciples also appears to cohere through the 
social network of madrasah learning. Al-Qalasâdï (as a writer of commentaries to ibn 
al-Bannä3) must be presumed to belong to the same context, and in fact he tells 
himself that his arithmetic is written as a manual for the brightest among his students 
(trans. Woepcke 1859,231; cf. also Saidan, DSB, XI:229f.). Finally, even al-Umawï 
was active as a teacher in Damascus. The theoretical elevation of the subject of 
arithmetic was hence not only a product of the general dispositions of Islamic 
culture; according to all evidence it was also mediated by the madrasah, which in this 
respect came to function as an embodiment and as an institutional means of fixation 
of these same attitudes. 

That theoretical elevation of this practical subject requires a specific explanation 
becomes evident when we compare the Islamic tradition with the fate of its "Chris
tian" offspring: the Liber abaci, which carried the elevation of practical arithmetic to 
its apex. This is not to say that Fibonacci's book was a cry in the desert. Its algebra 
influenced scholarly mathematics in the fourteenth century, e.g., Jean de Murs (see 
G. l'Huillier 1980, passim); it is also plausible that it inspired Jordanus de Nemore.93 

Part of the material was also taken over by the Italian "abacus schools" for merchant 
youth. The scholars, however, took over only specific problems and ideas, and the 
abacus teachers only the more elementary, practically oriented facets of the work. 
Western Europe of the early thirteenth century had no institution that could appreci
ate, digest, and continue Fibonacci's work. Only in the fifteenth century do similar 

9 1 A general account is given in Djebbar 1981, 41-54. The explanation given by ibn al-Bannâ3's 
commentator ibn Qunfudh is translated in Renaud 1944, 44-46. Woepcke (1854) deals mainly with 
al-Qalasâdï's symbolism. 

9 2 Compare Fibonacci's various complicated fractions (ed. Boncompagni 1857, 24) with the similar 
forms in Djebbar (1981,46f.) . 

9 3 Another possibility is that Fibonacci was drawing on Jordanus for the revised edition written to 
Michael Scot - see my paper (1985a, 7f.) . 
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orientations turn up once again - apparently not without renewed relations with the 
Islamic world.94 

XV. The Institutionalized Cases: (2) Astronomy and Pure Geometry 

The other case of an entire tradition integrating theoretical reflection and investi
gation into a branch of practical mathematics is offered by astronomy. Because of its 
ultimate connection to astrology, astronomy was itself a practical discipline;95 the 
mathematics of astronomy was, of course, practical even when astronomy itself 
happened to be theoretical. 

In the Latin thirteenth through fifteenth centuries, this practical aim of the 
mathematics of astronomy led to a reliance on compendia, as was observed above 
(note 69). In Islam, however, astrology was the occasion for the continuing creation 
of new zïjes and for the stubborn investigation of new planetary models. Islam was 
not satisfied with using good established models like the Zïj al-Shah and the Zij 
al-Sindhind in the way the Latin late Middle Ages went on using the Theorica 
planetarum and the Toledan Tables for centuries. 

Astronomy can even be seen to have been the main basis for mathematical activity 
in medieval Islam. This appears from even the most superficial collective biography 
of Islamic mathematicians. Their immense majority is known to have been active in 
astronomy.96 Since astronomy (together with teaching at levels up to that of the 
madrasah, which hardly required anything more advanced than large arithmetic and 
mensuration textbooks), was the most obvious way for a mathematician to earn a 
living, one is forced to conclude that the astronomer's career involved quite serious 
work on mathematics, and perhaps serious work in mathematics. 

This is also clear from al-Nayrizï's introductory explanation to his redaction of the 
al-Hajjäj version of the Elements: here it is stated that "the discipline of this book is 

9 4 An early example is a Provençal arithmetic written c. 1430. A certain affinity to Islamic traditions is 
suggested by an initial invocation of G o d , of Mary his mother, and of the patron saint o f the city (see Sesiano 
1984- the invocation is on pp. 29-31) . Later examples are Chuquet's Triparty and Luca Pacioli's Summa de 
arithmetica. The Triparty is said (in its first line) to be divided into three parts "a lonneur de la glorieuse et 
sacrée trinke" (ed. Marre 1880, 593) - perhaps a jocular reference to familiar invocations in related 
treatises? In any case, the same author's Pratique de géométrie (ed. H . L'Huillier 1979) has no religious 
introduction. 

9 5 Two other practical aims for astronomy can also be mentioned : finding the qiblah, and fixing the prayer 
times. None o f them called for astronomy of such sophistication as developed around the princely 
observatories. 

9 6 Among those referred to above, only Abu Kämil, al-Karajï, al-Samaw'al and al-Qalasâdï stand out 
as exceptions. Al-Samaw'al, however, is at least known to have written a refutation of astrology, involving 
both mathematical arguments and knowledge of observations (Anbouba, DSB, XII:94). Strictly speaking, 
even ibn Turk, al-Uqlîdîsî, al-Hassar, and al-Umawî might also be counted as exceptions, since no 
astronomical works from their hand are known. However, our knowledge of these scholars is so restricted 
that they fall outside all attempts at statistical analysis. 

A last important mathematician who appears definitely not to have been an astronomer is Kamâl al-Dïn, 
whose important work concentrates on optics (cf. Suter 1900,, 159, no. 389; Rashed, DSB, VIL212-19) . 
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an introduction to the discipline of Ptolemy's Almagest"97 Later, the same connec
tion was so conspicuous that the Anglo-Norman writer John of Salisbury could 
observe, in 1159, that "demonstration," i.e., the use of the principles expounded in 
Aristotle's Posterior Analytics, had 

practically fallen into disuse. At present demonstration is employed by practically 
no one except mathematicians, and even among the latter has come to be almost 
exclusively reserved to geometricians. The study of geometry is, however, not 
well-known among us, although this science is perhaps in greater use in the region 
of Iberia and the confines of Africa. For the peoples of Iberia and Africa employ 
geometry more than do any others; they use it as a tool in astronomy! The like is 
true of the Egyptians, as well as some of the peoples of Arabia (Metalogican IV, vi, 
quoted from McGarry's translation 1971, 212). 

So it was not only the factual matter of the Elements that was reckoned part of the 
astronomical curriculum. According to the rumors that had reached John of Salis
bury (via the translators?), the geometry of astronomy was also concerned with the 
metamathematical aspects and problems of the Elements. 

In the initial eager and all-devouring phase of Islamic science (say until al-Nayrîzî's 
time, i.e., the early tenth century A . D . ) , the general positive appreciation of theoreti
cal knowledge may well have laid the foundation both for the extension of astrology 
into the realm of high-level theoretical astronomy and for the extension of astronomy 
into that of theoretical mathematics. Down-to-earth sociology of the astronomers' 
profession may be a supplementary explanation of the continuation of the first 

tradition: the importance of the court astronomer (and, where it existed, of the court 
observatory) could only increase if astronomy was a difficult and inaccessible subject. 
But even if this common-sense sociology is correct, it is not clear why intricacy should 
be obtained via the integration of metamathematics, the difficulties of which would 
only be known to the astronomer himself, and which would therefore hardly impress 
his princely employer. Why then should the integration have survived for so long? 

It appears, once more, that the original positive appreciation of (mathematical) 
theoretical knowledge was materialized institutionally, in a relatively fixed curricu
lum for the study of astronomy. This curriculum began (as stated by al-NayrizI) with 
the Elements, and ended with the Almagest. In between came the Mutawassitât, the 
"Middle Books" (cf. above, chapter II). 

It is not clear to what degree this established curriculum was developed at different 
times. A full codification of the corpus of Middle Books is known only from the 
Nasjrean canon (Steinschneider 1865,467 and passim; Nasr, DSB, XIIL509) and the 
precise delimitation of the concept may have varied with time and place. Most 
remarkable are perhaps the indications that books I—II of the Conies may also have 
been considered normal companions of the Elements in the times of ibn al-Haytham 
(see Sesiano 1976, 189) and al-Khayyâmï (cf. note 11 above). It appears, however, 

9 7 My translation from the Latin of Besthorn and Heiberg (1893,1:7). 
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that Hunayn ibn Ishäq made a translation of the "Little Astronomy" which already 
served the purpose, and that Thâbit had a similar concept (Steinschneider 1865,464 
and 457, resp.).98 Al-Nayrîzï, too, appears to have a fixed curriculum in mind. 

So from the ninth century A . D . onward it appears that astronomical practice and 
interest kept the focus upon pure and metatheoretical geometry not only because of a 
vague and general appreciation of the importance of theoretical knowledge,99 but 
also because of the institutional establishment of this appreciation. This does not 
imply that the long series of investigations of the fundamental problems of the 
Elements were all made directly (or just presented) as astronomical prolegomena; 

the opposite is evident both in al-Khayyâmï's Discussion of Difficulties in Euclid (ci 

note 73) and in Thäbit's two proofs of the parallel postulate (both translated in Sabra 
1968). Other metatheoretical investigations, however, were expressly written for 
recensions (tahrlr) of the Elements for the introductory curriculum of astronomy; this 
is the case of Muhyi'1-Dïn al-Maghribfs and Nasïr al-Dîn al-Jusï's proofs of the same 
postulate (Sabra 1969, 14f., and 10, note 59 resp.). With very few exceptions, the 
authors of such metamathematical commentaries appear to have been competent in 
mathematical astronomy.m 

XVI. A Warning 

The above might look like a claim that the global character and all developmental 
trends of Islamic mathematics can be explained in terms of one or two simple 
formulas. Of course this is not true. Without going into details, I shall point to one 
development that is puzzlingly different from those discussed above: magic 
squares.101 Their first occurrences in Islam are in the Jabirian corpus, in the Ikhwän 

al-Safä*, and (according to Abî Usaybica) in a lost treatise by Thâbit. Various Islamic 
authors ascribe the squares to the semilegendary Apollonios of Tyana,102 or even to 
Plato or Archimedes. An origin in classical antiquity is, however, highly improbable: 
a passage in Theon of Smyrna's On the Mathematical Knowledge Which is Needed to 

Read Plato is so close to the idea that he would certainly have mentioned it had he 

* The Greek "Little Astronomy" was to form the backbone of the mutawassität even in the Nasirean 
canon, where, however, Euclid's and Thäbit's Data and Archimedes' Measurement of the Circle, On the 
Sphere and Cylinder and Lemmata are included, together with some other works. 

w Such general attitudes, too, remained effective - they are expressed in the praise of Archimedes' 
Lemmata formulated by al-Nasawï, who speaks of the "beautiful figures, few in number, great in utility, 
on the fundaments of geometry, in the highest degree of excellency and subtility" (quoted from 
Steinschneider 1865, 480; emphasis added). Cf. also al-Bïrùnï as quoted in chapter XIII . 

m This includes all those mentioned above, as well as others mentioned in Sabra 1969 (Qaysar ibn 
Abî'1-Qasim, Yühannä al-Qass, al-Jawhari) and Folkerts 1980 (which, besides some of the same, men
tions al-Mâhânï), - with the ill-documented al-Qass as a possible exception (Suter 1900, no. 131). 

1 0 1 A good and fairly recent overview of magic squares in Islam is Cammann (1969); but see also 
Ahrens (1916); Bergsträsser (1923); Hermelink (1958); Sesiano (1980; 1981); and Sarton (1927, 1931 
and index references to "magic squares"). 

1 0 2 This is the most widespread assumption, judging from the Fihrist (trans. Dodge 1970, 733). 
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heard about it (ed. Dupuis 1892,1966);103 but neither he nor any other ancient author 
gives the slightest hint in that direction. On the other hand, an origin in late 
Hellenistic or Sabian Hermeticism is possible, though still less probable than diffu
sion along the trade routes from China, where magic squares had long been known 
and used. This doubt notwithstanding, it is obvious that the subject was soon 
correlated with Hermeticism and Ismâcîlî and related ideas. At least one mathemati
cian of renown took up the subject - ibn al-Haytham, whose omnivorous habits we 
have already met on several occasions. Some progress also took place, from smaller 
toward larger squares and toward systematic rules for the creation of new magic 
squares. On the whole, however, the subject remained isolated from general math
ematical investigations and writings. The exceptional character of ibn al-Haytham's 
work is revealed by an observation by an anonymous later writer on the squares, that 
"I have seen numerous treatises on this subject by crowds of people. But I have seen 
none which speaks more completely about it than A b u c All ibn al-Haytham" (quoted 
from Sesiano 1980, 188). The treatise just mentioned combines the subject with 
arithmetic progressions; but integration into larger arithmetic textbooks or treatises 
seems not to have occurred. Thus we see that Islamic mathematics did not integrate 
every subject into its synthesis. Instead, magic squares appear to have maintained 
their intimate connection to popular superstition and illicit sorcery.104 

It is not plausible that the exclusion of magic squares from the mathematical 
mainstream can be explained by any inaccessibility to theoretical investigation; other 
subjects went into the arithmetic textbook tradition even though they were known 
only empirically and not by demonstration.105 So the exclusion of magic squares from 
honest mathematical company must rather be explained by cultural factors: perhaps 
the subject did not belong inside the bundle of recognized subdisciplines that had 
been constituted during the phase of synthesis; or its involvement with magic and 
sorcery made it a nonmathematical discipline;106 or the involvement of mainstream 
mathematicians with practically oriented social strata made them keep away from a 
subject (be it mathematics or not) involved with sûfi and other esoteric (or even 
outspokenly heretical) currents. I shall not venture into any definite evaluation of 
these or other hypotheses (even though ibn Khaldün makes me prefer the second), 

1 0 3 The passage shows the square 1 4 7 
2 5 8 
3 6 9 

1 0 4 This is clearly the point of view of ibn Khaldün in the Muqaddimah, wherever he approaches the 
subjects of talismans, letter magic, and magic squares (which mostly go together). In one place he also 
claims that a work based on such things "most likely [... ] is incorrect, because it has no scientific basis, 
astrological and otherwise" (111:52, trans. Rosenthal 1958,1:224). 

1 0 5 So al-Karajï's summation of square numbers in the Fakhri(see the paraphrase in Woepcke 1853,60). 
1 0 6 Ibn Khaldün does not mention the subject at all during his discussion of arithmetic (Muqaddimah 

VI:19, trans. Rosenthal 1958,111:118-29). Like amicable numbers (once investigated mathematically by 
Thâbit but now mentioned only as a talisman producing love) it is relegated to the chapters on magic and 
sorcery (VL27-28, trans. Rosenthal 1958,111:156-227). (The silence on the subject of amicable numbers 
is all the more striking, since the circle of Maghrebi mathematicians was in fact interested in that subject; 
cf. Rashed 1983,116t). 
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but conclude only that the place of magic squares in the culture of medieval Islam is 
not explainable in the same terms as the synthesis, the integration of practical 
mathematics and theoretical investigation, the development of the arithmetic text
book tradition, or the interest in the foundations of geometry. No culture is simple. 

XVII. The Moral of the Story 

The above is not a complete delineation of medieval Islamic mathematics; nor was it 
meant to be. The purpose was to demonstrate that Islamic mathematics possessed 
certain features not present in any earlier culture (but shared with early modern 
science), and to trace their causes. I hope that I have succeeded in demonstrating the 
existence of these features, and hence of an "Islamic Miracle" just as necessary for 
the rise of our modern scientific endeavor as its Greek namesake, and to have offered 
at least a partial explanation of what happened. 

This leaves us with a question of a different order: was the integration of theory and 
advanced practice in Renaissance and early modern Europe a legacy from Islam, or 
was it an independent but parallel development? 

Answering this question involves us in the recurrent difficulty of diffusionist 
explanations. "Miracles" and other cultural patterns cannot be simply borrowed: 
they can only inspire developments inside the receiving culture. Even a piece of 
technology can be borrowed only if the recipient is ready for it. The experience of 
cargo cults shows the degree to which the recipient determines the outcome of even a 
seemingly technological inspiration, and investigations of any process of cultural 
learning will show us radical reinterpretations of the original message. (We may ask 
whether Charlemagne's identification of the Palace school of Aachen with the 
resurrection of Athenian philosophy was less paradoxical than any cargo cult.) 

We know the eagerness with which the European Renaissance tried to learn from 
ancient Rome and Greece; and we know the enormous extent to which the social and 
cultural conditions of Europe made it misunderstand the message. In contrast, no 
serious effort was made to understand the cultural messages of the Islamic world; on 
the contrary, great efforts were invested to prove that such messages were morally 
wrong. We can therefore be confident that no general cultural patterns or attitudes 
(including the attitudes toward rational knowledge and technology) were borrowed 
wholesale by Christian Europe. Nor was there any significant borrowing of institu
tions,107 including those institutions that embodied the attitudes to knowledge. The 
only way Renaissance and early modern Europe could learn from the "Islamic 
Miracle" was through acquaintance with its products, i.e., through scholarly works 
and technologies that it had produced or stamped. Because they were received in a 
society that was already intellectually and technologically ready to make an anal
ogous leap, part of the "Islamic message" could be apprehended even through this 

1 0 7 A few exceptions, e.g. in commercial law, can be found. But the difference between the Maghrebi 
arithmetic-textbook tradition and the Italian abacus school shows that even the institutions o f commer
cial education could not be transferred. 
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channel. Primarily, however, Renaissance Europe developed its new integrative 
attitudes to rational and technological knowledge on its own; transfers were only of 
secondary importance. 

This conclusion does not make the Islamic miracle irrelevant to the understanding 
of modern science. First two relatively independent developments of analogous but 
otherwise historically unprecedented cultural patterns should make us ask whether 
similar effects were not called forth by similar causes. Here the sources of Islamic and 
Renaissance mathematics were of course largely identical (not least because Chris
tian Europe supplemented the meager direct Greco-Roman legacy with translations 
from such Arabic works accessible in Spain, i.e. mainly works dating from the ninth 
century). These sources had, however, not been able to produce the miracle by 
themselves before the rise of Islam. Were there then any shared "formative con
ditions" that help us explain the analogous transformation of the source material? 

Probably the answer is "yes." It is true that High Medieval Christianity in the West 
had been dominated by a powerful ecclesiastical institution; moreover, after the 
twelfth century it could hardly be claimed to be fundamentalist. Yet precisely during 
the critical period (the period of Alberti, Ficino, Bruno, and Kepler) the fences of 
the Thomistic synthesis broke down, and rational knowledge came to be thought of 
both as a way to ultimate truths concerning God's designs and to radical improve
ments of practice. At the same time, the ecclesiastical institution lost much of its 
force, both politically and in relation to the conscience of the individual; if anything, 
however, religious feelings were stronger than in the thirteenth century. It would 
therefore not be astonishing if patterns like the noninstitutionalized practical funda
mentalism of ninth-century Islam could be found among Renaissance scholars and 
higher artisans. It would also be worthwhile to reflect once more in this light upon the 
"Merton thesis" concerning the connections between Puritanism, social structure, 
and science.108 

Second, the entire investigation should make us aware that there are no privileged 
heirs to the cultural "miracles" of the past. It is absurd to claim that "science, as we 
know it and as we understand it, is a specific creation of the Greco-Occidental world" 
(Castoriadis 1986, 264; my translation). First, Greek "science" was radically dif
ferent from "science as we know it and as we understand it." Second, with relation to 
science (and in many other respects, too), it is no better (and no worse) to speak of a 
"Greco-Occidental" than of a "Greco-Islamic" world, and not much better to claim a 
"Greco-Occidental" than an "Islamo-Occidental" line of descent. 

In times more serene than ours, these points might appear immaterial. If Europe 
wants to descend from ancient Greece and to be her heir par excellence, then why not 
let her believe it? Our times are, however, not serene. The "Greco-Occidental" 
particularity always served (and serves once again in many quarters) as a moral 
justification of the behavior of the "Occident" toward the rest of the world, going 

1 0 8 A supplementary approach might compare the institutions of "courtly science" and the patterns of 
princely protection in the two settings. 
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together with anti-Semitism, imperialism, and gunboat diplomacy. In theory it might 
be different, and the occidentalist philosopher just quoted finds it "unnecessary to 
specify that no "practical" or "political" conclusions should be drawn" from "our" 
privileged place in world history (ibid., 263, n. 3). It is, alas, not unnecessary to recall 
Sartre's observation that the "intellectual terrorist practice" of liquidation "in the 
theory" may all too easily end up expressing itself in physical liquidation of those who 
do not fit the theory (Sartre 1960, 28). 

As Hardy once said, "a science is said to be useful if its development tends to 
accentuate the existent inequalities in the distribution of wealth, or more directly 
promotes the destruction of human life." The ultimate goal of the present study has 
been to undermine a "useful" myth on science and its specifically "Greco-Occiden
tal" origin - whence the dedication to a great humanist. 
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